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Introduction

The classical theory of linear differential equation of one complex variable near
a singular point distinguishes between a regular and an irregular singularity by
checking the vanishing of the irregularity number, which characterizes a regular
singularity (Fuchs criterion). The behaviour of the solutions of the equation
(moderate growth near the singularity) also characterizes a regular singularity, and
this leads to the local Riemann—Hilbert correspondence, characterizing a regular
singularity by “monodromy data”.

On a Riemann surface X, the Riemann—Hilbert correspondence for meromorphic
connections with regular singularities on a discrete set D (first case), or more gener-
ally for regular holonomic Z-modules with singularities at D (second case), induces
an equivalence of the corresponding category with the category of “monodromy
data”, which can be presented

« Either quiver-theoretically as the data of local monodromies and connection ma-
trices (first case), together with the so-called canonical and variation morphisms
(second case).

e Or sheaf-theoretically as the category of locally constant sheaves of finite
dimensional C-vector spaces on X* = X ~ D (first case) or perverse sheaves
with singularities at D (second case).

While the first presentation is suited to describing moduli spaces, for instance,
the second one is suited to sheaf-theoretic operations on such objects. Each of
these objects can be defined over subfields k of C, giving rise to a k-structure
on the meromorphic connection with regular singularities, or regular holonomic
2-module.

When the irregularity number is nonzero, finer numerical invariants are in-
troduced, encoded in the Newton polygon of the equation at the singular point.
Moreover, such a Riemann—Hilbert correspondence with both aspects also exists.
The first one is the most popular, with Stokes data, consisting of Stokes matrices,
instead of local monodromy data. An extensive literature exists on this subject, for
which classical references are [93,96] and a more recent one is [94]. The second
aspect, initiated by P. Deligne [17] (case of meromorphic connections) and [19]

ix



X Introduction

(holonomic Z-modules), has also been developed by B. Malgrange [52, 55] and
D. Babbitt and V.S. Varadarajan [2]. Moreover, the Poincaré duality has been
expressed by integrals on “rapid decay cycles” by various authors [10, 33].

In higher dimensions, such a dichotomy (regular/irregular singularity) also exists
for meromorphic bundles with flat connection (respectively holonomic Z-modules).
The work of P. Deligne [15] has provided a notion of meromorphic connection with
regular singularities, and a Riemann—Hilbert correspondence has been obtained by
P. Deligne in such a case and by M. Kashiwara on the one hand and Z. Mebkhout on
the other hand in the case of holonomic Z-modules with regular singularities. The
target category for this correspondence is that of C-perverse sheaves. Moreover, the
Fuchs criterion has been generalized by Z. Mebkhout: the irregularity number is
now replaced by the irregularity complex, which is also a perverse sheaf.

When the irregularity perverse sheaf is not zero, it can be refined, giving rise to
Newton polygons on strata of a stratification adapted to the characteristic variety of
the holonomic Z-module (see [44]).

These lectures will be mainly concerned with the second aspect of the Riemann—
Hilbert correspondence for meromorphic connections or holonomic Z-modules,
and the main keyword will be the Stokes phenomenon in higher dimension.
Their purpose is to develop the original idea of P. Deligne and B. Malgrange
and make it enter the frame of perverse sheaves, so that it can be extended
to arbitrary dimensions. This has been motivated by recent beautiful results of
T. Mochizuki [67,70], who has rediscovered it and shown the powerfulness of this
point of view in higher dimension.

This approach is intended to provide a global understanding of the Stokes phe-
nomenon. While in dimension one the polar divisor of a meromorphic connection
consists of isolated points and the Stokes phenomenon describes the behaviour of
solutions in various sectorial domains around these points, in dimension = 2 the
divisor is no more discrete and the sectorial domains extend in some way all along
the divisor. Moreover, questions like pull-back and push-forward by holomorphic
maps lead to single out the sheaf-theoretic approach to the Stokes phenomenon.
Above the usual complex geometry of the underlying complex manifold with its
divisor lives a “wild complex geometry” governing the Stokes phenomenon.

One of the sought applications of this sheaf-theoretic approach, named Stokes-
perverse sheaf, is to answer a question that S. Bloch asked me some years ago:
to define a sheaf-theoretical Fourier transform over Q (say) taking into account
the Stokes data. Note that the unpublished manuscript [7] gave an answer to this
question (see also the recent work [69] of T. Mochizuki). The need of such an
extension to dimension bigger than one also shows up in [21, p. 116].!

One of the main problems in the “perverse” approach is to understand on which
spaces the sheaves are to be defined. In dimension one, Deligne replaces first
a Riemann surface by its real oriented blow-up space at the singularities of the
meromorphic connection, getting a surface with boundary, and endows the extended

'Deligne writes: “On aimerait dire (mais ceci nous obligerait a quitter la dimension 1)....”
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local system of horizontal sections of the connection with a “Stokes filtration” on
the boundary. This is a filtration indexed by an ordered local system. We propose to
regard such objects as sheaves on the étalé space of the ordered local system (using
the notion of étalé space as in [26]). In order to obtain a perfect correspondence with
holonomic Z-modules, Deligne fills the boundary with discs together with perverse
sheaves on them, corresponding to the formal part of the meromorphic connection.
The gluing at the boundary between the Stokes-filtered local system and the perverse
sheaf is defined through grading the Stokes filtration.

The road is therefore a priori well paved and the program can be clearly
drafted:

1. To define the notion of Stokes-constructible sheaf on a manifold and a 7-structure
in its derived category, in order to recover the category of Stokes-perverse
sheaves on a complex manifold as the heart of this 7-structure.

2. To exhibit a Riemann—Hilbert correspondence RH between holonomic
2-modules and Stokes-perverse sheaves and to prove that it is an equivalence of
categories.

3. To define the direct image functor in the derived category of Stokes-constructible
sheaves and prove the compatibility of RH when taking direct images of
holonomic Z-modules.

An answer to the latter question would give a way to compute Stokes data of the
asymptotic behaviour of integrals of multivalued functions which satisfy themselves
a holonomic system of differential equations.

While we realize the first two points of the program in dimension one, by making
a little more explicit the contents of [17, 19], we do not go to the end in dimension
bigger than one, as we only treat the Stokes-perverse counterpart of meromorphic
connections, not holonomic Z-modules. The reason is that some new phenomena
appear, which were invisible in dimension one.

In order to make them visible, let us consider a complex manifold X endowed
with a divisor D. In dimension one, the topological space to be considered is
the oriented real blow-up space X of X along D, and meromorphic connections
on X with poles on D are in one-to-one correspondence with local systems on
X ~ D whose extension to X is equipped with a Stokes filtration along AX. If
dim X = 2, in order to remain in the realm of local systems, a simplification of the
underlying geometric situation seems unavoidable in general, so that we treat the
case of a divisor with normal crossings (with all components smooth), and a generic
assumption has also to be made on the connection, called goodness. Variants of this
genericity condition have occurred in asymptotic analysis (e.g. in [48]) or when
considering the extension of the Levelt-Turrittin theorem to many variables (e.g.
in [57]). We define the notion of good stratified J-covering of dD. To any good
meromorphic connection and to any good Stokes-filtered local system is associated
in a natural way such a good stratified J-covering, and the categories to be put
into Riemann—Hilbert correspondence are those subcategories of objects having an
associated stratified J-covering contained in a fixed good one.
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This approach remains non-intrinsic, that is, while the category of meromorphic
connections with poles along an arbitrary divisor is well defined, we are able
to define a Stokes-topological counterpart only with the goodness property. This
is an obstacle to define intrinsically a category of Stokes-perverse sheaves. This
should be overcome together with the fact that such a category should be stable by
direct images, as defined in Chap. 1 for pre-J-filtrations. Nevertheless, this makes
it difficult to use this sheaf-theoretic Stokes theory to obtain certain properties of a
meromorphic connection when the polar divisor has arbitrary singularities, or when
it has normal crossings but the goodness assumption is not fulfilled. For instance,
while the perversity of the irregularity sheaf (a result due to Z. Mebkhout) is easy in
the good case along a divisor with normal crossings, we do not have an analogous
proof without these assumptions.

Therefore, our approach still remains non-complete with respect to the program
above, but already gives strong evidence of its feasibility.

Compared to the approach of T. Mochizuki in [67,70], which is nicely surveyed
in [68], we regard a Stokes-filtered object as an abstract “topological” object, while
Mochizuki introduces the Stokes filtration as a filtration of a flat vector bundle. In the
recent preprint [69], T. Mochizuki has developed the notion of a Betti structure on
a holonomic Z-module and proved many functorial properties. Viewing the Betti
structure as living inside a pre-existing object (a holonomic Z-module) makes it
a little easier to analyse its functorial properties, since the functorial properties
of holonomic Z-modules are already understood. On the other hand, this gives a
strong evidence of the existence of a category of Stokes-perverse sheaves with good
functorial properties.

In Chap. 1, we develop the notion of Stokes filtration in a general framework
under the names of pre-J-filtration and J-filtration, with respect to an ordered sheaf
of abelian group J. The sheaf J for the Stokes filtration in dimension one consists
of polar parts of multivalued meromorphic functions of one variable, as originally
introduced by Deligne. Its étalé space is Hausdorff, which makes the understanding
of a filtration simpler with respect to taking the associated graded sheaf. This chapter
may be skipped in a first reading or may serve as a reference for various notions
considered starting from Chap. 4.

Part one, starting at Chap. 2, is mainly concerned with dimension one, although
Chap. 7 anticipates some results in dimension two, according to the footnote on
page X.

In Chap.2, we essentially redo more concretely the same work as in Chap. 1,
in the context of Stokes-filtered local systems on a circle. We prove abelianity of
the category in Chap. 3, a fact which follows from the Riemann—Hilbert correspon-
dence, but is proved here directly over any base field k. In doing so, we introduce the
level structure, which was a basic tool in the higher dimensional analogue developed
by T. Mochizuki [70], and which was previously considered together with the notion
of multisummability [3,45,61,94].

In Chaps. 4 and 5, we develop the notion of a Stokes-perverse sheaf, mainly by
following P. Deligne [17, 19] and B. Malgrange [55, Chap. IV.3], and prove the
Riemann-Hilbert correspondence. We make explicit the behaviour with respect to
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duality, at least at the level of Stokes-filtered local systems, and the main tools are
explained in Chap. 4.

Chapter 6 gives two analytic applications of the Riemann—Hilbert correspon-
dence in dimension one. Firstly, the Hermitian dual of a holonomic Z-module (i.e.,
the conjugate module of the module of distribution solutions of the original one)
on a Riemann surface is shown to be holonomic. Secondly, the local structure of
distributions solutions of a holonomic system is analysed.

Chapter 7 presents another application, with a hint of the theory in dimension
two, by computing the Stokes filtration of the Laplace transform of a regular
holonomic Z-module on the affine line. We introduce the topological Laplace
transformation, and we make precise the relation with duality, of Z-modules on the
one hand, Poincaré-Verdier on the other hand, and their relations. For this chapter,
we use tools in dimension 2 which are fully developed in the next chapter.

In Part two we start analysing the Stokes filtration in dimension > 2. Chapter 8
defines the real blow-up space along a family of divisors and the relations between
various real blow-up spaces. We pay attention to the global existence of these spaces.
The basic sheaf on such real blow-up spaces is the sheaf of holomorphic functions
with moderate growth along the divisor. It leads to the moderate de Rham complex
of a meromorphic connection. We give some examples of such de Rham complexes,
showing how non-goodness can produce higher dimensional cohomology sheaves.

Chapter 9 takes up Chaps. 2 and 3 and introduces the goodness assumption. The
construction of the sheaf J is given with some care, to make it global along the
divisor.

The first approach to the Riemann—Hilbert correspondence in dimension > 2 is
given in Chap. 10, along a smooth divisor. It can be regarded as obtained by putting
a (good) parameter in Chap.5. The main new argument is the local constancy of
the Stokes sheaf (Stokes matrices can be chosen locally constant with respect to the
parameter).

Chapter 11 analyses the formal properties of good meromorphic connections,
following T. Mochizuki [70]. In Chap. 12, we give a proof of the analogue in
higher dimension of the Hukuhara—Turrittin theorem, which asymptotically lifts a
formal decomposition of the connection. We mainly follow T. Mochizuki’s proof,
for which a short account has already been given by M. Hien in [29, Appendix].
We then consider the general case of the Riemann-Hilbert correspondence for
good meromorphic connections, and we take this opportunity to answer a question
of Kashiwara by proving that the Hermitian dual of a holonomic Z-module is
holonomic (see Chap. 6 in dimension one).

In Chap. 13, we address the question of push-forward and we make explicit a
calculation of the Stokes filtration of an exponentially twisted Gauss—Manin system
(such a system has already been analysed by C. Roucairol [76-78]). However,
the method is dependent on the simple geometric situation, so can hardly be
extended directly to the general case, a proof of which has been recently given by
T. Mochizuki.

Lastly, Chaps.14 and 15 are concerned with the nearby cycle functor. In
Chap. 14, we first recall the definition of the moderate nearby cycle functor for
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holonomic Z-modules via the Kashiwara—Malgrange V -filtration, and we review
the definition of the irregular nearby cycle functor, due to Deligne. We give a
new proof of the preservation of holonomy in a local analytic setting (the proof
of Deligne [18] concerns the algebraic setting) when the ambient manifold has
dimension two.

In Chap. 15, we give a definition of the nearby cycle functor relative to a
holomorphic function for a Stokes-filtered local system and compare it with the
notion of moderate nearby cycles of a holonomic Z-module of Chap. 14 through
the Riemann—Hilbert correspondence. We restrict our study to the case of a
meromorphic connection with poles along a divisor with normal crossings and a
holomorphic function whose zero set is equal to this divisor.

Acknowledgements I thank A. Beilinson and the University of Chicago where part of this work
was achieved and T. Monteiro Fernandes and O. Neto in Lisbon (University of Lisbon, CAUL and
CMAF) for giving me the opportunity to lecture on it in January 2009, as well as the audience
of these lectures (whose content corresponds approximately to the present first seven lectures) for
many interesting questions and remarks. Many discussions with S. Bloch, H. Esnault, C. Hertling,
M. Hien, T. Mochizuki and G. Morando have been very stimulating and helpful. I thank especially
T. Mochizuki for letting me know his ongoing work on the subject, which strengthens the approach
given here. Discussions with him have always been very enlightening. Two referees have provided
many interesting suggestions for improving the manuscript and to correct some errors. Needless
to say, this work owes much to P. Deligne and B. Malgrange and to D. Bertrand who asked me
to help him when editing the volume [22], giving me the opportunity of being more familiar with
its contents. This research was supported by the grant ANR-08-BLAN-0317-01 of the Agence
nationale de la recherche.



Chapter 2
Stokes-Filtered Local Systems in Dimension One

Abstract We consider Stokes filtrations on local systems on S!. We review some
of the definitions of the previous chapter in this case and make explicit the
supplementary properties coming from this particular case. This chapter can be read
independently of Chap. 1.

2.1 Introduction

The notion of a (pre-)Stokes filtration is a special case of the notion of a (pre-)
J-filtration defined in Chap.1 with a suitable sheaf J on the topological space
Y = S'. We have chosen to present this notion independently of the general results
of the previous chapter, since many properties are simpler to explain in this case
(see Proposition 2.7). Nevertheless, we make precise the relation with the previous
chapter when we introduce new definitions. We moreover start with the non-ramified
Stokes filtrations, to make easier the manipulation of such objects, and we also call
it a J;-filtration, in accordance with the previous chapter. The (possibly ramified)
Stokes filtrations are introduced in Sect. 2.4, where we define the sheaf J with its
order. They correspond to the J-filtrations of the previous chapter.

We also make precise the relation with the approach by Stokes data in the case
of Stokes filtrations of simple exponential type.

References are [2, 17,52] and [55, Chap. IV].

2.2 Non-ramified Stokes-Filtered Local Systems

Let k be a field. In this section, we consider local systems of finite dimensional
k-vector spaces on S'!. Recall (see Example 1.4) that we consider S' equipped
with the constant sheaf J; with fibre P = C({x})/C{x} consisting of polar parts of

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 23
DOI 10.1007/978-3-642-31695-1_2, © Springer-Verlag Berlin Heidelberg 2013



24 2 Stokes-Filtered Local Systems in Dimension One

Laurent series, and the order depends on the point e’ = x/|x| € S! as follows. Let
n € P and let us set n = u,(x)x™" withn = 1 and u,(0) # 0 if n # 0. Then

n<,0 <= n=0or argu,(0) —nd € (7/2,37/2) mod 2, (1.4 %)

andn <, 0 & (n <, 0andn # 0) (see (1.4 xx)). The order is supposed to be
compatible with addition, namely, ¢ <, ¥ & ¢ — ¥ <, 0 and similarly for <, Let
us rephrase Definition 1.27 in this setting.

Definition 2.1. A non-ramified pre-Stokes filtration on a local system .Z of finite
dimensional k-vector spaces on S! consists of the data of a family of subsheaves
Z<, indexed by P such that, forany 6 € S', ¢ <, ¥ = L<,0 C Leyp-

Let us set, for any ¢ € P and any 0 € St

Leps =Y Leyo. 2.2)

V<qp

This defines a subsheaf £, of L., and we set gr, & = ZL<,/Z,. Note that

the étalé space Jf‘ is Hausdorff (see Example 1.1(1)) and the previous definition is
in accordance with Definition 1.34.

Notation 2.3. We rephrase here Notation 1.3 in the present setting. Let ¢, ¥ € P.
Recall that we denote by S, ., C S' the subset of S consisting of the # for which
¥ <, @. Similarly, SJb 4 CS I'is the subset of S! consisting of the & for which
¥ <, ¢. Both subsets are a finite union of open intervals. They are equal if ¢ # .
Otherwise, S(})sw = S'and S</l;<<p = .

Given a sheaf .#Z on S!, we will denote by By<,# the sheaf obtained by
restricting .% to the open set S:usw and extending it by O as a sheaf on S! (for
any open set Z C S, this operation is denoted .% in [39]). A similar definition

holds for By ., %.

Definition 2.4 ((Graded) Stokes filtration). Given a finite set @ C P, a Stokes-
graded local system with @ as set of exponential factors consists of the data of local
systems (that we denote by) gr, . on S! (¢ € ®). Then the graded non-ramified
Stokes filtration on gr . := 691//@ gry, £ is given by

(gr L)<y = @D By<pry Z.
YED
We then also have
(gr$)<¢ = 69 ﬁw<¢ gry, Z.
=

A non-ramified k -Stokes filtration on .Z is a pre-Stokes filtration which is locally
on S! isomorphic to a graded Stokes filtration. It is denoted by .Z,.
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For a Stokes-filtered local system (£, £,), each sheaf gr,, £’ is a (possibly zero)

local system on S!. By definition, for every ¢ and every 6, € S!, we have on some
neighbourhood nb(6,) of 6,,

Lepive,) = D By<p 8y Lo,
=y
L<plnb(8,) = L<gluv(6,) B 8y Lnb(o,) = @(p By<o &ty Llub6,) (2.5)
Ve

Lo, = D gry Lo,
yeod

in a way compatible with the natural inclusions.

Exercise 2.6. Show that the category of Stokes-filtered local systems has direct
sums, and that any Stokes-graded local system is the direct sum of Stokes-graded
local systems, each of which has exactly one exponential factor.

One can make more explicit the definition of a non-ramified Stokes-filtered local
system.

Proposition 2.7. Giving a non-ramified Stokes-filtered local system (£,.%,) is
equivalent to giving, for each ¢ € P, a R-constructible subsheaf £<, C £ subject
to the following conditions:

1. Forany 8 € S, the germs L<, g form an exhaustive increasing filtration of .

2. Defining Z~,, and therefore gr,, Z, from the family ZL<y as in (2.2), the sheaf
gr, £ is a local system of finite dimensional k-vector spaces on S 1

3. Forany 6 € S' and any ¢ € P, dim L<, 9 = Zwsw dim gr,, .Zp.

We note that when Proposition 2.7(2) is satisfied, Proposition 2.7(3) is equiva-
lent to

3'. Forany § € S' andany ¢ € P, dim L.,y = Yy« dimer, .

Proof of Proposition 2.7. The point is to get the local gradedness property from the
dimension property of Proposition 2.7(3). Since the local filtrations are exhaustive,
the dimension property implies that the local systems .# and €D 0 &y Z are locally
isomorphic, hence for each 6,, there exists a finite family @5, C P such that
gr, 2, # 0 = ¢ € &y, Since gr, Z is a local system, it is zero if and only
if it is zero near some 6,. We conclude that the set @5, C P is independent of 6,,,
and we simply denote it by @. We thus have gr, & # 0 = ¢ € .

Lemma 2.8. Let . be a R-constructible sheaf of k-vector spaces on S'. For any
0, € S, let I be an open interval containing 6, such that Fl146,} 18 a local system
of finite dimensional k-vector spaces. Then H' (I, F) = 0.

Proof. Lett : I ~ {6,} — I be the inclusion. We have an exact sequence 0 —
w'F - F — 4 — 0, where ¢ is supported at 6,. It is therefore enough to
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prove the result for (. ~!.%. This reduces to the property that, if i : (a,b) < (a, b]
is the inclusion (with a,b € R, a < b), then H'((a, b],ik) = 0, which is clear by
Poincaré duality. O

Let us fix 6, € S'. Since Zy is R-constructible for any v, there exists an
open interval nb(6,) of S 1 containing 6, such that, for any € @, Z.y is a
local system on nb(6,) ~ {6,}. Then, for any such ¥, H'(nb(6,), L-y) = 0,
according to the previous lemma and, as gr, 2 is a constant local system on
nb(6,), we can lift a basis of global sections of gr,, Zjun(,) as a family of sections
of Z<yun,)- This defines a morphism P, gr, Luwb,) — Luve,) sending
@WSW gry, £y to L<y ¢ forany 6 € nb(6,) and any ¢. Let us show, by induction on
#Hy € @ | Y <, ¢}, thatitsends @wsgw gry, £y onto L<, ¢ forany 6 € nb(6,) and
any ¢: indeed, the assertion is clear by the dimension property if this number is zero;
by the inductive assumption and according to (2.2), it sends @w <0 &y £ onto
L.y for any 6 enb(6,); since L<, = %, + image gr, Z in Z, the assertion
follows. As both spaces @W$9¢ gry £ and L, ¢ have the same dimension, due to
Proposition 2.7(3), this morphism is an isomorphism. O

The finite subset @ C P such that gr, £ # 0 = ¢ € @ is called the set of
exponential factors of the non-ramified Stokes filtration. The following proposition
is easily checked, showing more precisely exhaustivity.

Proposition 2.9. Let %, be a non-ramified k-Stokes filtration on £. Then, for any
0eS! andany g € P,

o Ifp <, D, then L<,9 = 0.
e If® <, 9, then g«pﬂ = g@p’g = %. O

Remark 2.10. One can also remark that the category of Stokes-filtered local
systems with set of exponential factors contained in @ is equivalent to the category
of @-filtered local systems, where we regard @ as a constant sheaf on S, equipped
with the ordered induced by the order of J; (constant sheaf with fibre P).

Examples 2.11. 1. (Twist) Let n € P, and let (£, Z,) be a (pre-)Stokes-filtered
local system. The twisted local system (.2, .%,)[n] is defined by Z[n]<, =
Z<4—y- In the Stokes-filtered case, the set of exponential factors @[] is equal to
@ + n. This is analogous to Definition 1.9.

2. The graded Stokes filtration with @ = {0} (see Example 1.35) on the constant
sheaf kg1 is defined by kg1 <, := Bo<yks1 for any ¢, so that kg1 < = kg,
ksi o = 0, and, for any ¢ # 0, kg1 <, = kg1 ., has germ equal to kg at
6 € S'iff 0 <, ¢, and has germ equal to 0 otherwise.

3. Let .%, be any non-ramified Stokes filtration with set of exponential factors @
reduced to one element 1. According to Proposition 2.9, we have .2, = 0,
and L, = gr, £ = £ is alocal system on S!. The non-ramified Stokes
filtration is then described as in Example 2.11(2) above, that is, Z<, = B,<¢-Z.
If we denote by %, this Stokes filtration of . then, using the twist operation
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Example 2.11(1), the twisted Stokes filtration .Z’[—n]. is nothing but the graded
Stokes filtration on %, defined as in Example 2.11(2).

4. Assume that #® = 2 or, equivalently (by twisting, see above), that @ = {0, ¢,}
with ¢, # 0. If the order of the pole of ¢, is n, then there are 2n Stokes directions
(see Example 1.4) dividing the circle in 2 intervals. Given such an open interval,
then 0 and ¢, are comparable (in the same way) at any 6 in the interval, and
the comparison changes alternatively on the intervals. Assume that 0 <, @,.
Then, according to Propositions 2.9 and 2.7(3), L<y, 6 = £5 and L9g = 0.
Moreover, when restricted to the open interval containing 0, ZL<o = £, is
a local system of rank equal to rk gr, .Z. On the other intervals, the roles of 0
and ¢, are exchanged.

Let now 6 be a Stokes direction for (0, ¢,). As ¢, and 0 are not compa-
rable at 6, Proposition 2.7(3') implies that 2, g = Z<09 =0 and, using ¢
such that 0, ¢, <, ¢, we find, by exhaustivity, £y = Ly, 0 ® L<09. This
decomposition reads as an isomorphism £y ~ gr, %y @ gr,Zy. It extends
on a neighbourhood nb(f) of @ in S' (we can take for nb(#) the union of the
two adjacent intervals considered above ending at #) in a unique way as an
isomorphism of local systems L) = (gr,, £ @ gry L )nb(s)-

In order to end the description, we will show that the equality X<, = Z-,
for ¢ & {0, ¢,} can be deduced from the data of the corresponding sheaves for
¢ € {0,¢,}. Let us fix 6 € S!. Assume first 0 <, ¢, (and argue similarly if
Yo <, 0).

» If ¢ is neither comparable to ¢, nor to 0, then Proposition 2.7(3) shows that
Lo =0
e If ¢ is comparable to ¢, but not to 0

- Ifg, <,0,then L<p9 = %
- If ¢ <, ¢, then Lcp9 C Loy 0 = ZL<o0, hence Proposition 2.7(3)
implies L, =0

o If ¢ is comparable to 0 but not to ¢,, the result is similar
o If ¢ is comparable to both ¢, and 0, then

- If0 <y Po <49, fg(p,g =%
- If0 <, ¢ <, @, then L<y 0 = L<o
- Ifp <,0 <, @, then L5, 9 =0

If ¢, and 0 are not comparable at 6, then one argues similarly to determine <, ¢.

Definition 2.12. A morphism A : (£, %) — (£', %)) of non-ramified k-Stokes-
filtered local systems is a morphism of local systems . — ¢’ on S' such that,
forany ¢ € P, AM(Z<,) C ‘Zéw' According to (2.2), a morphism also satisfies
ML) C Z.,. A morphism A is said to be strict if, for any ¢, A(L<,) =
MLYNLL,.

Definition 2.13. Given two non-ramified k-Stokes-filtered local systems (£, %)
and (&', %)),
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o The direct sum (%, %) ® (', %)) has local system .Z @ .’ and filtration
(Z & L)<y = L<p ® L2,

o Hom(ZL, L )<y is the subsheaf of Hom (L, L") consisting of local mor-
phisms . — " sending ., into .ZZ, . for any ¢.

e The dual (Z,.%4,)" is hence defined as (Hom(ZL, kgi), #Hom(L, kgi),),
where k g1 is equipped with the graded Stokes filtration of Example 2.11(2).

c (RN =2, L<y®LL, ,CLRL.

In particular, a morphism of non-ramified Stokes-filtered local systems is a global
section of #Hom (%L, L") <o.

Proposition 2.14. Given two non-ramified k-Stokes filtrations 4,, %) of ..,
L ® L, Hom(ZL, L), (LY)e and (L QL") are non-ramified k-Stokes
filtrations of the corresponding local systems and 7#om(%L, L )e =~ (L R L)..
Moreover,

1. Hom(ZL, L)<, is the subsheaf of Hom(ZL, L") consisting of local mor-
phisms £ — ' sending L<, into Z_ . fo any ¢.

2. (L)< = ($<_¢)J' and (LY)<p = (fg_(/,)l for any ¢, so that
gr, £ = (gr_, Z)" (here, ($<_¢,)J', resp. (fg_(/,)l, consists of local
morphisms £ — kg1 sending L, resp. L<_, to zero).

3(LRL )y =Y, Ly ®LL, =2, Ly ®LL,

<n—g
Proof. For the first assertion, let us consider the case of J#om for instance.
Using a local decomposition of .Z,.%’ given by the Stokes filtration condi-
tion, we find that a section of J#om(Z,.%" )y is decomposed as a section of
@D, , Hom(gr, L, gr, £")p, and that it belongs to Hom(Z, L)<y ¢ if and only
if its components (¢, V) are zero whenever ¢ — ¢ £, 1. The assertion is then clear,
as well as the characterization of #Zom (%L, ZL") <.

As a consequence, a local section of (£) <, has to send £, to zero for any ¢.
The converse is also clear by using the local decomposition of (£, .%,), as well as
the other assertions for .Z~.

The assertion on the tensor product is then routine. O

Remark 2.15. One easily gets the behaviour of the set of exponential factors with
respect to such operations. For instance, the direct sum corresponds to (&, @) —
@ U @', the dual to @ + —@ and the tensor product to (@, @’) > & + &',

Poincaré—Verdier duality. For a sheaf .% on S', its Poincaré—Verdier dual D.Z is
R Somc(F, kg [1]) and we denote by D'.# = R stomc(F, k) the shifted
complex. We clearly have D'.¥ = #Homc (L, kg1) =: L.

Lemma 2.16 (Poincaré duality). For any ¢ € P, the complexes D'(Z<,) and
D'(¥/%<,) are sheaves. Moreover, the two subsheaves (£“)<, and
D'(ZL | %L—y) of £ coincide.

Proof. The assertions are local on S', so we can assume that (£, .%,) is split
with respect to the Stokes filtration, and therefore that (.£,.%,) has only one
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exponential factor 7, that is, Z<, = B,<,-Z (see Example 2.11(3). Let us denote

by oy <, the functor which is the composition of the restriction to the open set S 11p <0

(see Notation 2.3) and the maximal extension to S, and similarly with <. We have
an exact sequence

0 — Byl — £ — psy L — 0

which identifies «,<,-Z to £/ Z,, and a similar one with 8,<, and @y<,. On the
other hand, D'(B,<,-%) = )<, and D' (<L) = By<y-Z" . The dual of the
previous exact sequence, when we replace ¢ with —g, is then

0— Byl — &L — eyl — 0,
also written as
0— Byl — &L — apey " — 0,

showing that D' (L) L<—y) = (L)<, ]

2.3 Pull-Back and Push-Forward

Let /' : X’ — X be a holomorphic map from the disc X’ (with coordinate x’) to the
disc X with coordinate x. We assume that both discs are small enough so that f is
ramified at x’ = 0 only. We now denote by S;, and S| the circles of directions in the
spaces of polar coordinates X and X respectively. Then f induces ]7: Si, — S1
which is the composition of the multiplication by N (the index of ramification of f)
and a translation (the argument of f)(0)). Similarly, P, and P, denote the polar
parts in the variables x and x’ respectively.

Remark 2.17. Let 7 € P, and set f*n = no f € Py. Forany 6’ € S, set
0 = f(0’). Then we have

f'n<,0&=n<,0 and f*n<,01n<,0.

(This is easily seen using the definition in terms of moderate growth in Example 1.4,
since f : X’ — X is a finite covering.)

Definition 2.18 (Pull-back). Let . be a local system on S; and let %, be a
non-ramified k-pre-Stokes filtration of .. For any ¢’ € P,/ and any 0’ € S;,,
let us set

+ — 2 : - (71
(f $)$(ﬂ/,9/ «— gswf(e/) C ff(e/) —_ (f f)g’.
VEPy
IrU<,9
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Then (fﬂiﬂ )e is a non-ramified pre-Stokes filtration on f_lf , called the pull-back
of %, by f. We denote by fT(<,.%.,) the pull-back pre-Stokes-filtered local
system, in order to remember that the indexing set has changed (see Definition 1.33).

Proposition 2.19 (Pull-back). The pull-back fﬂf,f.) has the following
properties:

1. Forany ¢’ € Py andany ' € S!,,

T+ _ =1 ~
F Dy = 3 T Ly 7).
YEPy
f*'//<9/‘ﬂ/

2. Forany ¢ € Py,

([T D) <prg = [ (Ley),
(FE D) prp = [N L2y)

and

gt e, (f52) = (e, 2).

3. In particular, if f+ (&, Z.) is a non-ramified Stokes-filtered local system for
some [, then for any ¢ € Py, gr, L is a local system on Sl

4. Let &, %' be two local systems on S} equipped with non-ramified pre-Stokes
filtrations and let A : & — &' be a morphism of local systems such that,
for some f, f A f Y - f L %" is compatible with the non-ramified
pre-Stokes filtrations (f+.,5f)., (f+$/) Then A is compatible with the non-
ramified pre-Stokes filtrations %,, %L,.

5. Assume now that <, is a non-ramified k-Stokes filtration (i.e., is locally graded)
and let @ be its set of exponential factors. Then (f L), is_a non-ramified
k-Stokes filtration on f~'% and, for any ¢' € Py, gr(p/f+$ # 0 =
¢ e f*o.

6. The pull-back of non-ramified Stokes filtrations is compatible with Zom, duality
and tensor product.

Proof. By definition,

[T Dpo= 3 [T Dyw= 3, 3 Loy
V<o Vi<pp' Y
TS0

and this is the RHS in Proposition 2.19(1).

The first two lines of Proposition 2.19(2) are a direct consequence of
Remark 2.17, and the third one is a consequence of the previous ones.
Then Proposition 2.19(3) follows, as each gr, (f +.$) is a local system on S,
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Proposition 2.19(4) follows from the first line in Propositions 2.19(2) and 2.19(5)
from third line and from the local gradedness condition. Then, Proposition 2.19(6)
is clear. O

Remark 2.20. In order to make clear the correspondence with the notion intro-
duced in Definition 1.33 and consideLed in Lemma 1.40, note that the sheaf J; is the
constant sheaf on S| with fibre Py, f~'J; is the constant sheaf on S, with fibre P
and J/ is the constant sheaf on § ;, with fibre P,». Themap g is f* : P — Py,

Exercise 2.21 (Push forward). Let .#’ be a local system on S;, equipped with a
non-ramified pre-Stokes filtration .Z. Show that

1. f* < is naturally equipped with a non-ramified pre-Stokes filtration defined by
(f+L)<p = [i(LLps )

2. Assume moreover that % is a non-ramified Stokes filtration and let @' C Py
be its set of exponential factors; if there exists a finite subset @ C P, such that
@' = f*, then the push-forward pre-Stokes filtration ( 2" is a Stokes
filtration.

2.4 Stokes Filtrations on Local Systems

We now define the general notion of a (possibly ramified) Stokes filtration on a local
system .% on S'!.

Let d be a nonzero integer and let p; : X; — X be a holomorphic function
from a disc Xy (coordinate x”) to the disc X (coordinate x). For simplicity, we will
assume that the coordinates are chosen so that pg (x’) = x"¢.

Definition 2.22 ((Pre-)Stokes filtration). Let . be a local system on S é
A k-(pre-)Stokes filtration (ramified of order < d) on £ consists of a non-ramified
(pre-)Stokes filtration on .’ := p;lf such that, for any automorphism o

o
Xg —————— Xy

N

and any ¢’ € Py, we have ZL . , = _I,Sfé(p/ in ¢ = 571 Similarly, a
morphism of (pre-)k-Stokes- filtered local systems is a morphism of local systems
which becomes a morphism of non-ramified Stokes-filtered local systems after
ramification.

We will make precise the relation with the notion of a J-filtration of Chap. 1 by
defining first the sheaf J.
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The sheafJ on S'. Let d be a positive integer. We denote by J, the local system
on S! whose fibre at § = 0 is P» and whose monodromy is given by P,/ >
0] (x’) > ¢’ (¥4 x’). If we denote by By : S|, — S1, 6" +> d - 0’ the associated
map, the sheaf p dljd is the constant sheaf on S1 W1th fibre P,,. One also says
that J, is obtained by descent by p,; from J;(x’ ) In particular, J; is a sheaf of
ordered abelian groups on Sl » and the constant sheaf J; with fibre P, is a subsheaf
of ordered abelian groups. A germ at 6, of section of J; consists of a pair (¢’, 6)),
with ¢’ € P, and 0/ such that d - 8 = 6, mod 27, or equivalently of the vector
((¢"(x),0,),(¢'(¢x"), 0, + 27/d),...). Then (¢',0]) <, 0 means ¢’ s, 0, or
equivalently ¢’(£¥x) <, 0 for all k.

05 +2kn/d

We will then denote by J the sheaf  J 5, Ja-

Remark 2.23. Let us give another description of the sheaf J; which will be useful
in higher dimensions. We use the notation of Example 1.4. Let us denote by jj
and jj 4 the natural inclusions X * — X and X* — Xd, and by oy : Xd — X the
lifting of p,. The natural inclusion Oy < pg « ﬁ X* induces an injective morphism
JoxOxx —> ja,*pd,*ﬁX; = 5d,*j3,d,*ﬁxj, that we regard as the inclusion of a
subsheaf.

Let us denote by (jj, *ﬁx*)lb the subsheaf of jj «Ox= cons1st1ng of functions
which are locally bounded on X. We have oxOx)® = Dux(oa. *ﬁX )b
JoaxOx* since py is proper.

Let us set J; = w0y (x0), that we consider as a subsheaf of JoxOxx. We
have w10y = 31 N (Jo, «Ox+)® in Ja.x«Ox+ (a meromorphic function which is
bounded in some sector is bounded everywhere, hence is holomorphic). Therefore,
91 := w1 (Ox(x0)/Oy) is also equal to 31/51 N (JaxOx*)®.

Similarly, we can first define J; as the subsheaf of C-vector spaces of jj « Ox+
which is the intersection of by« ' O, (x0) and jj«Ox+ in PdxjodxOxs. We
then set J; = %/% N (jaxOx+)'®, which is a subsheaf of jj .« Oxx/(joxOx*)"®.
We have J; C Iy if d divides d’.

As we already noticed, J; = @~ (O (x0)/Ox). More generally, let us show
that 0,'9; = @;'(Ox,(x0)/Ox,). We will start by showing that p;'J; =
w; ! Oy, (x0).

Let us first note that p;l Ox+ = ﬁX; since py is a covering, and 0! jy «Ox+ =

Ja.d.xpy ' Ox= since Py is a covering. Hence, b, jo.« Ox+ = JoaxOxx.
__ Itfollows that 'ﬁd_lﬁ is equal to the intersection of 5,0y« [@ ! Ox, (x0)] (since
JIz,1 = w; ' Ox,(x0)) and JoaxOxx in D7 Paxljo.a Oxx]. This is @ Oy, (x0).
Indeed, a germ in 5 'y «[w; " Oy, (x0)] at 6’ consists of a d-uple of germs in
Ox,(x0) at 0. This d-uple belongs to ja’d’*ﬁxt}k’g/ iff the restrictions to X} of
the terms of the d-uple coincide. Then all the terms of the d-uple are equal. The
argument for J; is similar.

Let us express these results in terms of étalé spaces. We first note that, since J; is a
constant sheaf, the étalé space Ji" is a trivial covering of S!. The previous argument
shows that the fibre product S ;/ Xg1 JZ‘ is identified with Je‘/ 1 hence is a trivial
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Fig. 2.1 Example with

n = 2. The set Ségo is the
union of the open intervals in
full line

covering of S ;,. It follows that, since py : S ;, Xs1 Jj‘ — Jj‘ is a finite covering of
degree d, that Jé‘ — Slis a covering. »

The followmg property will also be useful: there is a one-to-one correspondence
between finite sets @, of Py and finite coverings blila Jet Indeed, given such a z,
its pull-back 4 by g is a covering of S, !, contained in the trivial covering o, IJZ‘,
hence is trivial, and is determined by its ﬁbre &y C Py. Conversely, given such
@4, it defines a trivial covering X, of Sy !, contained in 7’ y ljet Let ¥ be its image
in Je‘ Because the composed map T, > S1 — S is a covering, so are both
maps £; — X and £ — S!. Moreover, the degree of & — S is equal to that
of T, — Sl,, that is, #&,. Lastly, the pull-back of ) by 04 is a covering of Sl
contained in S Xs1 JZ‘, hence is a trivial covering, of degree #®,, and contamlng
Ed, so is equal to Ed
Order. The sheaf jj«Ox+ is naturally ordered by defining (js«Ox+*)<o as

the subsheaf of jj«Ox+ whose sections have an exponential with moderate
growth along S!. Similarly, ja,d,*ﬁX; is ordered. In this way, J inherits an

order: Fvaso = J N (jsxOx*)<o. This order is not altered by adding a local
section of (jaﬁ*ﬁx*)lb, and thus defines an order on J. For each d, we also
have J;<0 = Pux ((wd_lﬁxd (*0))<0) N Jja«Ox+ and we also conclude that

07" Ua<0) = (w;" (O, (*0)/@7)(,1))@- _
To any ¢’ € P, one associates a finite covering Xy = S;, C J¥ of S! as above.
Then X,y N I, is as in Fig. 2.1 (where the circle is S1).

Remark 2.24. The sheaf of ordered abelian groups J satisfies the property (1.41 ).
The direction = is clear. For the other direction, assume that 75 %, 0. We will prove
that there exists g such that 0 <, ng and ¥y #£, ne. If Yo = u, (x)/x" withn € Q7
and argu, (0) —nf € [—x/2, /2] mod 27, then we take n # 0 having a pole order
strictly less than n and a dominant coefficient such that 0 <, ng. Then the order
relation between 0 and ¥y is the same as the order relation between 0 and ¥y — 1.
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Note that this argument does not hold on a subsheaf J; with d fixed.

One can rephrase the definition of a (pre-)Stokes filtration by using the terminol-
ogy of Chap. 1.

Lemma 2.25. A (pre-)Stokes filtration on £ is a (pre-)J-filtration on £, with J
defined above. It is ramified of order < d if the support of gr L is contained in
74 =

Remarks 2.26. 1. The condition in Definition 2.22 can be restated by saying that,
for any o, the Stokes-filtered local system (.£’,.%)) and its pull-back by &
coincide (owing to the natural identification .’ = ~'.#").

2. Given a (possibly ramified) Stokes-filtration on a local system ., and given a
section ¢ € I'(U,J) on some open set of S', the subsheaf .Z<, C .y is well-
defined, as well as .2, and gr, Z is a local system on U. If ¢ is a section
of J all over S!, then it is non-ramified, i.e., it is a section of J;, and Lep, Ly
are subsheaves of .. From the point of view of Definition 2.22, if the non-
ramified Stokes filtration exists on .’ = '/7_1.,2” one can restrict the set of
indices to P, C P,/. Then, for ¢ € P, .,2” pio is invariant by the automorphisms

of .’ induced by the automorphisms G, hence is the pull-back of a subsheaf
L<p of £, and similarly for £, and gr, . This defines a non-ramified pre-
Stokes filtration on . for which the graded sheaves are local systems (but the
dimension property 2.7(3) may not be satisfied). Note also that a morphism of
Stokes-filtered local systems is compatible with this pre-Stokes filtration. Hence
the category of Stokes filtrations on .Z is a subcategory of the category of non-
ramified pre-Stokes filtrations on .Z.

_Notice however that the non-ramified Stokes-filtered local system
(F1.Z.(f1.%).) is not (in general) equal to the pull-back fV(Z..%.)
where %, is this pre-Stokes filtration.

3. We will still denote by ., a (possibly ramified) Stokes filtration on .# and by
(Z, Z.) a(possibly ramified) Stokes-filtered local system, although the previous
remark makes it clear that we do not understand .%, as a family of subsheaves of
ZonS!.

4. The “set of exponential factors of the Stokes-filtered local system” is now
replaced by a subset Y C 7% such that the projection to 39X is a finite covering.
It corresponds to a finite subset @; C P, for a suitable ramified covering py
(see the last part of Remark 2.23), which is the set of exponential factors of the
non-ramified Stokes filtration of ﬁ; Z.

5. The category of Stokes-filtered local systems (", £,) with associated covering
contained in ¥ is equivalent to the category of h_filtered local systems
(see Remark 2.10).

6. Proposition 2.14 holds for k-Stokes filtrations.

7. Lemma 2.16 holds for k-Stokes filtrations, that is, the family D'(.%£/ L. y) of
local subsheaves of .~ indexed by local sections of J forms a Stokes filtration
of V.
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8. The category of non-ramified k-Stokes-filtered local systems on S ; is a full
subcategory of that of k-Stokes-filtered local systems. Indeed, given a non-
ramified Stokes-filtered local system on S!, one extends it as a ramified
Stokes-filtered local system of order d from Uf‘ to Ji,t using a formula analogous
to that of Proposition 2.19(1).

9. If the set @, of exponential factors of p, (-2, Z.,) takes the form p; @ for some
finite subset @ C P, (equivalently, the finite covering ¥ of dX is trivial,
see Remark 2.26(4)), then the Stokes filtration is non-ramified.

2.5 Extension of Scalars

Let (&, %) be a k-Stokes-filtered local system and let k' be an extension of k.
Then (k' @i L. k' @ L) is a k’- Stokes-filtered local system defined over k'.
The following properties are satisfied for any local section ¢ of J:

o (K®k L)<y = k' Ly, and grw(k’ kL) =k ® gr, £, so the set of
exponential factors of (k' ®x £, k' ® .£.) is equal to that of (£, A).
o Ly =K@ L<p) NLink' Qi L.

In such a case, the k’-Stokes-filtered local system (k' ®; .2, k' ®; £.,) is said to
be defined over k.

Conversely, let now (., .%4,) be a k’-Stokes-filtered local system and let Xcy
be its covering of exponential factors. We wish to find sufficient conditions to ensure
that it comes from a k-Stokes-filtered local system by extension of scalars.

Proposition 2.27. Assume that the local system £ is defined over k, that is, £ =
k' ® % for some k-local system 2y (regarded as a subsheaf of ), and that, for
any local section ¢ of X,

Ly =K (%(i”k N Z<y),

where the intersection is taken in . Then (£, .%.) is a k’-Stokes-filtered local
system defined over k.

Proof. It is not difficult to reduce to the non-ramified case, so we will assume
below that J = J; and replace ) by @ C P,. We set, for any local section
of Py, Lr <y 1= Lk N Ly, so that the condition reads L<, = k' ® L <, for
@ € @. This defines a pre-J-filtration of %%, and we will show that this is indeed a
J-filtration.

1. We start with a general property of Stokes-filtered local systems. Let (.Z, .Z,)
and @ be as above, and let Yy € P,. Set ¥ = @ U {y} and denote by St(¥, ¥)
the (finite) set of Stokes directions of pairs ¢,n € W. The sheaves Z<y and
£~y can be described as triples consisting of their restrictions to the open set
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ST~ St(¥, ), the closed set St(¥, ¥), and a gluing map from the latter to the
restriction to this closed set of the push-forward of the former. We will make this
description explicit.

On any connected component I of S! < St(¥, ¥), the set ¥ is totally ordered,
and there exists ¢ = (I, V) € @ such that Lgy|; = Lg,|;. Similarly, there
exists n = n({, ) € @ such that £y |; = Lp;.

Let us fix 0, € St(¥, ¥) and denote by I, I, the two connected components
of S' < St(¥, ¥) containing 6, in their closure, with corresponding inclusions
ji i 1; = S'.i = 1,2. We also denote by i, : {6,} < S the closed inclusion
and set ¢; 1= @(I;, V), i = 1,2 (resp. n; := n(I;, ¥)).

We claim that, in the neighbourhood of 6, (and more precisely, on
Iy U I, U {6,}), the sheaf £, is described by the data Ly, = L<y|1;5
i =12, ZLeys, = ia_ljl.,*gswl\ll N ia_ljz,*iﬂswzuz, where the intersection
is taken in i, ' j1 . = iy j2sxl = %, and the gluing map is the natural
inclusion map of the intersection into each of its components. A similar
statement holds for .Z.y,. This easily follows from the local description
L<y = Dyeo Bo<y gr, £, and similarly for L.

2. We now claim that % <y = % N L<y satisfies k' @ % <y = L<y. This
is by assumption on S' ~ St(¥, ¥), according to the previous description, and
it remains to check this at any 6, € St(¥,¥). The previous description gives
i L<y = i 1xLh<oiin N iy joxLu <po1, and the result follows easily
(by considering a suitable basis of .Z% g, for instance).

3. Let us now define %% <y as 3~ cp By’<y-Liy, as in (2.2). Then the previous
description also shows that % <y = % N %~y and that Ly = k' @k Ly <y

4. As a consequence, we obtain that gr,, L =k ® gry % for any ¥, from which
the proposition follows. O

Remark 2.28. The condition considered in the proposition is that considered
in [40] in order to define a k-structure on a Stokes-filtered local system defined
overk’ (e.g. k = Qand k' = C). This proposition shows that there is no difference
with the notion of Stokes-filtered k-local system.

2.6 Stokes-Filtered Local Systems and Stokes Data

In this section, we make explicit the relationship between Stokes filtrations and the
more conventional approach with Stokes data in the simple case of a Stokes-filtered
local system of exponential type.

Stokes-filtered local systems of exponential type.

Definition 2.29 (see [40,55]). We say that a Stokes-filtered local system (., Z,)
is of exponential type if it is non-ramified and its exponential factors have a pole of
order one at most.
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In such a case, we can replace P with C - x~!, and thus with C, and for each
6 € S, the partial order < ,on C is compatible with addition and satisfies

c<,0&c=0o0r argc—0 € (n/2,37/2) mod 2x.

We will use notation of Sect. 2.2 by replacing ¢ = ¢/x € P with ¢ € C. For each
pair ¢ # ¢’ € C, there are exactly two values of § mod 27, say 6. .- and 6, /> such
that ¢ and ¢’ are not comparable at . We have 96/’ o = B +m. These are the Stokes
directions of the pair (c, ¢’). For any 6 in one component of S' ~ {6, ., 6/ ,}, we
have ¢ <, ¢/, and the reverse inequality for any 6 in the other component. ’

Stokes data. These are linear data which provide a description of Stokes-filtered
local system. Given a finite set C C C and given 6, € S' which is not a Stokes
direction of any pair ¢ # ¢’ € C, 0, defines a total ordering on C, that we write
Cl <90 c2 <90 cee <90 cn.

Definition 2.30. Let C be a finite subset of C totally ordered by 6,. The category of
Stokes data of type (C, 8,) has objects consisting of two families of k-vector spaces
(Ge1, Gea)eec and a diagram of morphisms

S
—
D.cc Gen D.cc Ge (2.30 %)
—_—
S/
such that, for the numbering C = {cy, ..., c,} given by 6,,

1. § = (Sij)ij=1..n is block-upper triangular, i.e., Si; : G;;1 — G, 2 is zero
unless i < j, and Sj; is invertible (so dim G, ; = dim G, », and § itself is
invertible).

unless i > j, and S}, is invertible (so S itself is invertible).

A morphism of Stokes data consists of morphisms of k-vector spaces A, :
Gey — Gé’é, ¢ € C, ¢ = 1,2 which are compatible with the diagrams (2.30 ).

Fixing bases in the spaces G.¢, ¢ € C, £ = 1,2, allows one to present Stokes

block-lower (resp. -upper) triangular and each X;; (resp. X/,) is invertible.
The following is a translation of a classical result (see [52] and the references
given therein, see also [27] for applications):

Proposition 2.31. There is a natural functor from the category of Stokes-filtered
local systems with exponential factors contained in C and the category of Stokes
data of type (C, 6,), which is an equivalence of categories. O
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The proof of this proposition, that we will not reproduce here, mainly uses
Theorem 3.5 of the next chapter, and more precisely Lemma 3.12 to define the
functor.

Duality. Let (£, Z.,) be a Stokes-filtered local system. Recall (see Definition 2.13)
the dual local system £’ comes equipped with a Stokes filtration (.£"), defined by

(fv)$c = ($<—c)ly

where the orthogonality is relative to duality. In particular, gr.(Z") = (gr_. £)".
Similarly, given Stokes data ((G..1,Gc2)cec,S,S’) of type (C, 6), let us denote
by 'S the adjoint of S by duality. Define Stokes data ((G..1, G¢2)cec, S, S’)Y of type
(=C, 6,) by the formula G¥.; = (G.;)¥ (i = 1,2)and SV = 1§=1 8§V = 19/=1,

so that the diagram (2.30 *) becomes

ts—l
—_—

Di=1(Ge)” Di=1(Ge;2)” (2.30%)"

—_—
ts/—l

Then the equivalence of Proposition 2.31 is compatible with duality (see [27]).



Chapter 3
Abelianity and Strictness

Abstract We prove that the category of k-Stokes-filtered local systems on S! is
abelian. The main ingredient, together with vanishing properties of the cohomology,
is the introduction of the level structure. Abelianity is also a consequence of the
Riemann-Hilbert correspondence considered in Chap. 5, but it is instructive to prove
it over the base field k.

3.1 Introduction

The purpose of this chapter is to prove the following:

Theorem 3.1. The category of k-Stokes-filtered local systems on S' is abelian and
every morphism is strict. Moreover, it is stable by extension in the category of pre-
Stokes-filtered sheaves.

Pre-Stokes-filtered sheaves are defined, in the setting of Chap. 2, in Definition 2.1
(non-ramified case). The possibly ramified case is obtained as in Definition 2.22.
They correspond to pre-J-filtered sheaves on S!, with J as in Sect.2.4 (this is
checked in a way similar to the case of local systems).

Should the morphisms be graded, then the statement of the theorem would be
obvious. The global structure of morphisms is quite involved. The idea is to consider
morphisms on sufficiently big intervals of S (see the Comments of Sect. 3.7 for the
origin of this idea and variants). However, how big the intervals must be depends
on the order of the pole of the exponential factors, and a procedure is needed to
work on intervals of a fixed length. This procedure is obtained as an induction on
the level structure of the Stokes filtration, a notion which is introduced in Sect. 3.3
and corresponds to a filtration of the indexing set (exponential factors) with respect
to the order of the pole.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 39
DOI 10.1007/978-3-642-31695-1_3, © Springer-Verlag Berlin Heidelberg 2013
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3.2 Strictness and Abelianity

Let A : (£, 4) — (£, %)) be a morphism of non-ramified pre-Stokes-filtered
local systems. The strictness property should be the following:

VoePr ALey) =ZL,NALD). 3.2)

If a morphism A satisfies (3.2), the two naturally defined pre-Stokes filtrations on
A(Z) coincide, and then the local systems Ker A, Im A and Coker A are naturally
equipped with non-ramified pre-Stokes filtrations.

However, it is not clear that, for general pre-Stokes filtrations, (3.2) for A implies
(3.2) for the pull-back oA (see Definition 2.18) if p is some ramification and 7 is
the associated covering of S'!. Nevertheless, if conversely p+ A satisfies (3.2), then
so does A, according to Proposition 2.19(2), and Ker, Im, Coker in the pre-Stokes-
filtered sense are compatible with . This leads to the following definition for
non-ramified or ramified pre-Stokes-filtered local systems.

Definition 3.3 (Strictness). A morphism A: (%, %) — (&', Z)) between (pos-
sibly ramified) pre-Stokes-filtered local systems is said to be strict if pTA satis-
fies (3.2) for any ramification p such that (£, %.,) and (¢, %)) are non-ramified
pre-Stokes-filtered local systems.

Remarks 3.4.

1. The notion of strictness in the definition corresponds to that of Definition 1.28
for a pre-J-filtered sheaf, for J as in Sect. 2.4, while Condition (3.2) corresponds
to strictness for a pre-J;-filtered sheaf.

2. LetA: (&, 4) — (£, %)) be amorphism of non-ramified Stokes-filtered local
systems. Assume that, forevery 6, € S ! we can find local trivializations (2.5) on
some neighbourhoodnb(6,) for (£, .Z,) and (", .£,) such that A : %y, — £}
is block-diagonal. Then Ag, is block-diagonal in the neighbourhood of 6, and it
is strict near 0, (i.e., (3.2) is satisfied after any ramification).

Theorem 3.1 asserts that, if (£, %4,) and (&’,.%)) are Stokes-filtered local
systems, then so are KerA, Im A and CokerA (i.e., they also satisfy the local
gradedness property). The first part of Theorem 3.1, in the non-ramified case, is
a consequence of the following more precise result, proved in Sect. 3.4:

Theorem 3.5. Given two non-ramified Stokes-filtered local systems (£, %) and
(L', L)), there exist trivializations of them in the neighbourhood of any point
of S' such that any morphism A between them is diagonal with respect to these
local trivializations, hence is strict (Definition 3.3). In particular, such a morphism
satisfies (3.2), and the natural pre-Stokes filtrations on the local systems Ker A, Im A
and Coker A are Stokes filtrations. Their sets of exponential factors satisfy

®(Kerd) C @, @(Cokerd) C @', ®(ImA)CcdNP.
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Corollary 3.6. Let p be a ramification. Then Ker, Im and Coker in the category of
non-ramified Stokes-filtered local systems are compatible with p. O

Proof of the first part of Theorem 3.1. Let A: (£, %) — (£, %)) be a morphism
of (possibly ramified) pre-Stokes-filtered local systems. For any p such that
pH(Z, L) and o (L', &) are non-ramified Stokes-filtered local systems, then
Pt A satisfies (3.2), according to Theorem 3.5, and Ker 5" A, Im 5" A and Coker o™ A
are non-ramified Stokes-filtered local systems, which are compatible with supple-
mentary ramifications. O

3.3 Level Structure of a Stokes-Filtered Local System

In this paragraph, we work with non-ramified Stokes-filtered local systems without
mentioning it explicitly. For every £ € N, we define the notion of Stokes filtration of
level = £ on .Z, by replacing the set of indices P by the set P({) := O (x0)/x ‘0.
We denote by [-]; the map P — P(£). The constant sheaf J;({) with fibre P({) is
ordered as follows: for every connected open set U of S' and [¢]¢, [V/]¢ € P(L), we
have [¢]; <, [¢]¢ if, for some (or any) representatives ¢, ¥ in O'(x0), ‘=) hag
moderate growth in a neighbourhood of U in X intersected with X*. In particular,
a Stokes filtration as defined previously has level = 0.

Let us make this more explicit. Let n € P, n = u,(x)x™" with either n = 0 (that
is,n = 0)orn > 1 and u, (0) # 0. Then, in a way analogous to (1.4 *) and (1.4 *x),
we have

e <,0 <= n < Lor argu,(0) —nb € (x/2,37/2) mod 27, (1.4 %¢)
e <,0 <= u,(0) # 0, n > £ and (1.4 %)
argu, (0) —nf € (7w/2,37/2) mod 2.
Lemma 3.7. The natural morphism 3, — J\(£) is compatible with the order.
Proof. According to (1.4 %) and (1.4 %), we have n <,0 = [n]¢ <, 0. O

We will now introduce a reduction procedure with respect to the level. Given a
Stokes-filtered local system (£, .Z,) (of level = 0), we set, using Notation 2.3,

Lepy = Y Bule<iol Ly
v

where the sum is taken in .. Then

Legl =Y _ Buli<ieh-L<tole = Y Buli<lglL<y-
[¥]e 14
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Indeed,
Letgy =Y Y Bt <iglBinle<ieh-L<n.
[¥le n

and for a fixed 7, the set of @ € S! for which there exists [y]; satisfying [n], <,
[V]e <, [¢]e is equal to the set of 6 such that [n]; <, [¢]¢. So the right-hand term

above is written
> Bue<gleLsn-
]

We can also pre-Stokes-filter ™! gry,), -Z by setting, for Y € P,
(erip), Dy = (Ley N Ll + Lepgl)/ ZL<iol-
Proposition 3.8. Assume (£, %,) is a Stokes-filtered local system (of level = 0)

and let @ be the finite set of its exponential factors.

1. For each { € N, ZLq), defines a Stokes-filtered local system (£, ZLie,) of level
= Lon 2, gry,, £ is locally isomorphic to 691//, Wlo=l¢), &y £, and the set of
exponential factors of (£, L)) is P({) := image(® — P({)).

2. For every [ple € @(0), (gry,, L. (g, L)) is a Stokes-filtered local system
and its set of exponential factors is the pull-back of [¢]¢ by @ — D(L).

3. Let us set

(er, 2. (g, 2)) = @ (e, L. (gry;, L))
[W1ee(t)

Then (gr, 2, (gr, L)) is a Stokes-filtered local system (of level = 0) which is
locally isomorphic to (£, £,).

Proof. All the properties are local, so we can assume that (£, .%,) is graded. We
have then

L<y =D By<y g1, 2,
"
hence

Lslpl = @ (Z Biye<iole Pn<y 8T, 3)7
v

Lejpl = D (Z By <iele Pr<y 81y i”)-
Ty

For a fixed 1, the set of @ € S'! such that there exists ¥ with n <, ¢ and [V]; <, [¢]
(resp. [V]e <, [¢]e) is the set of 8 such that [n], <, [¢]e (resp. [n]e <, [@]e), so

L<iple = D Binesion 81, L. Lt = D Bue<iole &5, L,
n n

which gives Proposition 3.8(1).
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Let us show Proposition 3.8(2). All sheaves entering in the definition of
(gryy), L)<y (&, L)<y and gr, gry,, £ decompose with respect to 7 as above.
Givenn € @ and 0 € S!, the component gr, Zp oceurs in Ly g N Lgy), 0 if and
onlyif n <, ¥ and [n]¢ <, [¢]¢. Arguing similarly, we finally find that gr, % occurs
in gry, gry,, Zp if and only if n = ¢ and [n]¢ = []¢, that is,

0 if [Y]e # [¢]e.

gry, gry,), Lo = .
v or, L it [l = [ele.

This concludes the proof of Proposition 3.8(2). Now, Proposition 3.8(3) is clear. 0O

Remark 3.9. Let us explain the meaning and usefulness of this proposition. To
a Stokes-filtered local system (.Z,.%,) is associated a partially graded Stokes-
filtered local system (gr, .2, (gr, -£).). Going from (£, %,) to (gr, 2, (gr; L))
consists in

» Considering (.Z, .Z.) as indexed by P({) (or @(£)) and grading it as such
» Remembering the P-filtration on the graded object, making it a Stokes-filtered
local system as well

Conversely, let (4;,% .) be a fixed Stokes-filtered local system graded at
the level £ >0, that is, the associated P(£)-filtered local system is graded. As
a consequence of the last statement of the proposition, an argument similar to
that of Proposition 1.42 implies that the pointed set of isomorphism classes
of Stokes-filtered local systems (.Z,.Z,) equipped with an isomorphism
o (gr, 2, (gr, .Z).);) (%,%.) is in bijection with the pointed set
H'(S 1,A4t<['1£0(%)), where Aut<*°(%,) is the sheaf of automorphisms A of
(94, %1e) such that gr,), A = Id on the local system gry,; % for any ¢ € 7P
(equivalently, any [¢]; in P(£)).

In particular, one can reconstruct (.Z,.%,) from gr.Z either in one step, by
specifying an element of H'(S', Au=" gr ), or step by step with respect to the
level, by specifying at each step £ an element of H'! (Sl, Aur=1*k0 (gr, £)).

3.4 Proof of Theorem 3.5

It will be done by induction, using Corollary 3.11 below for the inductive assump-
tion on gr, .Z of Proposition 3.8(3).
Let @ be a finite set in P. Assume #@ > 2. We then set

m(®P) = maxim(p — V) [ ¢ # ¥ € P},

and we have m(®) > 0. If #® = 1, we set m(®) = 0. We also set £(®@) = m(P)—1
if m(®) > 0.
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Lemma 3.10. Assume #® = 2 and fix ¢, € @. Then

m(®, g,) := maxim(p — @) | ¢ € P} = m(P).

Proof. Let n be the sum of common monomials to all ¢ € @. By replacing @ with
@ — n we can assume that n = 0. We will show that, in such a case, m(®) =
max{m(p) | ¢ € @} = max{m(p —¢,) | ¢ € @}.1f all ¢ € ® have the same order
k > 0, two of them, say ¢; and ¢,, do not have the same dominant monomial. Then
m(®) = k. Therefore, the dominant monomial of a given ¢, € @ differs from that
of ¢, or that of ¢,, so one of ¢; — ¢, and g, — ¢, has order k, and m(®, ¢,) = k.
Assume now that ¢; has maximal order k and ¢, has order < k. Then m(®) = k.
Given ¢, € @, then either ¢, has order k, and then ¢, — ¢, has order k, or ¢, has
order < k, and then ¢; — ¢, has order k, so in any case we have m(®, ¢,) = k. O

Let us fix ¢, € @. In the following, we will work with @ — ¢,. We will assume
that #@ > 2, that is, m(®) > 0 (otherwise the theorem is clear), and we set
{ = £(P) as above.

Letp € @ —@,. If m(p) = m(P), then its image in (@ — ¢, )(£) is nonzero. For
every ¢ € @ — ¢,, the subset (D — @,)p), =¥ € @ — @, | [¥]e = [p]¢} satisfies
m((®@ — @o)p),) < £ < m. Indeed, if [p]; = 0, then any ¢ € (D — ¢,)[4), can
be written as x“zuw (x) with uy (x) € €, and the difference of two such elements
is written x~“v(x) with v(x) € @. On the other hand, if [¢]; # 0, ¥ is written as
@ + x"tuy (x) and the same argument applies.

Corollary 3.11 (of Proposition 3.8). Let (£, %4,) be a Stokes-filtered local
system, let ®" be a finite subset of P containing ®(L, L4,), set m=m(P"),
L=m(®@") — 1, and fix ¢, as above.

Then, for every [ple € (®" — @,)(0), (&g, Z[=o), (&g, Z[=@o))e) is a
Stokes-filtered local system and m(gry,, L [—¢o], (gr,), L[—@o))e) <L <m. DO

Lemma 3.12. Let (£, Z.) be a Stokes-filtered local system and let @ be the set of
its exponential factors. Let I be any open interval of S' such that, for any ¢, ¥ € &,
card(! N St(e, ¥)) < 1. Then the decompositions (2.5) hold on 1.

Proof. It is enough to show that H'(1, %-,) = 0 for any ¢ € ®. Indeed, arguing
as in the proof of Proposition 2.7, if we restrict to such a I, we can lift for any ¢ a
basis of global sections of gr,, £ as sections of £, and get an injective morphism
gr, £ — ZL<,. We therefore obtain a morphism @wed, gr, £ — 2 sending
gr, £ into L, for each ¢ € @. This is an isomorphism: indeed, as both sheaves
are local systems, it is enough to check this at some 6 € I; considering a splitting
of .Z at 0, the matrix of this morphism is block-triangular with respect to the order
at 6 and the diagonal blocks are equal to the identity.

It remains to show that this morphism induces the splitting for each .Zx,. For
every 1, we have a natural inclusion B,<,-%Z<, — Zx;, hence the previous
isomorphism induces a morphism P, ce By<y g1, £ — ZL<;, which is seen to
be an isomorphism on stalks.
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Let us now show that H'(1, %-,) = 0. It will be easier to argue by duality, that
is, to show that H(I, D'(%~,)) = 0 (see Lemma 2.16, from which we will keep
the notation). There is a local decomposition

D' (L), = D oty<p(2ry D) v, (3.13)

Vved
Let us set I = (6p, 6,+1) and let us denote by 6y,..., 0, the successive Stokes
directions in I. We set I; = (6;—1,60;,41) fori = 1,...,n. According to the

first part of the proof and to Lemma 2.8, the decomposition (3.13) holds on

each [; and, on I; N [; 41, two decompositions (3.13) are related by AEFD whose
ii+1 v v :

component Af//.,n ). oy <p(gry, 'Z)\Iiﬂlurl — ay<p(gr, 'Z)\Iiﬂlurl is nonzero only

if Y Spang and is equal to Id if ¥ = 7.

Assume that s € HB(I, D’($<¢)) is nonzero. For any i = 1,...,n, we denote
by s; its restriction to /; and by s; y its component on oy <, (gry, -£) |v1,~ for the chosen
decomposition on /;. Therefore, s; y and s; 41,y may differ on /; N /; 4. Let us note,
however, that the set @ is totally ordered by <, -, 4, on I; N I; 41, and if we set
Yi = min{y € @ | s5;y # Oonl; N Iy} (when defined, ie, if 5; # 0 on
I; N I;1,1), then we also have ¥; = min{yy € @ | 5;41,y # 0on I; N 1;4}. Indeed,
let us denote by v/ the right-hand term.

e On the one hand, s;y1y, = Zwswi )Lf;:f;l)(si,w) = Siy, on I; N Iy since

Ay = 0if y < yion I; N Iy, and A" Y = Id. Therefore, ¥/ < ; on
Il‘ n Ii+1~ -
 On the other hand, if ¥/ <; on I; N I; 4y, then Sit1y] = ZlKW A(I’ITI)(si,w)

. . w"wi
= 0, a contradiction.

Since s is compactly supported on I, its restrictions to (6y, 6) and to (6, 6,+1)
vanish identically. In the following, we assume that s; and s,, are not identically zero
(otherwise, we just forget these Stokes directions and consider the first and last one
for which s; is not identically zero). Then ; is defined, and we have

e Yy <@onl NIsincesiy, #0onli NI

e 01 € St(y1, @) since 51,4, = 0 on (6, 61)

e @ < Yy on (6, 0) since 0; € St(Yy, @)

e And vy < ¢ on (01,0,+1), as it is so on (61, 6) and there is no other element of
St(¥1, @) in (01, Oy41)

It follows that 5, y, # 0 on /1 N I,. Moreover, 6, & St(Y1, ¢), 80 52,4, 7# 0 on I,
(being a section of a local system on this interval). Therefore, s, 7% 0 on I, N I3, ¥,
is defined and (by definition) ¥, < v on I, N I3, and there is a component 53 y,
on I, which is not identically zero. In conclusion, on I, N I3, the following holds:

e Yo <Yy <.
. S2.¢2 75 0.
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We claim that ¥, < ¢ on (62, 6,+1) (and in particular 65 ¢ St(v2, ¢)):

o This is already proved if Y, = ¥,
e Assume therefore that ¥, < 1 on I, N I3; then

— If 55y, # 0on Iy N I, then Yy < v, on I1 N I, (by definition of ;) and so
6, € St(Y1, ¥2), hence there is no other element of St(v, ¥») belonging to
(63, 6,41) and therefore also ¥, < ¢ since ¥r; < @ on (61, 6,+1)

— If 554, = 0 on I; N I, this means that 6, € St(y, ¢), hence there is no
other element of St(y,, ¢) belonging to (6,, 6,+1), so we keep ¥» < ¢ on

(62, 6,41)
Continuing in the same way, we find that v, is defined, which means that s, is
not identically zero on (6,, 8,+1), a contradiction. O

Remark 3.14. For I # S! as in Lemma 3.12, we also have H'(1, %<,) = 0 for
any ¢. This follows from the exact sequence

0=H'(I.%) — H'(I.%<y) — H'(I.gr, £) = 0,

where the last equality holds because gr,, . is a local system.

Corollary 3.15. In the setting of Corollary 3.11, let I be any open interval of S'
such that, for any ¢, € @, card( N St(e,y)) < 1. Then

(g,g.)“ ~ (gr[ g, (gr( f)-)\l

Proof. By Proposition 3.8(3), the set of exponential factors of (£,.%,) and
(gr, 2, (gr, £).) coincide, hence I satisfies the assumption of Lemma 3.12 for
both (£, .%,) and (gr, .Z, (gr, £).). Therefore, when restricted to /, both are
isomorphic to the graded Stokes-filtered local system determined by gr.Z restricted
to]. O

End of the proof of Theorem 3.5. Let A : (£, %) — (£, Z)) be a morphism of
Stokes-filtered local systems. The proof will be done by induction on m = m(®"),
with @” = ® U @’. The result is clear if m = 0 (so #®” = 1), as both Stokes-
filtered local systems have only one jump.

Assume now m # 0. We fix ¢, € @” as in Corollary 3.11. It is enough to prove
the assertion for A : Z[—¢,] — Z'[—¢,]. We shall assume that ¢, = 0 in order
to simplify the notation below. Let I be any open interval of S' of length /m
with no Stokes points (of @”) as end points. According to the definition of m and ¢,
and to Corollary 3.15, A|; decomposes as By, 1y, 111w/ With A7y, g,
gy, L1 — gy, .,2’1’1, where [{]¢ runs in @(£) and [¢']; in @’ (£) (otherwise, it is
zero). Each A [y, [y, is @a morphism of (constant) local systems, hence is constant.

Let us show that A7y, (v, = 0if [¥]¢ # [¢']e. We denote by Py, the set of
n € P such that [n]¢ = [¥]¢. According to the proof of Corollary 3.15, A7 [y1,.1v71
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itself decomposes as blocks with components A|; , ,» where 7 varies in Py, and 7’
in Ppy,. We will show that each such block is zero.

As in restriction to 1, A is (isomorphic to) a filtered morphism gr, & — gr, &/,
it sends (gr, -£) <, to (gr, £') <, for any ¢, that is, after the proof of Corollary 3.15,
it sends Py, @neﬂ’w Brsy g1, L in Dy, @U’GT[WM Biy<y gty £, so the block
A1y sends By<p gr, £ in By <, gr,, Z. Choosing ¢ = 7 shows that A7,/ sends
gr, Z in By<, gr, L. Now, if [y]¢ # [¢']e, we have n — ' = x7"u(x) with
u(0) # 0 and, I being of length 77/ m, contains at least one Stokes point of St(n, 1').
Therefore A7,y vanishes on some non-empty open subset of /, hence everywhere.

In conclusion, A|; is diagonal with respect to the [+];-decomposition, that is, it
coincides with the graded morphism gry), A, graded with respect to the filtration
Zje) of level = £.

By Proposition 3.8(2) and Corollary 3.11, the inductive assumption can be
applied to gry, A. By induction we conclude that A can be diagonalized (with
respect to the decomposition in the third line of (2.5)) in the neighbourhood' of
any point of /. As this holds for any such 7, this ends the proof of Theorem 3.5. 0O

Corollary 3.16 (of Lemma 3.12). Let (£, %,) be a Stokes-filtered local system.
Then, for any ¢ € Py, I'(S', Z-,) = 0.

Proof. Let us keep the notation used above, which was introduced at the beginning
of Sect. 3.4. It is easy to reduce to the case where (£, .%,) is non-ramified, that we
assume to hold below (see Remark 2.26(2) for the definition of .Z,, in the ramified
case).

We will argue by decreasing induction on m(®). If m(®) = 0, so @ = {p,}, we
have £, = By,<,-Z (see Example 2.11(2)), and the assertion is clear.

Assume now m(®) > 0, that is, #@ > 2. By twisting it is enough to show
I'(S!, %) = 0. Weset £ = {(®) as above.

There is a natural inclusion <o — Z<[o},, hence a map L<o — &r0), A
sending L< to (gry, £)<o and L to (gryg), -£)<o. It is enough to show that the
induced map I'(S', L) — I'(S", (gry, -£) <o) is injective. Indeed, we can apply
the inductive assumption to the Stokes-filtered local system (gryy, £, (gr(g), <£)s)
to conclude that I"(S", (gr(y), £)<0) = 0.

Let / be an interval of length 7 /m (@) with no Stokes directions for @ U {0} at its
boundary. We will show that I"(1, Z~0) — I'(1, (g, -£)<0) is injective for any
such I, which is enough. By Lemma 3.12, we have % ; =~ @¢e¢ Bo<o gr, 2,
and the map .Zo); — (gryg), -£) <01 is the projection to the sum taken on ¢ € [0]y,
that is, the ¢ € @ having a pole of order < m(®). But since I contains a Stokes
direction for (¢,0) for any ¢ ¢ [0]¢, we have I'(I, By<o gr, -Zj;) = 0 for any
such ¢. We conclude that I'(1, Z~;) —— I'(1,(gry), -£)<o) is isomorphic to
the identity map from I" (I , @WE[O]( Bo<o gr, A 1) to itself, by applying the same
reasoning to (gry;, -2, (gryg), -£)e)- O

'In fact, the argument shows that the diagonalization holds on /.
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Remark 3.17. The dimension of the only non-zero cohomology space
H'(S', %) is usually called the irregularity number of (£, %,).

Corollary 3.18. Let f : (£, 4) — (£, %L)) be a morphism of Stokes-filtered
local systems on S' sending L< to .. Then f is equal to zero.

Proof. Indeed, f is a section on S' of Hom ((£. L.). (L. L)) _,- O

3.5 Proof of the Stability by Extension

We now prove the second part of Theorem 3.1. We consider an exact sequence
0— (L, L) — (L. L) — (£". L)) — 0,

where (&', %)), (L, £]) are Stokes-filtered local systems, but no assumption is
made on (£, £.,), except that (£, .Z,) is a pre-Stokes-filtered sheaf in the sense of
Definition 2.1 (or the ramified analogue). Firstly, the extension . of .¢” and .£” is
clearly alocal system. It is now a matter of finding a ramification p such that the pre-
Stokes filtration on o !.# is non-ramified and is a Stokes filtration. It is therefore
enough to assume that (', %Z)), (", £!) are non-ramified.

Let us now restrict to an interval / as in Lemma 3.12, with @ = &’ U @”.
Since H'(I, .i”éw) = 0 for any ¥ € P (see Remark 3.14), there is a section of
Ly — i”é’w. We will make these sections compatible with respect to ¥,
that is, coming from a morphism of pre-Stokes-filtered local systems. Accord-
ing to the decomposition of (£”,.%)) on I, we obtain an injective morphism
gr, " — Z<, for any ¢ € @”. By the filtration property, it defines for
any Y € P an injective morphism B,<y gr, £ < Z<y and then a section
L2y = Dyeor Bosy gr, L" — Ly of the projection .L<y — £Z,, which
is now a morphism of pre-Stokes filtrations. We therefore get an 1som0rphism
(&L, Loy =~ (L L) e (L. L)) Inparticular, (£, Z,) is a Stokes filtration
when restricted to /.

As this holds for any such 7, this proves the assertion. O

3.6 More on the Level Structure

It will be useful to understand the level structure in an intrinsic way when the Stokes-
filtered local system is possibly ramified. We will therefore use the presentation and
the notation of Remark 2.23.

Let £ be any non-negative rational number. We define the subsheaf ( JxOx+)(£) C
j* Ox~ as the subsheaf of germs ¢ such that x‘¢ is a local section of (j* Ox+ )", for
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some (or any) local determination of xt. We have, for any £ < 0,
(G Ox)® = (juOx)(0) C (juOx)(£) C (uOx) (') C JuOxx.

We set J,(£) = PJVI/FJvl N (]; Ox+)(£). We have a natural morphism J; = J,(0) —
J1(€) which is compatible with the order (same proof as for Lemma 3.7). We have a
commutative diagram

. ,
P 5108

Sl

The map g is étale and onto. If ¥ C I]?‘ is a finite covering of S! (via ), then
Y (l) := q¢(X) is a finite covering of S' (via u¢), and ¢, : ¥ — X ({) is also a
finite covering. Moreover, since ¢ : Tﬁ S0 X (?) is étale, it corresponds to a
sheaf of ordered abelian groups J; s on X' ({), and X' can be regarded as a finite

covering of X (£) contained in (J; s())%.

Proposition 3.19 (Intrinsic version of Proposition 3.8). Let (£, .Z,) be a (pos-
sibly ramified) Stokes-filtered local system on S' (in particular we have a subsheaf
L of W' L) and let X C I be the support of gr . For £ € Q1.

1. The subsheaf Tr<y,(L<, ;' %) ofp,zl.,f (see Lemma 1.31) defines a pre-J,({)-
Sfiltration of £ which is in fact a J,(€£)-filtration, that we denote by (£, Le,).

2. The sheaf grje), £ is supported on X ({) := q(X) and is a local system on X ({).

3. The sheaf L< induces a pre-J, s ) -filtration on q[l grpe), Z, which is a J; s )-
filtration denoted by (grje), -Z, (gr[e), <)), and gr(gre), £) is a local system on
X} this local system has the same rank as the local system gr £.

Conversely, let L< C u~'.Z be a pre-J;-filtration of L. Let us assume that
Treg, (Zs, u[liﬂ) is a J1(£)-filtration of £ and let us denote by X ({) the support
of grpe), £ Let us also assume that the pre-J, s )-filtration induced by Z< on the
local system grje, £ (on X({)) is a Iy s)-filtration, and let us denote by X' the
support of gr(grpe, ). Then Z< is a Jy-filtration of £ and gr < is supported on
X and has the same rank as gr(grp), £). O

3.7 Comments

The notion of level structure has been implicitly present for a long time in the theory
of meromorphic differential equations (see [4, 32]). It appeared as the “dévissage
Gevrey” in [75]. Later, it has been an important tool for the construction of the
moduli space of meromorphic connections [2], as emphasized in [20], and has
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been strongly related to the multisummation property of solutions of differential
equations (see e.g. [61] and the references given therein). Note also that the basic
vanishing property proved during the proof of Lemma 3.12 is already present in [20]
and explained in the one-slope case in [52, Sect. 5], see also [61, Lemma 4.3]. It is
related to the Watson lemma (see loc. cit.). It is also related to the existence of
asymptotic solutions of a differential equation in “large” Stokes sectors, see e.g. [4]
and in particular Sect. B for historical references.

This level structure is not a filtration of the filtered local system. It is the structure
induced by a suitable filtration of the indexing sheaf J. A visually similar structure
appears in knot theory when considering iterated torus knots, for instance the
knots obtained from a singularity of an irreducible germ of complex plane curve.
The algebraic structure related to the level structure is the “dévissage” by Gevrey
exponents or the multi-summability property. Similarly, the algebraic structure
related to iterated torus knots of singularities of plane curves are the Puiseux
approximations.



Chapter 4
Stokes-Perverse Sheaves on Riemann Surfaces

Abstract In this chapter, we introduce the global notion of Stokes-perverse sheaves
on a Riemann surface. The Riemann—Hilbert correspondence of the next chapter
will be an equivalence between holonomic Z-modules on the Riemann surface and
Stokes-perverse sheaves on it. If k is a subfield of C, this allows one to speak of a
k-structure on a holonomic Z-module when the corresponding Stokes-perverse is
defined over k.

4.1 Introduction

Let X be a Riemann surface. Meromorphic connections on holomorphic vector
bundles, with poles on a discrete set of points D, form a classic subject going back
to the nineteenth century. The modern approach extends the interest to arbitrary
holonomic Zy-modules (see Sect.5.2 in the next chapter) and also extends it
to arbitrary dimensions. A fundamental result is that the de Rham complex (or
the solution complex) of such a Zx-module is a perverse constructible complex
(also called a perverse sheaf). Moreover, the Riemann—Hilbert correspondence for
connections with regular singularities, resp. for regular holonomic Zy-modules,
induces an equivalence between the category of such objects and that of local
systems on X ~ D, resp. of perverse sheaves. For Riemann surfaces, a modern
presentation of this equivalence has been explained in [55].

Perverse sheaves on a Riemann surface are not difficult to understand. For a
given perverse sheaf .7, there is a discrete set of points D such that Fy_p is a
local system shifted by one (that is, a complex whose only cohomology sheaf is
A~V Z x<p and is alocal system on X ~ D). The supplementary data to determine
the perverse sheaf .% are complex vector spaces equipped with an automorphism,
one for each point of D, and gluing data around each point of D (see e.g. [55]).

A perverse sheaf has a Jordan-Holder sequence, whose successive quotients (in
the perverse sense) are simple perverse sheaves, that is, either j..Z[1] for some
irreducible local system .2 on X ~ D (and j : X ~ D — X is the open inclusion),

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 51
DOI 10.1007/978-3-642-31695-1_4, © Springer-Verlag Berlin Heidelberg 2013



52 4 Stokes-Perverse Sheaves on Riemann Surfaces

oriy«C, wherei, : {x} — X is the closed inclusion. Examples of perverse sheaves
are j1.Z[1], j«-Z[1], R j«Z[1], where .Z is a local system on X ~ D, and j..Z[1]
is known as the intermediate (or middle) extension of .Z[1], while R j..Z[1] is in
some sense the maximal one and j.Z[1] the minimal one.

In this chapter, we construct a category of Stokes-perverse sheaves, which will
be the receptacle of the Riemann—Hilbert correspondence for possibly irregular
holonomic Zy-modules, which will be explained in the next chapter. It will now
be convenient to use the formalism introduced in Chap. 1. The idea is to replace the
dataon (X ~ D, D) withdataon (X ~ D, Jé‘), where J is defined as in Sect. 2.4 for
each point of D.

The constructions in this chapter are taken from [17,19, 55].

4.2 The Setting

Let X be a Riemann surface and let D be a discrete set of points of X. We set
X* = X ~ D. We denote by w : )F(V(D) — X the real oriented blowing-up map
of X at each of the points of D. When D is fixed, we set X=X { (D). Locally near
a point of D, we are in the situation of Example 1.4. We set X =w ~I(D) and
we denote by jy : X* — X and iy : 0X <> X the 1nclu510ns We denote by J
the sheaf which is zero on X™* and is equal to |, T4 x, on' S1 = w 1(x,,) for
X, € D, where J; ,, is the sheaf introduced i in | Remark 2. 23 Notlce that J¢ i is not
Hausdorff, since we consider J as a sheaf on X, not on 3X. Since I — X is
a homeomorphism above X*, we shall denote by ] X* = lee;(* < J% the open
inclusion, by 7’ j|e5t) e < J% the closed inclusion, so that 1 o j = j; and we have a
commutative diagram

Ty o 9

wl | @b

~ Iy =~

X ., X
Remark 4.2 (Sheaves on J*). The sheaf J does not satisfy the Hausdorff property
only because it is zero on X*, but it is Hausdorff when restricted to dX. It may
therefore be convenient to describe a sheaf .%< on J%, up to unique isomorphism

inducing the identity on X * and 39X, asa triple (™, %<, v) consisting of a sheaf

ZF* on X*, asheaf Z< on jleE)X’ and a morphism v : L< — T_lﬂf*. Note that,

since p is a local homeomorphism, we have 7°! J, . Z* = wy @5 o T ).

'The notation S should not be confused with the notation S} of Sect.2.3.
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In a similar way, a pre-J-filtration .#< on J* determines two pre-J,y-filtrations,
namely L< =7 '.7< and?lﬁﬁ * (as a constant pre-J-filtration, see Sect. 1.4),
and the natural morphism v : < — 7! 7*37 * is a morphism of pre-J,z-filtrations.
As a consequence, a pre-J-filtration .Z< on J* corresponds in a one-to-one way to
a triple (F*, %<, v), where L« is a pre-J,-filtration and v is a morphism from
Z< to the constant pre-J,5-filtration 7-'7..Z*. Then one can use Remark 1.8 to
describe Zx<.

4.3 The Category of Stokes-C-Constructible Sheaves on X

The category of St-C-constructible sheaves will be a subcategory of the category
Mod(k gy« <) of pre-J-filtrations introduced in Sect. 1.4, and we use the notation
introduced there, with J as above. Recall that C-constructible means that the
stratification giving constructibility is C-analytic in X. The coefficient field is k.

Let .#* be a C-constructible sheaf on X* with singularity set S. We assume
that S is locally finite on X, so that it does not accumulate on D. Then .Z#* is
a locally constant sheaf of finite dimensional k-vector spaces on X* ~ S, and in
particular in the punctured neighbourhood of each point of D. This implies that
Rjy . F* = js.F* isalocal systemon X ~ S, as well as its restriction to each leo,
X, € D. Similarly, R j..Z* = J..Z* is alocal system on 7% <. S, since the property
is local on J¢ and y is a local homeomorphism. Moreover, the adjunction morphism
w ' s — 1d induces a morphism ™! jy . F* — 7+ Z*, which is easily seen to be
an isomorphism. We will identify both sheaves. "

We will set & = iy ja«F*, which is a local system on 9X. We thus have
wy'l =T ju T
Definition 4.3 (St-C-constructible sheaves). Let %< be a pre-J-filtration, i.e., an
object of Mod(k 5« <). We say that .Z< is St-C-constructible if

1. F* := 7_192 is a C-constructible sheaf on X* whose singularity set S C X*
is locally finite in X.
2. The natural morphism v : < :=7"'.F< — T j..F* is injective, i.e., the sheaf

7 < does not have a non-zero subsheaf supported in JTEI) Pe

3. The inclusion v : X< — u;l.ﬁf is a Stokes filtration of .Z.

We will denote by Mods.c.c(kq« <) the full subcategory of Mod(k 4« <) whose
objects are St-C-constructible on J¢.

We can also regard F< as a pre-J-filtration of the sheaf .7 := jj .7, in the
sense of Definition 1.27. Note that, for any open set U C X and any ¢ € I'(U,J),
F<p = ¢~ F< is a subsheaf of Fp;.

Lemma 4.4. The category of St-C-constructible sheaves on 1% is abelian and
stable by extensions in the category of pre-J-filtrations on J.
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Proof. When restricted to X*, the result is well-known for the category of
C-constructible sheaves in the category of sheaves of k-vector spaces. It is
therefore enough to prove it over 0.X. Let A : F< — ZL be a morphism of St-C-
constructible sheaves. Its restriction to 9X induces a morphism in the category of
Stokes-filtered local systems on 93X . Note also that

Joxjs 'KerA = Ker jyxj;'A and  jj.j; ' Coker A = Coker jj.j; 'A.

According to Theorem 3.1 and the previous identification, the kernel and cokernel of
Aoz inject into u ! Ker[Z — #"] and p~" Coker[£ — 2], and define Stokes-
filtered local systems. Therefore, Ker A and Coker A (taken in Mod(k 5« <)) belong
to Mods;.c.c (kgét’s).

Similarly, the stability by extension is clear on X*, and an extension of two
St-C-constructible sheaves satisfies Definition 4.3(2) above. Then it satisfies Defi-
nition 4.3(3) according to Theorem 3.1. O

Note that, as a consequence, Coker A does not have any nonzero subsheaf sup-

ported on jlei 7> S0 in particular A is strict with respect to the support condition 4.3(2).

Remark 4.5. Assume that %< is as in Definition 4.3(1). We have a distinguished
triangle in D (J%):

~ ~ ~ ~ +1
TF<s —T'P< —T'R.F* =TRj|F*[1]] — .
Since T-'.Z< and TR j,.7* =T}, 7* are sheaves, this triangle reduces to the
exact sequence

0— AT F) —>T "' %< T .7 — #'(F<) — 0

and Definition 4.3(2) is equivalent to J#°(i'.%<) = 0. If this condition is fulfilled,
the morphism v/ : ;' — u;'Z/Zs is equal to ' of the morphism
T'R j|.F7* —T'.Z< and there is no nonzero other 7.

Remark 4.6 (7Zom). Given two St-C-constructible sheaves .F<, ., one can
define a St-C-constructible sheaf #om(%,.%')< whose generic part is the con-
structible sheaf JZom(F*, '), and whose restriction to I is Zom(Z, L)<

(see Definition 2.13). Firstly, one remarks that since 7+ F* and .. Z" are local
systems, the natural morphism Hom(joF*, [« F*) = Ju Hom(F*, F'*) is
an isomorphism. The natural injection #om(¥, ¥ )< — Hom(ZL, L) =
TV Hom(F*, F'*) defines thus the desired St-C-constructible sheaf.

Let Z< be a Stokes-C-constructible sheaf on X. Since J is Hausdorff on 9.X , the
subsheaf .7 of Z is well-defined, and we can consider the triple (%™, £, v|.),
which defines a subsheaf %, of Z<, according to Remark 4.2 (we avoid the
notation .%_, which has a different meaning over X*).
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Definition 4.7 (co-St-C-constructible sheaves). We will say that a pre-J-
filtration %< is a co-Stokes-C-constructible sheaf if it satisfies the properties
4.3(1), 4.3(2) and, setting £ =77,

3’. The inclusion v : Z. < u;liﬂ is a Stokes co-filtration of ¥ (see
Remark 1.41).

This defines a full subcategory Modosi-c-c (K¢ <) of Mod(k ge <).
We similarly have:

Lemma 4.8. The category of co-St-C-constructible sheaves on 3% is abelian and
stable by extensions in the category of pre-J-filtrations on J*. O

Exercise 4.9. From a co-Stokes-C-constructible sheaf .%, reconstruct the Stokes-
C-constructible sheaf .#< which defines it (this mainly consists in reconstructing
ZL< from .Z_, see Remarks 1.41 and 2.24).

Lastly, there is a simpler subcategory of Mod(k 5« <) which will also be useful,
namely that of graded C-constructible sheaves on J%. By definition, such an object
takes the form 7 (g, %)<, where ¢ is a locally constant sheaf of finite dimensional
k-vector spaces on j|e5t) 7> on the support of which /45 is proper. It is easy to check that
it is abelian and stable by extensions in Mod(k j« <). The following is then clear:

Lemma 4.10. Let F< be a Stokes-C-constructible sheaf on I and let F< be
the associated co-Stokes-C-constructible sheaf, together with the natural inclusion
F+« — F<. Then the quotient (in Mod(k e <)) is a graded C-constructible sheaf
on J4. a

Remark 4.11. There is no nonzero morphism (in the category Mod(k 5 <)) from
a graded C-constructible sheaf ¢4 on J% to a (co-)Stokes-C-constructible sheaf .Z <
(or .Z<). Indeed, presenting .Z< as a triple (*, Z<,v) and 4 by (0,77'9,0), a
morphism ¥ — .Z< consists of a morphism 77'9 — Z< which is zero when
composed with v. Since v is injective, after Definition 4.3(2), the previous morphism
is itself zero. The same argument applies to ¥4 — Z. In other words, since .F<
(resp. -#<) does not have any non-zero subsheaf supported on ‘{JTEI) 7> and since 9 is
supported on this subset, any morphism from ¢ to Z< (resp. .#<) is zero.

4.4 Derived Categories and Duality

Derived Categories. We denote by D (k g« <) the bounded derived category of pre-
J-filtrations, and by Dgt_(c_c(kjét’s) the full subcategory of Db(kjét’s) consisting
of objects having St-C-constructible cohomology. By Lemma 4.4, the category
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Dgt—(C—c (kga <) is a full triangulated subcategory of Dk jga <). We will now define
a t-structure on Dé’l_(c_c (ks <) which restricts to the usual® perverse one on X *.

b< . . o ;
The subcategory ” D S:& (k g« <) consists of objects F< satisfying 7/ (F<) =
0 for j > —1 and %”j(i_lﬁ}) =0 forany x, € X*and j > 0.

Similarly, the subcategory Dst(cc(kjet <) consists of objects .« satistying
HI(F<) = Ofor] < -1 andjff(l F<) =0forany x, € X* and j <O0.

The pair (" DY St <c (kga <), D= St c(k g <)) constructed above defines a ¢-structure
on D¢, ¢ (kg <) (this directly follows from the result on X *).

Definition 4.12. The category St- Pervp (k je <) of perverse sheaves on X* with a
Stokes structure at 91X (that we also call Stokes-perverse sheaves on X ) is the heart
of this 7-structure.

This is an abelian category (see [6], [39, Sect. 10.1]).

Remark 4.13. Objects of St-Pervp(kj« <) behave like sheaves, i.e., can be re-
constructed, up to isomorphism, from similar objects on each open set of an
open covering of X, together with compatible gluing isomorphisms. An object
of St-Pervp (kja <) is a sheaf shifted by 1 in the neighbourhood of J‘eg andis a
perverse sheaf (in the usual sense) on X *.

Notice also that the objects of St- Pervp (k 5« <) which have no singularity on X *
are sheaves (shifted by one). We will call them smooth St-C-constructible sheaves

or smooth Stokes-perverse sheaves (depending on the shifting convention).

However, it will be clear below that this presentation is not suitable for defining
a duality functor on it. We will use a presentation which also takes into account .7«
and gr.#. Anticipating on the Riemann—Hilbert correspondence, .#< corresponds
to horizontal sections of a connection having moderate growth at 3X, while .7«
corresponds to horizontal sections having rapid decay there, and duality pairs
moderate growth with rapid decay.

Note that similar arguments apply to co-Stokes-C-constructible sheaves, and

we get a ¢-structure (‘D coSl colkge <), pDCosl co(kga <)) on the category D2
(kga <)

Lastly, the full subcategory Dgr colkga <) of DP(kga <) whose objects have
graded C-constructible cohomology is endowed with the z-structure induced from
the shifted natural one (D?<7!(kgea <), DP> 71 (ke <)).

Duality. Recall that the dualizing complex on X is Josk x=[2] (see e.g. [39]) and (see
Corollary 1.23) we have a functor R #om(:™ e, u™" jy.k x+[2]) from the category
DPP (kg <) to DT (ke <). We will denote it by D. We will prove the following.

2We refer for instance to [23] for basic results on perverse sheaves; recall that the constant sheaf
supported at one point is perverse, and a local system shifted by one is perverse, see e.g. [23,
Ex. 5.2.23]. See also [6], [39, Chap. 10] for more detailed results.
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Proposition 4.14. The duality functor D induces functors

b.o
D : DG (kye <) — Dogsicc(kya <),
b,o
D : DCOSIZ»(C-C(kJéI,$) - Dgt-(c-c(kjé‘,ﬁ)’
which are t-exact, and there are isomorphisms of functors Id >~ D o D in both
Dé’t_Cc(kgét’s) and DEOSt’C’C(kJét’s). On the other hand, it induces a functor D :
Dy (kg <) — Db, (kga <) such that D o D = 1d.

Let .Z< be an object of D®(k 4« <). Recall that, for any open set U C X and any
¢ € I'(U,9), Z<, := ¢~ ' F< is an object of D°(ky).

Lemma 4.15. If F< is a Stokes-C-constructible sheaf on 3%, then for any ¢ €
I'(U,7), #<, is R-constructible on U. The same result holds for a co-Stokes-C-
constructible sheaf F<.

Proof. Tt suffices to check thison U N X, , where it follows from Proposition 2.7.
O

Lemma 4.16. If < isa Stokes-C-constructible sheaf (resp. F< is a co-Stokes-C-
constructible sheaf) on %, then on X ~ Sing.7*,

FY = R Hom("' F<, jikyx) (resp. FL = R Hom( I, jiky~))

has cohomology in degree 0 at most and is equal to the co-Stokes-C-
constructible sheaf (F*Y,(£Y)<,v"Y) (resp. the Stokes-C-constructible sheaf
(F*V, (L)<, v"™Y)), where V'Y is the morphism dual to v'. Moreover, the dual
of vis (V")

Proof. 1f U is an open set in X and ¢ € I'(U,7%), we will set

D(Z<y) = R Homp(F<y, jaku+[2]).
D'(Z<,) = R Homi(F<y. jasku+).

As a consequence of Lemma 4.15 we have (see [39, Proposition 3.1.13]),

iyD(F<y) = R Hom(iy' Fey,iyjaik[2])
(4.17)
= R Hom(i;' F<, k(1)) =: D(i;' F<,),

since k,y[1] is the dualizing complex on 39X, and by biduality we have
D(igﬁgw) =i;'D(F<,) (see [39, Proposition 3.4.3]). This can also be written as

itD'(F<,)[1] = D'(i;' F<,) and i;' D' (F<,) = D'(i}F<,[1)).
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For the proof of Lemma 4.16, we can assume that Sing.#* = @&. We will prove
the lemma starting from a Stokes C-constructible sheaf, the co-Stokes case being
similar.

For the first part of the statement, it suffices to show that i; D’ (F<p) is a
sheaf. We have i; ' D'(F<,) = D'(i)F<,[1]) = D'(Ly/L<y), see Remark 4.5,
and thus iy lD (ﬂk(p) is a sheaf, equal to (£")<—,, according to Lemma 2.16.
Therefore, #Y = Hom(™ ' F<, j|k x*). Moreover, still using Remark 4.5, one
checks that the gluing morphism vV is the dual of v’. Since v’ is onto, V" is
injective, and .ZY is equal to (F*V, (Z£Y)<, V"), as wanted. A similar argument
shows that the dual of v is (v"V)'. O

Proof of Proposition 4.14. The first claim is now a direct consequence of
Lemma 4.16. For any U and any ¢ € I'(U, J) we have the bi-duality isomorphism
after applying the pull-back by ¢ : U — J%, according to the standard result for
R-constructible sheaves and Lemma 4.15. This isomorphism is clearly compatible
with restrictions of open sets, hence gives Id ~ D o D.

For the graded case, the situation is simpler, as we work with local systems on

jfg + extended by zero on J¢. O

4.5 The Category of Stokes-Perverse Sheaves on X

In the case of Stokes-filtered local systems on 39X, the Stokes and co-Stokes aspect
(namely %< and ™' .Z/.%.) can be deduced one from the other. The same remark
applies to (co-)Stokes-C-constructible sheaves. However, such a correspondence
Stokes <> co-Stokes heavily depends on sheaves operations. In the derived category
setting, we will keep them together.

It will be useful to consider the 7-categories D¢, - . (kg <) etc. as subcategories
of the same one. We can choose the following one. By a C-R-constructible sheaf
on J* we will mean a sheaf & on J* such that for any open set U C X and any
¢ € I'(U,7), 9~'% is R-constructible on U and C-constructibleon U* = U N X*
with locally finite singularity set on U. The category Modc.g.c(kg« <) is the full
subcategory of Mod(k 4« <) whose underlying sheaf is C-R-constructible. Accord-
ing to Lemma 4.15, it contains the full subcategories of (co-/gr-)St-constructible
sheaves. It is abelian and stable by extensions in Mod(k s« <). The full triangulated
subcategory D(C po(kge <) of DP(kge <) is equipped with a 7-structure defined as
in the beginning of Sect. 4.4. This z-structure induces the already defined one on the
full triangulated subcategories D¢, - . (kqe <) etc.

Definition 4.18. The category St(kj« <) is the full subcategory of the category
of distinguished triangles of D°(kg« <) whose objects consist of distinguished

. +1 . .
triangles #« — F< — gr.# —>, where % is an object of DP g, - (kg <), F<
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of DSI c.c(kga <), and gr .77 of D?
triangles in D(C_]R_C (kg <).

or -C- (kga <). These triangles are also distinguished

Proposition 4.19. The category St(kq« <) is triangulated, and endowed with a
t-structure (St=° (kqga <), St>0(kga <)) defined by the property that ¥, F<,gr.F
belong to the < 0 (resp 0) part of their corresponding categories. There isa
duality functor D : St°®(kqa <) — St(kga <) satisfying D o D ~ 1d and which is

compatible to the t-structures.

Sketch of proof. Any (not necessarily distinguished) triangle 7% — Z< —

+1 .
gr.Z — induces a (not necessarily exact) sequence - - - — X7, — "% T —
Yk gr.# — --- by taking perverse cohomology of objects of D(C re(kga <), and,

according to Remark 4.11, each connecting morphism Yk gr.F — Ykt 7 s
zero. One then shows that such a triangle is distinguished if and only if each short
sequence as before is exact. The axioms of a triangulated category are then checked
for St(k 4« <) by using this property.

In order to check the ¢-structure property (see [39, Definition 10.1.1]), the only
non trivial point is to insert a given object of St(kjet <) in a triangle with first term
in St=° and third term in StZ!. Denoting by 7<° and t>! the perverse truncation
functorsin DY , (ke <), itis enough to check that each of these functors preserves
objects of St(kj« <). This follows from the cohomological characterization of the
distinguished triangles which are objects of St(kje <).

The assertion on duality follows from Proposition 4.14. O

The heart of this #-structure is an abelian category (see [6,39]).

Lemma 4.20. The “forgetting” functorfrom St(kya <) to DSl cckga <), sending

a triangle <« — F< — gr.F —> to F< (which is by definition compatible with
the t-structures) induces an equivalence of abelian categories from the heart of the
t-structure of St(k & <) to St-Pervp (kge <).

Proof. For the essential surjectivity, the point is to recover %< and gr.% from Y.
As our objects can be obtained by gluing from local data, the question can be
reduced to a local one near J‘eg ~, where we can apply the arguments for sheaves
and define .%< and gr.% as in Lemma 4.10.

Similarly, any morphism .#< — .Z_ lifts as a morphism between triangles. It
remains to show the uniqueness of this lifting. This is a local problem, that we treat
for sheaves. The triangle is then an exact sequence, and the morphism %% — %/,
coming in a morphism between such exact sequences is simply the one induced
by ﬂ"< — ZL, so is uniquely determined by it. The same argument holds for
gr.F — gr 7. |

Corollary 4.21 (Duality). The category St-Pervp (kq« <) is stable by duality. O
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4.6 Direct Image to X

Given a sheaf Z< on J%, any section ¢ € I"(U, J) produces a sheaf F<, := ¢~ F<
on U. We now use more explicitly that J has a global section 0, meaning that there
is a global section 0 : X — 3% of W, making X a closed subset of J%. Then F is
a sheaf on X

Proposition 4.22. Let F< be an object of St-Pervp(kqa <). Then RwyF <o is
perverse (in the usual sense) on X.

Proof. It is a matter of proving that i ;' R w..%<( has cohomology in degrees —1, 0
at most and i |, Rw+.F< in degrees 0, 1 at most.

We have i)' Rw,F<y = RI(0X, iy 1¢/<0) because w is proper (see [39,
Proposition 2.5.11]), so, setting Lo = 1y ' Z<o[—1], the first assertion reduces
to H k(aX Z<o) = 0 for k # 0,1, which is clear since Lx is a R-constructible
sheaf. Similarly, as we have seen after Lemma 4.15, i, (ﬂgo) =i («/so[ 1D[1] is
a sheaf, so the second assertion is also satisfied (see [39, Proposition 3.1.9G1)]). 0O

4.7 Stokes-Perverse Sheaves on X

We will prove in the next chapter that Stokes-perverse sheaves on X correspond
to holonomic Z-modules on X which are isomorphic to their localization at D,
and have at most regular singularities on X *. In order to treat arbitrary holonomic
Px-modules, we need to introduce supplementary data at D, which are regarded
as filling the space X by discs in order to obtain a topological space X X, that we
describe now. This construction goes back to [19] and is developed in [55].

For any x, € D, let X; %, be an open disc with center denoted by X,, and let ?;0
be the associated closed disc. Denote by f : )? g, < ?;0 the open inclusion and
T8l — ?;0 the complementary closed inclusion.

W:: denote by ;X the topological space (homeomorphic to X') obtained by gluing

each closed disc X 3, to X along their common boundary Sxi =S xl,, for x, € D (see
Fig.4.1).

We first define the category Mod(k g4 < p) to be the category whose objects are
triples (<, Z, V), where F< isa pre-J-ﬁltration i.e., an object of Mod(k j« <), Z
isasheafon| | p X, and 7 is a morphism i i\ Feo =T 17..7 . The morphisms
in this category consist of pairs ()L,i\) of morphisms in the respective categories
which are compatible with 7 in an obvious way. We have “forgetting” functors to
Mod(kj« <) (hence also to Mod(kj«)) and Mod(k g). Then Mod(k . ¢ 55) is an
abelian category. A sequence in Mod(k 5« ¢ 55) is exact iff the associated sequences

in Mod(k 4e) and Mod(k ) are exact. The associated bounded derived category is
denoted by Db(kjé,’sﬁ).
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Fig. 4.1 The space Z
near S'i (x € D)

Definition 4.23 (St-C-constructible sheaves on X ). The objects in the category

Mods;.c..(k ) consist of triples (F<, Z , D), where

Jé.<.D

1. %< is a St-C-constructible sheaf on X (see Definition 4.3), defining a Stokes-
filtered local system (%, %,) on each S ;{), X, € D.

2. .7 is a C-constructible sheaf on Ll en X;, with singularity at X, (x, € D) at
most.
3. D is an isomorphism gry.¥ — 77! j . 7.

Morphisms between such triples consist of pairs (A,A) of morphisms in the
respective categories which are compatible with .

By definition, Modsi.c-c (k5«4 < 5) is a full subcategory of Mod(k 5« < p5)-

Lemma 4.24. The category Modsi.cc(k j« < ) is abelian and stable by extensions
in Mod(k 5 ¢ 5)-

Proof. We apply Lemma 4.4 for the .%<-part, a standard result for the F -part, and
the compatibility with U follows. a

The definition of the category St-Pervp (k« < 5) now proceeds exactly as in

Sect. 4.5, by only adding the information of the usual #-structure on the various )? %,
X, € D. We leave the details to the interested reader. As above, a Stokei—perverse
sheaf is a sheaf shifted by one away from the singularities in X* and of D.

Remark 4.25. The previous presentation makes a difference between singulari-
ties S in X* and singularities in D. One can avoid this difference, by considering
objects which are local systems on X* ~ § and by replacing D with D U S. Then
“regular singularities” are the points of D where the set of exponential factors of
Z < reduces to {0}. This point of view is equivalent to the previous one through the
functor &7 at those points (see below, Proposition 4.26).
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4.8 Associated Perverse Sheaf on X

We now define a functor & : St-Pervp (ks . 5) —> Perv(ky) between Stokes-
perverse sheaves on X and perverse sheaves (in the usual sense) on X. This is
an extension of the direct image procedure considered in Sect. 4.6. Namely, if
(/<,ﬂ7 V) is a Stokes-constructible sheaf on X the triple (920,37 V) allows
one to define a sheaf .Z ., on X: indeed, a sheaf on X can be determined up to
isomorphism by a morphism L<y — 7~ j*ﬁ ; we use the composed morphism
Lo — grg L —V>’z‘1];3/5

Extending this construction to Stokes-perverse sheaves and taking the direct
image by the continuous projection @ : Z — X which contracts X to D is

P(F<, Z, V). We will however not explicitly use the previous gluing construction
in this perverse setting, but an ersatz of it, in order to avoid a precise justification of
this gluing. Let us make this more precise. "

We first note that the pull-back by the zero section 0 : X < J® defines an
exact functor 07" : Mod(kg« <) — Mod(k ) and therefore, taking the identity

on the 7 -part, an exact functor from Mod(k j« ¢ 5) to the category Mod(k <, 5)

consisting of triples (<o, Z D).

In the following, we implicitly identify sheaves on D and sheaves on X
supported on D via Rip . and we work in D('('E_C (kx). On the one hand, we have
a natural composed morphism

Rw.F<g — RI(OX.T' F<) — RI(0X. g1, 7) — RC(OX. T [.5).

On the other hand, we have a distinguished triangle

~

RI(X, 7o %) — RTOX. T 1v.7) — RI(X., 791 =L
We deduce a morphism
RwsF<g — RI(X, W F)[1] = RIL(X, D)[1].

Proposition 4.26. If (F<,.7.,7) is an object of St-Pervp (kyu < ), then the
complex RFC()/(\, ﬁ)[l] has cohomology in degrees —1 and 0 at most and the

cone of the previous morphism—that we denote by P (F<, F Z ,V)[1]-has perverse
cohomology in degree 1 at most.

Corollary 4.27. The functor P : (F<,.F,7) > AP (F<, Z, V) is an exact
Junctor from St-Pervp (kya < p) 10 PerV(kX). O
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Proof of Proposition 4.26. We consider the complementary inclusions

i5 ~ Jp ~

D2 X <& X < (D).

1
We have a distinguished triangle i l 7 -7 —> R j5s b j L —>, to which we

apply ]! (recall that j j denotes the 1nclu510n X, 5, = Xz %,)- This has no effect to the
first term, which remains i %ﬂ and has cohomology in degrees 0 and 1 at most by

the cosupport condition for 7. We then have
H'\(X, %) — HZ\(X*, ) 13‘)

where C is the family of supports in X* whose closure in X is compact. We are thus
reduced to showing that, if . is a local system on X*, we have Hg X,2) =0,

which is clear. Therefore, R 1 C()/(\ , ﬂ/': ) has cohomology in degrees 0 and 1 at most,
as wanted. R

Let us now show that & = P (F<,.F,VD) is perverse on X. Obviously, we
only have to check the support and cosupport conditions at D, and we will use
Proposition 4.22. "

For the support condition, we note that i ' Rw«. %<y = RI'(X, 7' F<), and
ip! 2[1] is the cone of the diagonal morphism below (where v is implicitly used):

RI(OX 7' F<)

l \ (4.28)
1

PN - PP
RI(X.%) —— RIOX.g,.7) —— RILX. D[] —

This gives an exact sequence
0— #iy'?) — H'0X. 7' F<) — HUX., )
— i P) — H(OX. T F<)
— H\(X..7) — #(iy'P) -0 (4.29)
and the support condition reduces to the property that 0(BX T\ 7<) —
1(X J) is onto, because we already know that H 2(X ) 0. On the one
hand, HO(BX ~_1</<0) — H° (aX gry %) is the morphism H! (aX L<o) —

H! (BX gr,-Z), which is onto since .2 is a sheaf on 3X. On the other hand the
distinguished horizontal triangle above gives an exact sequence

H°(OX, gty 7) — HUX,7) — H'(X, %),

and H'(X, 7) = ! (1519/7\) = 0 by the support condition for .7
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Let us now check the cosupport condition. We have 7'.%<y = £/ %<, as
remarked at the end of the proof of Lemma 4.16. We now argue as above, by
replacing RI"(0X ,77.F <o) with RI'(0X ,7'.F <o) in (4.28), so that (4.29) becomes

0— 7N iyP) — H'(0X T F<)) — HUX,F) — A (i, P)
— H'(OX T 7<) — H\X,Z) — #'(i},?) — H'(3X.T F<y) — 0,

since H 3()? \Z ) = 0. The cosupport condition means f%f—l(i,’) Z) = 0, which
follows from H '(0X,7'.%<)) = H™'(0X., %/ ZL<o) = 0. O



Chapter 5
The Riemann—-Hilbert Correspondence
for Holonomic Z-Modules on Curves

Abstract In this chapter, we define the Riemann—Hilbert functor on a Riemann
surface X as a functor from the category of holonomic Zx-modules to that of
Stokes-perverse sheaves. It is induced from a functor at the derived category level
which is compatible with 7-structures. Given a discrete set D in X, we first define
the functor from the category of Zy (* D)-modules which are holonomic and have
regular singularities away from D to that of Stokes-perverse sheaves on X (D), and
we show that it is an equivalence. We then extend the correspondence to holonomic
2x-modules with singularities on D, on the one hand, and Stokes-perverse sheaves
on Z (D) on the other hand.

5.1 Introduction

In this chapter, the base field k is C. Let X be a Riemann surface and let D be a
discrete set of points in X as in Sect.4.2 (from which we keep the notation). We
also denote by @ : X (D) — X the real oriented blowing-up at all points of D.

We refer for instance to [37, 55, 80] for basic results on holonomic Z-modules
on a Riemann surface. Recall that Zx denotes the sheaf of holomorphic differ-
ential operators on X with coefficients in Oy, and that a Zy-module .# on a
Riemann surface is nothing but a &’y -module with a holomorphic connection (by a
Px-module or Py (x D)-module, we usually mean a left module). It is holonomic
if it is Zx-coherent and if moreover any local section of .# is annihilated by some
nonzero local section of Zy. Given a Zx-module .#, its (holomorphic) de Rham

complex DR .# is the complex ///LV.Q}( Qoy .

If # is Ox-coherent, it is then Oy-locally free, hence is a vector bundle with
connection. In such a case, the de Rham complex DR .# has cohomology in
degree 0 at most and #°DR.#Z = KerV = .#" is the sheaf of horizontal
local sections of .. It is a locally constant sheaf of finite dimensional C-vector
spaces. Conversely, .# can be recovered from .#Y as .4 ~ Ox Qc.#" with
the standard connection on O . This defines a perfect correspondence (equivalence

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 65
DOI 10.1007/978-3-642-31695-1_5, © Springer-Verlag Berlin Heidelberg 2013
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of categories) between holomorphic vector bundles with connection and locally
constant sheaves of finite-dimensional C-vector spaces.

This elementary form of the Riemann—Hilbert correspondence extends to the
case where .# is a holonomic Zx-module with regular singularities. In such
a case, the shifted de Rham functor PDR.#Z = DR .Z[1] is an equivalence from
the category of such Zy-modules and that of C-perverse sheaves on X .

In this chapter, we consider holonomic Zx-modules without any restriction on
their singularities (except that they are located on a fixed set D). It is well-known
that the de Rham complex above is not sufficient to recover the whole information
of such a module when it has irregular singularities. We therefore extend the target
category, which will be the category of Stokes-perverse sheaves as introduced in
Chap. 4, and define a modified de Rham functor with values in this category. Its 7#”°
consists of horizontal local sections with moderate growth or rapid decay near the
singular set D.

We will prove the Riemann—Hilbert correspondence (equivalence of categories)
in this setting, and we will also check the compatibility of the extended de Rham
functor with the duality functor, either for holonomic Zy-modules, or for Stokes-
perverse sheaves (see Sect. 4.4).

This chapter mainly follows [2,17,19,52] and [55, Sect. IV.3].

5.2 Some Basic Sheaves

On X. We denote by Oy the sheaf of holomorphic functions on X, by Zx the
sheaf of holomorphic differential operators, by O (x D) the sheaf of meromorphic
functions on X with poles of arbitrary order on D, and we set Zx(xD) =

Ox(*D) ®¢, Dx.

onX =X (D). Since X (D) is a real manifold with boundary, the notion of a C*®
function on X (D) is well-defined. Moreover, working in local polar coordinates

x = re'?, one checks that the operator X0x = %(ra, +idg) acts on (5)%0 and we can

lift the 0 operator on €y° as an operator

0:62 — ¢ _leﬁiw_lﬁ)l{—(logﬁ),
X

w

where X denotes the complex conjugate Riemann surface. We will then set

This is a w ! Zx-module, which coincides with Oy= on X* := X ~ D = X ~
w (D). We set Dy = A5 ®py-1p5, @ ' Dy and we define similarly @/z(xD)
and 25 (* D) by tensoring with @ ! Oy (* D).
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We have already implicitly defined the sheaf Jz{ mod D (see Example 1.4) of

holomorphic functions on X * having moderate growth along 3X. Let us recall the
definition in the present setting. Given an open set U of X, a section f of .;z% mod D

onU isa holomorphic function on U* := U N X* such that, for any compact set K
in U, in the neighbourhood of which D is defined by gx € Ox(K), there exists
constants Cx > 0 and Nx > 0 such that | f| < Cx|gx|™"% on K.

Similarly, sz)%dD consists of functions having rapid decay along AX: change the
definition above by asking that, for any K and any N = 0, there exists a constant
Cxk.y suchthat | f| < Cg.nlgx|" on K.

Both sheaves Q/%nOdD and MS?D are left Zgy(xD)-modules and are

w0y (xD)-flat. It will be convenient to introduce the quotient sheaf
A grD = I mod D/ A 4D with its natural 25 (* D)-module structure. It is supported

on 8X and is w lﬁx flat (because it has no nonzero @ ~! &' -torsion).

More information on these sheaves can be found for instance in [48, 52,55, 81].
In particular, Rw*d)‘?‘“’dl) = W« MXL“OdD = Ox(xD), which will be reproved in
any dimension in Proposition 8.7.

On J%. Recall that J is the extension by O of the sheaf J,3. We will use
the definition of Remark 2.23 in order to consider Jyy as a subsheaf of
i joxOx+ /iy (jaxOx+)"® on 39X . We will use the following lemma.

Lemma 5.1. Let U be an open subset of dX and let ¢ € I'(U,J5%). There exists
a unique subsheaf of (ia_lja,* Ox~*)|u, denoted by e“’.;zf&“"dD (resp. by e‘/’@/&dD)
such that, for any 0 € U and any lifting ¢y € % of the germ @y € Ty, the
germ (e‘/’.;zfm"dD)g (resp. (e‘p.;zfrdD)(;) is equal to e‘p9,5a/m°dD C (JoxOx=*)g (resp.
P AP C (o Ox+)o).

Proof. Tt is a matter of checking that e%%.c7"4? (resp. % .7f4?) does not depend
on the choice of the lifting @y. This is clear since any two such choices differ by a
locally bounded function. O

We will define sheaves ,0/3130‘1 D and ,ijrg D on J% by their restrictions to the closed
and open subsets above, together with the gluing morphism.

« OnJg, = X* we set;z%m‘idD szjrgD Oxx.
On JTZ‘)X, we universally th1st the sheaves ,u_lsz mod D and py 1,0% 4D by e
as follows. For any open subset U C 93X and any ¢ € I'(U, J) we set
_lﬁfj‘%‘;dD = v AP C (i joxOx+)w and we define (p_lﬁfrlif similarly
(see Lemma 5.1 above; note that on the left-hand side, ¢ is considered as a section

of y : JTZ‘) e 39X, while on the right-hand side, ¢ and e are considered as local

sections of 75 1j3.4«Ox+). One can check that these data correspond to sheaves

%‘QOdD and;z{rdD W1thxzfjr§D C AM9D T Oy
[0X \()x [0X Idx

« The previous inclusion is used for defining the gluing morphism defining 27" P

jel
and /3P as sheaves on J.
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We have natural inclusions <75 ” C o7t P C j.Ox+ of sheaves on J. These

are inclusions of sheaves of u™!Zg(xD)-modules. Indeed, this is clear on X*,
and on JT;Y one remarks that, in a local coordinate x used for defining J,

dDy _ dD dD o dD
0 (e? F7F°7) = e¥(0x + g/ 0x) A 27 C e?. /72", and similarly for o757

It will be convenient to introduce the notation szjgéfD for the quotient sheaf
2P [ o754 P . This sheaf is supported on J‘eg +» and is also equipped with a natural
W Z%(x D)-module structure.

These sheaves are flat over ™
Lemma 5.2. The sheaves .;zfj‘é}"d D ,Qijréd, D are pre-J-filtrations of jy.« Ox~, the sheaf

%‘ifD is a graded pre-J-filtration, and the exact sequence

lz~loy (Ge., they have no torsion).

D
0— ,e%;gD — ,az;g"dD — ﬁfj‘g; — 0
is an exact sequence in Mod(Cqe <). Moreover, the pre-J-filtration morphisms
B<pi! — p5! are compatible with the u=' Ps-action.

Proof. In order to prove the abstract pre-J-filtration property, we need to prove
that there are natural morphisms f< pl_lxzfj‘;}"dD - p; I%IQOdD , etc. compatible
with the exact sequence of the lemma and the ! Zg-action. This amounts to
defining natural morphisms fy<ye? /2P — eV.o/4P etc. for any open set
U C 0X and any pair ¢,y € I'(U,Jy%). On Uy<y, we have e"%“%’dD =
e‘”e‘/’_‘”%"}(?dD C e‘”%‘%"dD , and this inclusion defines the desired morphism.

Notice that it is compatible with the action of ,ua_l Y5 by definition.
Clearly, the natural inclusions of &5 ” and 75" in juOx+ = P jsxOx+
make these sheaves pre-J-filtrations of jj « Oxx. O

5.3 The Riemann-Hilbert Correspondence for Germs

The Riemann—Hilbert correspondence for germs of meromorphic connections. We
recall here the fundamental results of Deligne [17, 19] and Malgrange [52], [55,
Sect.IV.3]. We work here in a local setting, and we denote by &, 2, etc. the germs
at 0 € C of the corresponding sheaves. We denote by § ! the fibre over 0 of the real
blow-up space of C at 0, and by &, .&7™40, o770 o720 the restriction to S' of the
sheaves jj « Oy, MXL“OC‘D , ,Q/)%d D and o7& ® introduced above.

By a meromorphic connection .# we mean a free '(x0)-module of finite rank
with a connection. We can form various de Rham complexes, depending on the
sheaves of coefficients.

v
1. DR.Z = {.# — Q' ® ./} is the ordinary holomorphic de Rham complex.
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2.DRA# = {0Qw '\ Y 0® w ' (2' ® .#))} is the multivalued essential
holomorphic de Rham complex.

v
3. DR™ 7/ = (gm0 @ w~l g — ™0 (2'Q.#)} is the mod-
erate de Rham complex (the tensor products are taken over @~ '¢ and the
connection is extended in a natural way, by using the @ ~'Z-structure on
dmodO)‘

v
4. DR # = {7 @w ' M — Qw1 (2' ® .#))} is the rapid-decay
de Rham complex.

Since Rw,.@/™40 = 1w, 7™ = ((x0) as already recalled, the projection
formula for the proper map @ gives

DR .# ~ Rw,DR™ .

On the other hand, DR.# has cohomology in degree 0 at most, and this cohomology
is the locally constant sheaf with the same monodromy as the monodromy of the
local system of horizontal sections of .# away from 0. We will denote by . the
corresponding local system on S'.

Theorem 5.3. For any germ .# of meromorphic connection, the complexes
DR™40 _z#, DR"®.# and DR&o .# have cohomology in degree 0 at most.
The natural morphisms DRY® .7 — DR™° 7 — DR.# induce inclusions
HODRY 7 < #ODR™C s #ODRA, and #° DR A is equal to
%0 DRmodO %/%0 DerO M.

Sketch of the proof. We will indicate that DR™° _# has cohomology in degree 0
at most. The proof for DR™? . and DR ./ is similar, and the remaining part is
then straightforward.

1. One first proves the result in the case where .#Z = &% := (0(x0),d + dg) for
¢ € P, (seee.g. [96] or [55, Appendix 1]).

2. Using that, for any complex number «, the local branches of the function x*
determine invertible local sections of 72040, (1) implies that the result holds for
any ./ of the form &% ® %, where %, is the free &1 /x]-module of rank one
with the connectiond + o dx/x.

3. Using the well-known structure of free &/[1/x]-modules (of any rank) with a
connection having a regular singularity, it follows from (2) that the result holds
for any .# of the form &Y ® %,, where %, has a connection with regular
singularity. We call a direct sum of such modules an elementary model.

4. The theorem holds then for any .# such that 437;7“0(10 Q-1 @ LM is, locally
on S, isomorphic to an elementary model.

5. By the Hukuhara—Turrittin theorem (see e.g. [96] or [55, Appendix 1]), there
exists a ramification p : S!, — S! such that the pull-back pT.# satisfies the
previous property (more précisely, o is locally isomorphic to an elementary



70 5 The Riemann-Hilbert Correspondence for Holonomic #-Modules on Curves

model after tensoring with the sheaf ,Q/X‘?Od %), hence the result holds for p™.# for

any ./ and a suitable p (that we can assume to be of the form x" » x’¢ = x).
6. We have /7040 = p~!.&7™40 Then

%rglodo ® w/—l%:p—l(%modo ® w—l%)’
w/~lo w~lo

and since x’d, acts like as d - xd,, we conclude that DR™%(pt 7) ~

7 'DR™4%(_#). As a consequence, if the theorem holds for p*.#, it holds
for A . O

Corollary 5.4. Let U be any open set of S, let o € I'(U, J) and set (see Lemma 5.1)

DRy, # = DR(e* /™ ® /)
DR.,.# = DR(e* 7" ® .4)
DRy, .# = DR([e? /™ /e¢ /%) @ .M).

Then these complexes have cohomology in degree 0 at most. The natural morphisms
between these complexes induce inclusions

A DR, M —> #"DRe, M —> #°DRA

and H#° DRy, M is equal to #° DR, M | #° DR, M .

We will use both notations DR<y and DR™4? (resp. DR, and DR™?) for the
same complex.

Proof. Assume first that ¢ is not ramified, i.e., comes from an element of P,.
Termwise multiplication by e~ induces an isomorphism of complexes

DRy, .# —> DR™ (&% @ .4)

and similarly for DR, and DRy, . We can apply the previous result to EY QM
(where we recall that £¢ = (0'(x0),d + dg)).

If ¢ is ramified, then we first perform a suitable ramification p so that ¢ defines
a section of P/, and we argue as in (6) of the proof of Theorem 5.3 to descend
to A . O

Proposition 5.5. Let p be such that #' = p* .4 is locally isomorphic on S, to
an elementary model after tensoring with szxr?"do. Then the subsheaves £ o =

A DRey M considered above (¢' € Ps) form a non-ramified Stokes filtration
on L = A DR Moreover; it is a Stokes filtration on £, for which L<, =
0 DRgy A, L.y = A0 DR, 4, and gr, L = 5" DRgrw M, for any local
section ¢ of J.
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Proof. For the first point, one has to check the local gradedness property for
(&', Z)). This is a direct consequence of the Hukuhara—Turrittin mentioned in (5)
of the proof above. Indeed, this theorem reduces the problem to showing that the
pre-Stokes filtration associated to a connection with regular singularity is the graded
Stokes filtration with zero as only exponential factor. This reduces to checking when
the function e?|x|*(log|x|)¥ has moderate growth, and this reduces to checking
when the function e? has moderate growth: we recover exactly the graded Stokes
filtration.

For the second point, we have to check that .Z. . o = 3_1.,5@ o (see Defini-
tion 2.22). This follows from

ot (& @pt )= @pt . O

Remarks 5.6. Let us fix 6 € 3X. Assume that there exists a finite set @ in P, and
for each ¢ € @ a germ %, of flat meromorphic bundle with a regular singularity,
such that @5 g @ A =~ P ,cq 59 O(EY ® Xy).

1. Note first that, for n € P, DR™UET® Z)g # 0iff e € /290, that is, iff
0<,n.
2. It follows that, for .# as above,

DR, (#)g >~ @ DR™NETTRZ,).
0syn+o

In particular, DRy (4 )g =~ DR™(Z%_,)p.
3. Let us define the filtration (5 ® #)<y by Dyjos,pty D0 O(E¢ @ Ay).
This is the approach taken in [70, 72]. We then have

DRg, (4 )9 ~ DR™ (8" @(o5 g ® M)<y).

Definition 5.7 (The Riemann-Hilbert functor). The Riemann-Hilbert functor
RH from the category of germs at 0 of meromorphic connections to the category
of Stokes-filtered local systems is the functor which sends an object .#Z to
(A# DR, #°DR< .#) and to a morphism the associated morphism at the
de Rham level.

Theorem 5.8 (Deligne [17], Malgrange [S2]). The Riemann-Hilbert functor
M+ (HDRA , #° DR< M) is an equivalence of categories.

Proof of the full faithfulness. We first define a morphism
AP DR™ Home, (M, M) — Hom(ZL, L) <o.
The source of the desired morphism consists of local morphisms .27™° ® .7 —

/™40 ® /' which are compatible with the connection. These sections also send
e? /™0 ® # in e¥.o/™° @ 4" for any section ¢ of J, hence, restricting to the
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horizontal subsheaves, send £, in féw for any such ¢. In other words, they define
sections of #om (%L, ¥’ <o.

To show that this morphism is an isomorphism, it is enough to argue locally
near 6, € S! and after a ramification, so that one can use the Hukuhara—
Turrittin decomposition for s#om g, (A, #') coming from that of .# (indexed
by @) and of .#’ (indexed by @’). In fixed local bases of .&™4°® .# and
™40 @ /' adapted to this decomposition, the matrix of a local section of
APDR™C Homp, (M, 4") has blocks e#~ u,,/, where u, s is a local hori-
zontal section of JZom g, (Zy, Z,), that is, of %om(gr(p Z, gy #"). The condi-
tion that it has moderate growth is equivalent to ¢ S @', that is, is a section of
Hom(gr, L, gr, %" <o, as wanted.

Let us set A = JHome, (M, #') with its natural connection. Then we
have Homg (.4, #')=#"DR.#. On the one hand, by the projection
formula, DR .4 = Rw, DR™!° 4 and by applying Theorem 5.3 to .4, this
is Rw.#° DR™C ¢ Therefore, Homg (A , M) = w4 #° DR 4.

As a consequence, Homg (4, .#") = I' (S', #om(L, £")<o), and the latter
term is Hom (&, 4.). (<. £))). O

Proof of the essential surjectivity. We will need:

Lemma 5.9. Any graded non-ramified Stokes-filtered local system on S' comes
from an elementary model by Riemann—Hilbert.

Proof. Using Exercise 2.6 and the twist, one is reduced to showing the lemma for
the Stokes-graded local system with only one exponential factor, this one being
equal to zero. We have indicated above that the germ of connection with regular
singularity corresponding to the local system . gives the corresponding Stokes-
filtered local system. O

We will first prove the essential surjectivity when (., %,) is non-ramified. The
isomorphism class of (.Z,.%,) is obtained from the Stokes-graded local system
gr, £ by giving a class in H'(S', A4ut=(gr, .2)).

Let .#°" be the elementary model corresponding to the Stokes-graded local
system gr, . as constructed in Lemma 5.9. Applying the last part of Proposition 5.5
to End(.#*") and the full faithfulness, we find

End S (M) := A DR End (M) = Hom(gr L, gr L) <,

and therefore Aut™ (.4 := 1d + End S (M) = Aut="(gr, £).

A cocycle of Aur<®(gr, #) determining (£, .%,) (with respect to some cov-
ering (I;) of S') determines therefore a cocycle of Au°(.#°). If we fix a
O (x0)-basis of .#*°, the Malgrange—Sibuya theorem (see [52,55]) allows one to
lift it as a zero cochain (f;) of GLy(&/™4?), where d = rk.# (the statement
of the Malgrange—Sibuya theorem is in fact more precise). This zero cochain is
used to twist the connection V¢ of .Z® on &m0 ® #° as follows: on I; we
set V;, = f,.—lvelf,-. Since fifj_1 is Vel -flat on I; N I, the connections V; glue
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together as a connection V on the free .27™4%-module .27™4° ® .. The matrix
of V in the fixed basis of . is a global section of &d((<7™%)?), hence a
section of End(€'(x0)). In other words, V defines a new meromorphic connection
on the &(x0)-module .#°, that we now denote .#. By construction, (.Z,.%,)
and (J°DR.#, #° DR< .4 are isomorphic, since they correspond to the same
cocycle.

Let us now prove the theorem in the ramified case. We have seen (see Definition
2.22) that a Stokes filtration on .Z is a non-ramified Stokes filtration on p~'.Z which
is equivariant with respect to the automorphisms @, for a suitable p : X’ — X.

Similarly, let .# be a meromorphic connection and let .Z* = j.j~'.#, where j
denotes the inclusion C ~ {0} — C and where we implicitly consider germs at 0.
Then giving .# as a subspace of .#* stable by the connection is equivalent to
giving ./’ as a subspace of p*.Z* compatible with the connection, and such that
o* M = A in p* #*, under the natural identification o* p* . #™* = p* . 4*.

The essential surjectivity in the ramified case follows then from the functoriality
(applied to 6*) of the Riemann—Hilbert functor. O

Let & be the ring of formal power series in the variable x. If .# is a germ of
meromorphic connection, we set # = 0 Q@ .# . Recall (see e.g. [55, Theorem 1.5
p. 45]) that .# decomposes as .., ® i Where the first summand is regular and

the second one is purely irregular. Moreover, ., is the formalization of a unique
regular meromorphic connection .#., (which is in general not a summand of .#).

Proposition 5.10. The diagram of functors

M s My
(%O DerO,%O DRmOdO) I I%O DRmodO

gl
(L0, Z<) /—— 9

commutes.

We note that the right vertical functor (to the category of local systems on S!) is
an equivalence. The point in the proposition is that the way from .# to .#, by the
lower path and the way by the upper horizontal arrow are not directly related, since
/™40 / o740 is much bigger than @ ~' C((x)) (the latter sheaf is equal to .27 /.o7™°,
with @75 introduced at the beginning of Sect. 5.2).

Sketch of proof. We will prove the result in the non-ramified case, the ramified case
being treated as above. In such a case, ////;r decomposes itself as @(ﬁéo Y ® @

(Levelt—Turrittin decomposmon) and we can easily define in a functorial | way a
lifting .4, of My by lifting each % occurring in the decomposition of M. (One
can also define such a lifting in the ram1ﬁed case, but we will not use it.) The functor
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M +— Meq factorizes thus through the functor A4 — 4 el — = M@ Mreg > Mreg.
By definition, we have

gro (L0, L<0) = L<o/ L~ = DR ((MmodO/Mrdo) ® w_l//l).
w—lo

The local isomorphisms

(dmodO/Q{rdO) ® w—lﬂ;(ﬂmodO/ﬂrdO) ® w_—l%el
oo oo

deduced from the Hukuhara—Turrittin theorem glue together as a global isomor-
phism since they correspond to the same gr,.Z, according to Theorem 5.8 (this
would not be the case in general for the isomorphisms with coefficients in .c7™°4°
or «7/™°, and this assertion is the main point of the proof). It is therefore enough to
prove the assertion in the case where .# = ., so that .# = Mg © M.

If ¢ # 0, then one checks that the natural morphism DR%(6¥ ® #)
DR™40(£¢ ® %) is a quasi-isomorphism (it is enough to check that it induces an
isomorphism on .7, since both 7! are zero: this is Theorem 5.3). If ¢ = 0, then
DR Mg = 0, and DR™0d0 Meg 1s the local system defined by .#,.,, hence the
assertion. O

The Riemann—Hilbert correspondence for germs of holonomic 2-modules. We
remark (see [55, p. 59]) that the category of germs of holonomic Z-modules is
equivalent to the category of triples (.#x, M req, [1), Where

. ///* is a locally free &'(*0)-module with connection.
o ///reg is a regular holonomic Z-module.
o [lisa J-linear isomorphism (//l*)reg ~ ///reg(*O)

Indeed, to a holonomic Z-module .#, we associate .#, = O (*O) Qo M =
M (x0), M =0 ® ¢ .# which has a unique decomposition M = ///reg @ ///m
into regular part and irregular part. Lastly, [z is uniquely determined by the canonical
isomorphism (/Z/\)(*O) ~ ////(_*\O), by restricting to the regular summand of both
terms.

On the other hand, one recovers the holonomic %-module .# from
(M, Moy, 1) as the kernel of the morphlsm My D ///reg — ///reg(*O)
myx ® m, — Linx,) — loc(m,), where loc is the natural localization morphism
Mrag —> Moy (x0).

The Riemann-Hilbert functor for germs of holonomic 2-modules is now defined
as follows: to the holonomic Z-module A4 = (M, Mreg, [t) is associated the triple
(&, 4, 7 v) consisting of a Stokes-filtered local system (%, % ) a germ of
perverse sheaf Z and an isomorphism v : gr, & ~ Ww/ where 1//,“/ is the local
system on S! defined as in Sect.4.7. The previous results make it clear that this
functor is an equivalence.
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5.4 The Riemann-Hilbert Correspondence
in the Global Case

We will say that a coherent Zx (xD)-module is holonomic if it is holonomic as a
Px-module. Recall that, in some neighbourhood of D in X, holonomic Zy (xD)-
modules are locally free Oy (* D)-modules of finite rank with connection. On the
other hand, any holonomic Zy-module .# gives rise to a holonomic Zx (xD)-
module .# (xD) := Py (*D) g, M. We will set My := Az Qp-1p, W ' M
and Mye = p~ M.

Let .#* be an object of D®(Zy). The de Rham functor PDR : D®(Zy) —
DP(Cy) is defined by PDR(.Z*) = wy ®I@X A °, where wy is 2} regarded as a
right Zx-module. It is usually written, using the de Rham resolution of wy as a right
PDyx-module, as 2 )l(+' Qpy M °, with a suitable differential (there is a shift by one
with respect to the notation DR used in the previous paragraph). We define similarly
functors

D
« PDREP,PDRY” and PDRE” from D*(Z5) to D°(Cy).

« PDR7P PDRM” and PDRE,” from D® (1! Z%) to D (Cya <).

These are obtained by replacing wy with szj(@"dD Qp—10y @ lwy, etc. That

PDRIY!P, etc. take value in D°(Cga <) and not only in D°(Cge) follows from

Lemma 5.2.

Theorem 5.11. If.#" is an object of DI?OI(@X (D)) (i.e., has holonomic cohomol-
0gy), then

. PDR%?;D///' is an object of DY ¢ .(Cya <)
PDRY.".#* is an object of DL . o(Coa <)
PDRﬁEtD A is an object of DEFCC((Cgét’s).

and the functor (called the Riemann—Hilbert functor) of triangulated categories

D +1
PDRy« := {PDR};” —> PDR}Z'” — PDRE,” ——)

from DEOI(@X (xD)) to St(Cye <) is t-exact when DEOI(@X(* D)) is equipped with
its natural t-structure.

Proof. One first easily reduces to the case when .# is a holonomic Zx (xD)-
module. The question is local, and we can assume that X is a disc with coordinate x.
We will denote by &, 2, etc. the germs at the origin O (here equal to D)
of the corresponding sheaves. The result follows then from Corollary 5.4 and
Proposition 5.5. O

The Riemann—Hilbert correspondence for meromorphic connections. We restrict
here the setting to meromorphic connections with poles on D at most.
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Proposition 5.12. The functor 7 ~'"’DRy« of Theorem 5.11 induces an equiva-
lence between the category of meromorphic connections on X with poles on D at
most and the category St- Perv p smootn (Cqa <) of Stokes-perverse sheaves which are
locally constant on X*.

Recall (see Remark 4.13) that we also consider such objects as St-C-constructible
sheaves shifted by one, so we will mainly work with sheaves and the functor
DR instead of perverse sheaves and the functor PDR. The proof being completely
parallel to that of Theorem 5.8, we only indicate it.

Lemma 5.13 (Compatibility with sZom). If .4, #' are meromorphic connec-
tions on X with poles on D at most, then

A DRy Home, (M, M) ~ #Hom(H° DRya M, #° DRya M').

Proof. Tt is similar to the first part of the proof of Theorem 5.8. O

Proof of Proposition 5.12: full faithfulness. 1t is analogous to the corresponding
proof in Theorem 5.8. O

Proof of Proposition 5.12: essential surjectivity. Because both categories consist of
objects which can be reconstructed by gluing local pieces, and because the full
faithfulness proved above, it is enough to prove the local version of the essential
surjectivity. This is obtained by the similar statement in Theorem 5.8. O

The Riemann—Hilbert correspondence for holonomic 9x-modules. For the sake of
simplicity, we consider here the Riemann—Hilbert correspondence for holonomic
ZPx-modules, and not the general case of Dhol(@x) of bounded complexes with
holonomic cohomology. We first define the Riemann—Hilbert functor with values in
St-Pervp ((Cjel < D) (see Sect.4.7). As for germs, we first remark (see [55, p. 59])
that the category of holonomic Zy-modules with singularity set contained in D is
equivalent to the category of triples (.#x, M req, [1), Where

o My is alocally free O (* D)-module with connection.

o Mg is aregular holonomic Z5-module, where &5 is the formal completion of
OxatDand 95 = O ®oy Dx.

 [tis a Zg-linear isomorphism (05 ® oy M )reg = O @6y Mrcg(%D).

Indeed, to a holonomic Zy-module .#, we associate .# = Oy (* D) ®ﬁx M =

M (%D), M = 05 ®py # which has a unlque decomposition M= ///reg @ ///m
into regular part and irregular part. Lastly, i is uniquely determined by the canonical

isomorphism (/Z/\) (*D) >~ . (xD), by restricting to the regular summand of both
terms. .
On the other hand, one recovers .# from data (.#x, .#,,. i) as the kernel of the

morphism .y ® ////;g — ////;g(*D), My ®m, = 1((My),) — l()/\c(fﬁ,.), where loc
is the natural localization morphism ////r\eg — ////r\eg(* D).
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A statement similar to that of Proposition 5.10 holds in this global setting, since
it is essentially local at D.
The Riemann-Hilbert functor for holonomic Z-modules is now defined as

—

follows: to the holonomic Zy-module .# = (M, Mg, I1) is associated the triple
(PDRyec. A x, 3/‘: , V), where PDRg«.# is the Stokes-perverse sheaf attached to the
meromorphic connection .#y := Ox(xD) Q¢ A, F = pDR(////r\eg), and D is the
isomorphism defined from & and Proposition '5.10. At this point, we have proved
that this triple is a Stokes-perverse sheaf on X (see Sect.4.7) and have given the
tools for the proof of

Theorem 5.14. The Riemann—Hilbert functor is an equivalence between the cate-
gory of holonomic Px-modules and the category of Stokes-perverse sheaves on X.
Under this equivalence, the de Rham functor PDR corresponds to the “associated
perverse sheaf” functor & (see Proposition 4.26). O

5.5 Compatibility with Duality for Meromorphic
Connections

We will check the compatibility of the Riemann—Hilbert functor of Definition 5.7
with duality, of meromorphic connections on the one hand and of Stokes-filtered
local systems on the other hand (see Lemma 2.16). For the sake of simplicity, we do
not go further in checking the analogous compatibility at the level of holonomic
Z2-modules and Stokes-perverse sheaves. General results in this directions are
obtained in [69].

Let .# be a germ of meromorphic connection, as in Sect.5.4 and let .Z" be
the dual connection. Let (.Z,.%,) be the Stokes-filtered local system associated
to . by the Riemann—Hilbert functor RH of Definition 5.7. On the other hand,
let (£, %,)" be the dual Stokes-filtered local system, with underlying local system
2. We have a natural and functorial identification

ADR(MY) = L.

Proposition 5.15. Under this identification, the Stokes filtration 7#° DR< (.4 ) is
equal to the dual Stokes filtration (£<)".

Proof. The question is local, as it amounts to identifying two Stokes filtrations
of the same local system .ZV, hence it is enough to consider the case where
M = &Y @ Z (we will neglect to check what happens with ramification). We will
work on a neighbourhood X of the origin, and its real blow-up space X. We will
also restrict to checking the compatibility for DR<g, DR, since the compatibility
for DR<y,DR_y (any ) directly follows, according to Corollary 5.4 and its
proof.
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The result is clear if ¢ = 0. If ¢ # 0, we denote by I, the open set of S!
where ™% has moderate growth. On the one hand, .7#° DR™? ((5 ¢ ®%)V) is
equal to £~ on the open set /_, and is zero on the complementary closed subset E
of S'. On the other hand, Z.y = L is equal to .Z" on I, and zero on E. Then,
(£") <0, as defined in Proposition 2.14 (or Lemma 2.16), satisfies the same property
as 7 DR™° (6% ® #)") does, and both subsheaves of £ are equal.

O



Chapter 6
Applications of the Riemann—Hilbert
Correspondence to Holonomic Distributions

Abstract To any holonomic Z-module on a Riemann surface X is associated its
Hermitian dual, according to M. Kashiwara. We give a proof that the Hermitian
dual is also holonomic. As an application, we make explicit the local expression of
a holonomic distribution, that is, a distribution on X (in Schwartz’ sense) which is
solution to a nonzero holomorphic differential equation on X . The conclusion is that
working with C* objects hides the Stokes phenomenon.

6.1 Introduction

Let X be a Riemann surface. For each open set U of X, the space ®b(U) of
distributions on U (that is, continuous linear forms on the space of C*° functions
on U with compact support, equipped with its usual topology) is a left module over
the ring Zx (U) of holomorphic differential operators on U, since any distribution
can be differentiated with the usual rules of differentiation. These spaces Db(U)
form a sheaf ®by when U varies. Note that ®b(U) is also acted on by anti-
holomorphic differential operators (that is, holomorphic differential operators on
the conjugate manifold X with structure sheaf Oy = Oy), and Dby is also a left
P+-module. Moreover, the actions of Zx and of 2% commute.

Given a Yx-module .#, its Hermitian dual is the Zy-module Zomq,
(A ,Dby), where the Zy-action is induced by that on Dby. The main theorem in
this chapter is the result that, if .# is holonomic, so is its Hermitian dual, and all
cf’xt’% (A ,Dby) vanish identically. From the commutative algebra point of view,
this duality is easier to handle than the duality of Z-modules, since it is a .ZZom
and not a &xt'.

Owing to the fact that a holonomic Zx-module is locally generated by one sec-
tion, this result allows one to give an explicit expansion of holonomic distributions
on X, that is, distributions which are solution of a nonzero holomorphic differential
equation.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 79
DOI 10.1007/978-3-642-31695-1_6, © Springer-Verlag Berlin Heidelberg 2013
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The chapter shows an interplay between complex analysis (through the Stokes
phenomenon) and real analysis on a Riemann surface. The Stokes phenomenon is
hidden, in the C* world, behind the relation between the holomorphic and anti-
holomorphic part of a distribution (when this is meaningful).

The notion of Hermitian duality has been introduced by M. Kashiwara [36],
who analyzed it mainly in the case of regular singularities, and gave also various
applications to distributions (see also [9]). We will revisit the proof of the main
result in the case of irregular singularities, as given in [81, Sect. I1.3]. The expansion
of holonomic distributions given in Theorem 6.5 follows that of [84]. We will revisit
Hermitian duality in higher dimension in Chap. 12.

6.2 The Riemann-Hilbert Correspondence for Meromorphic
Connections of Hukuhara-Turrittin Type

Let us go back to the local setting of Sect.5.3. Let /// be a locally free &/ mod0_

module of rank d < oo on S! with a connection V. We say that M is regular
if, locally on S, it admits a .27™*¢%-basis with respect to which the matrix of the
connection takes the form Cdx/x, where C is constant.

Let us start by noting that, locally on S, one can fix a choice of the argument
of x, so the matrix x€ is well-defined as an element of GL, (o m"do), and therefore
a regular .27™4%-connection of rank d is locally isomorphic to (27™4%)? with its
standard connection. As already mentioned in the proof of Theorem 5.3 (see [55,
Appendix 1), the derivation 9, : &#™4% — 7™m°40 ig onto, and it is clear that its
kernel is the constant sheaf. As a consequence, for a regular ./ mod0_connection .7,
the sheaf Ker Visa locally constant sheaf of rank d on S, !, and the natural morphism
KerV ®c /™40 - 7/ is an isomorphism of .c7™m°40 -connections. .

We conclude that any regular .«7™%-connection M takes the form .7 =
™0 R ;w4 for some regular &(x0)-connection ./, which is nothing
but the regular meromorphic connection whose associated local system on the
punctured disc is the local system isomorphic to Ker V. According to the projection
formula, we also have 4 = wy . # .

We now extend this result to more general .7™**-connections. As before, the
sheaf J on S! is that introduced in Sect. 2.4.

Definition 6.1. Let M be a locally free .27™*¢°-module of finite rank on S'. We
say that ./ is of Hukuhara-Turrittin type if, for any 6 € § !, there exists a finite set
@y C Jg such that, in some neighbourhood of 6, .# is isomorphic to the direct sum
indexed by ¢ € @y of 7™ %_connections (&7™°, d + dg)%, for some d, € N*.

As indicated above, the regular part of each summand can be reduced to the
trivial connection d. On the other hand, to any &/ mod0_connection one can associate
de Rham complexes DR<y .# and DR.y .# for any local section ¥ of J, by
the same formulas as in Corollary 5.4. In particular, .77 DRgy .# is a subsheaf
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of the locally constant sheaf .77’ ODR.Z | (horizontal sections with arbitrary growth
along S') and defines a pre-J-filtration of this sheaf.

Proposition 6.2. Assume that M is of Hukuhara-Turrittin type. Then ZL< =
2" DR< A _is a J-filtration of £ = %0]’511{//1, Sfor which £~ coincides with
H°DR_ .. Moreover, the correspondence M + (£, %) is an equivalence
between the category of /™ -connections of Hukuhara—Turrittin type and the
category of Stokes-filtered local systems.

Proof. We first note that, near 6, we have at most one non-zero morphism (up
to a scalar constant) from .&/™40® &¢ = (™40 d + dp) to F™N R &Y =
(/™40 d 4 dyr) as 7™ -connections, which is obtained by sending 1 to e~V
and this morphism exists if and only if ¢ <, ¥. In particular, both 7m0
connections are isomorphic near 6 if and only if ¢ = ¥ near 9, hence everywhere.
As a consequence, the set @y of Definition 6.1 is locally constant with respect to 6,
and we may repeat the proof of Theorem 5.3 and Corollary 5.4 for ./ . Similarly,
the proof of the full faithfulness in Theorem 5.8 can be repeated for .#, since the
main argument is local.

The essential surjectivity follows from the similar statement in Theorem 5.8. O

Corollary 6.3. Let M be of Hukuhara—Turrittin type. Then A := we M is a
O (x0)-connection and M = ™R 1o w M.

Proof. Let (£, %.) be the Stokes-filtered local system associated with M by the
previous proposition and let .4 be a &(x0)-connection having (£,.%,) as
associated Stokes-filtered local system, by Theorem 5.8. Let us set
N =m0 _,w A, Since A is O(x0)-free, we have wi AV =
(/™) ® g A = A . The identity morphism (., .%,) — (£..Z.) lifts in a
unique way as a morphism .# — ./, by the full faithfulness in Proposition 6.2,
and the same argument shows that it is an isomorphism. Therefore, wy.# ~ ./ .

|

6.3 The Hermitian Dual of a Holonomic Zy-Module

We now assume that X is a Riemann surface, and we denote by X the complex
conjugate surface (equipped with the structure sheaf Oy := Oy). The sheaf of
distributions ®by on the underlying C *° manifold is at the same time a left Zx and
Z+-module, and both actions commute. If .Z is a left Zx-module, then Cx . # =
Homag, (M ,Dby) is equipped with a natural structure of left Z-module, induced
by that on ®by. This object, called the Hermitian dual of .# , has been introduced
by M. Kashiwara in [36].

Theorem 6.4 ([36, 81]1). Assume that # is a holonomic PDx-module. Then
gxtléjx (A ,Dbx) = 0fork > 0and Cx A is D+-holonomic.
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We refer to [9, 36, 81] for various applications of this result. For instance, the
vanishing of &xt' implies the solvability in Db(£2) for any linear differential
operator with meromorphic coefficients in an open set 2 C C.

Proof. Let us recall various reductions used in [36,81]. If D is the singular divisor
of .#, it is enough to prove the result for .# (x D), and one can replace ®by with
the sheaf @b?"d D of distributions having moderate growth at D (whose sections on
an open set consist of continuous linear forms on the space of C* functions with
compact support on this subset and having rapid decay at the points of D in this
open set). In such a case, .# (x D) is a meromorphic bundle with connection, and
the statement is that CIP (/7 (x D)) := Homay p) (4 (D), D6FP) is an
anti-meromorphic bundle with connection, and the corresponding &xt* vanish for
k> 0.

One can then work locally near each point of D, and prove a similar result on
the real blow-up space X(D), by replacing .# (* D) with .4 = &/™P @ .4 (xD)
and Db7°!” with the similar sheaf @b‘)—(‘l"dD on X. One can then reduce to the case
where /Z/\Z* D) has no ramification. It is then proved in [81, Proposition 11.3.2.6]
that 5’”%(///’ D6%P) = 0 for k > 0 and that C2*P (.7) is of Hukuhara-
Turrittin type (see [81, p. 69]). One concludes in loc. cit. by analyzing the Stokes
matrices, but this can be avoided by using Corollary 6.3 above: we directly conclude
that Proposition I1.3.2.6(2) of loc. cit. is fulfilled. O

6.4 Asymptotic Expansions of Holonomic Distributions

We will apply Theorem 6.4 to give the general form of a germ of holonomic
distribution of one complex variable. We follow [84].

Since the results will be of a local nature, we will denote by X a disc centered
at 0 in C, with coordinate x. We denote by @b‘;"do the sheaf on X of distributions
on X ~ {0} with moderate growth at the origin (see above) and by D6™ its
germ at the origin. In particular ©6™*° is a left - and Z-module. Let u €
D6™% be holonomic, that is, the Z-module & - u generated by u in 6™ is
holonomic. In other words, u is a solution of a non-zero linear differential operator
with holomorphic coefficients. Notice that Theorem 6.4 implies that 2 - u is also
holonomic as a Z-module. Indeed, the inclusion Z - u — D6™9° is a germ
of section o of CP°°(% - u) which satisfies o(1) = u. For a anti-holomorphic
differential operator P, we have (Po)(u) = Pu. There exists P # 0 with Po = 0,
and thus Pu = 0.

Letp: X' — X, x" — x’® = x, be aramified covering of degree d € N*. Then
the pull-back by p of a moderate distribution at 0 is well-defined as a moderate
distribution at 0 on X’. If u is holonomic, so is p*u (if u is annihilated by P € 2,
then p* P is well-defined in Py’ (*+0) and annihilates p*u).

d
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Theorem 6.5. Let u be a germ at 0 of a moderate holonomic distribution on X.
Then there exist:

o Aninteger d, giving rise to a ramified covering p : X' — X

o A finite set ® C x'"7'C[x"7]

o Forall ¢ € D, a finite set B, € C and an integer L, € N

e Forallp e ®, B e Byandl =0,..., Ly, afunction f,p € C®(X’)

such that, in ©6™°(U") and in particular in C*(U"™) (if U’ is a sufficiently small
neighbourhood of 0 in X'), setting L(x') := ‘log |x|?

’

LW
pru= Z Z Zfwﬁl(x/)e¢_¢|x/|2ﬁL(x/)l- (6.5%)

9eP BeB, (=0

Remarks 6.6. 1. Notice that, for ¢ € x’~!C[x'~'], the function e#~¥ is a multiplier
in Dpmd0 (since it is C*° away from 0, with moderate growth, as well as all its
derivatives, at the origin). So are the functions |x’|*# and L(x’)".

2. One can be more precise concerning the sets By, in order to ensure a
minimality property. For f € C*°(X), the Taylor expansion of f at 0
expressed with x,x allovy/s us to define a minimal set E(f) C N? such that
f = Z(y/,u”)eE(f)xU/fu 8w’ vy with 8wy € COO(X) and g(v’,v”)(o) 7é 0.
We will set E(f) = @ if f has rapid decay at 0.

It is not a restriction to assume (and we will do so) that any two distinct
elements of the index set B, occurring in (6.5%) do not differ by an integer,
and that each B € B, is maximal, meaning that the set | J, E( f, p.¢) is contained
in N? and in no subset (m,m) + N? with m € N*.

We will first assume the existence of an expansion like (6.5%) and we will make
precise in Corollary 6.11 below the ¢, B such that f, g, # 0 for some £. We will
allow to restrict the neighbourhood U or U’ as needed.

Let .# denote the Z[x~']-module generated by u in ©6™°. Then .7 is a
free O[x~!]-module of finite rank equipped with a connection, induced by the
action d,. Let p : X’ — X be a ramification such that .2’ := p.# is formally
isomorphic to .Z" = Byes(EY ® #,). The germ pt.# is identified to the
2'[x'~']-submodule of Db4" generated the moderate distribution v = p*u. In
particular, v is holonomic if u is so.

Definition 6.7. We say that the holonomic moderate distribution u has no ramifica-
tion if one can choose p = Id.

In the following, we will assume that # has no ramification, since the statement
of the theorem is given after some ramification. We will however denote by v such
a distribution, in order to avoid any confusion. For ¢ € x~!C[x™!], let ., be the

2[x~']-module generated by e’ ¥y in D6™°. Note that ¥ Vv is also holonomic
and that this module is &[x~!]-locally free of finite rank with a connection.
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We can write a differential equation satisfied by e’y in the following way:
[b(xdy) — xO(x,x8,)] - e? ¥y = 0, for some nonzero polynomial b(s) € C[s].
Up to multiplying this equation on the left by a polynomial in xd,, we can find a
differential equation satisfied by e? ¥y of the following form:

k(1)

[l_[ 1_[ [— (xdy — B — k)]L:” — xP¢,1i| eV VY = 0, (6.8)

k=0 geB],(v)

for some minimal finite set Bx’// (v) C C (in particular no two elements of Bx’// (v) differ
by a nonzero integer), Py, € C{x}(xdx), and for each B € B (v), L:ﬂ,ﬂ (v) eN.
Iterating this relation gives a relation of the same kind, for any j € N*:

k() , _
— (0 —B =) —xiPy ey = 0. (6.9)
l_[ l_[ [ ] v.j

k=0 pe B/, (v)

One defines in a conjugate way the objects Lﬁ,’/’ 8 and B(; (v). One then sets

By = B, N (B0~ U [(B,0)—N) N By
C B, (v) U By(v). (6.10)

In other words, B € By (v) iff B € Bj,(v) U Bj/(v) and both (8 + N) N B, (v)
and (8 + N) N B]/ﬁ’ (v) are non-empty. For all B € C, let us set Lyg(v) =
min{L/, ;(v). L} 4(v)}.

We denote by @(v) the set of ¢ for which the component £¢ ® %’;} of the formal
module associated with Z[x~'] - v is non-zero. It is also the set of ¢ for which the
component & ¢ ® #,) of the formal module associated with [1/%] - v is non-zero,
as a consequence of the proof of Theorem 6.4.

Corollary 6.11. Let v be a holonomic moderate distribution with no ramification.
Then v has an expansion (6.5%) in D6™°, with ® = ®(v) and B, = B,(v).
Moreover, if f, 50 # 0 and if the point (k', k") € N? is in E(f, p¢), then B + k' €
B,(v) + Nand B + k" € BJ(v) + N.

Proof. We assume that the theorem is proved. We will use the Mellin transformation
to argue on each term of (6.5x%). Let y be a C* function with compact support
contained in an open set where v is defined, and identically equal to 1 near 0. We
will also denote by y the differential form )(# dx A dx. On the other hand, let us
choose a distribution v'inducing v on X ~ {0} and let p be its order on the support
of x. Let us first consider the terms in (6.5%) for which ¢ = 0.

For all k,k” € N, the function s +— (V. |x|*x ¥ X" y) is defined and
holomorphic on the half plane {s | 2Res > p + k' + k”}. For all j > 1, let
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us denote by Q; the operator such that (6.9) (for v = 0) reads Q; - v = 0. Then
Q; -Vis supported at the origin. It will be convenient below to use the notation o
for —f — 1 and to set A, (v) = {o | B = —a —1 € B, (v)}. We deduce then that, on
some half plane Re s > 0, the function

k(j)
|:l_[ l_[ (S —a—k'+ k)L{)_(,i|({;, |x|25x_k/f_k"x)

k=0ae€Aj(v)

coincides with a holomorphic function definedon {s | 2Res > p + k' + k" — j}.
Applying the same argument in a anti-holomorphic way, we obtain that, for each
k', k" € N, the function s — (¥, |x|*x ¥ %" x) can be extended as a meromor-
phic function on C with poles contained in (4;(v) + k' —N) N (45 (v) + k" — N),
the order of the pole at & + Z being bounded by L, (v). Moreover, this function
does not depend on the choice of the lifting vV of v.

Lemma 6.12. If ¢ # 0, then for any function g € C°*°(X), the Mellin transform of
g2(x)e??|x|?PL(x)" is an entire function of the variable s.

Proof. We will show that this Mellin transform is holomorphic on any half plane
{s | Res > —¢q} (¢ € N). In order to do so, for ¢ fixed, we decompose g
as the sum of a polynomial in x,X and a remaining term which vanishes with
high order at the origin so that the corresponding part of the Mellin transform is
holomorphic for Re s > —¢. One is thus reduced to showing the lemma when g is a
monomial in x, ¥. One can then find differential equations for g(x)e??|x|*fL(x)*
of the kind (6.9) (j € N*) with exponents L equal to zero, and anti-holomorphic
analogues. Denoting by p the order of a distribution lifting this moderate function,
we find as above that the Mellin transform is holomorphic on a half plane 2Re s >
p+k’+k”—j. As this holds for any j, the Mellin transform, when g is a monomial,
is entire. The Mellin transform for general g is thus holomorphic on any half plane
{s | Res > —q}, thus is also entire. O

Let us now compute the Mellin transform of the expansion (6.5x%) for v. Let
us first consider the terms of the expansion (6.5x) for v for which ¢ = 0. We
will use the property that, for all (v/,v"”) € Z? not both negative and any function
g € C°°(X) such that g(0) # 0, the poles of the meromorphic function s >
(g(x)|x[2PL(x)", [x|*x"'%"" y) are contained in « — N (with @ = —f — 1), and
there is a pole at « if and only if v/ = 0 and v”" = 0, this pole having order £ + 1
exactly.

Let B € By, where By satisfies the minimality property of Remark 6.6(2) and let
Eg C N? be minimal such that Eg + N*> = (J,(E(fop.¢) + N?). It follows from
the previous remark and from the expansion (6.5x) that, for each (k. k") € Eg, the
function s — (v, |x|25x_k/f_k” x) has a non trivial pole at «; from the first part of
the proof we conclude that @ — k' € Aj(v) — Nand o« — k" € A{(v) — N, that is,
B +k" € B{(v) +Nand g +k” € B{/(v) + N. By Remark 6.6(2) for 8 € By, there
exists (k’, k") € Eg with k" = 0 or k” = 0. As a consequence, we have B € B,(v)
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(defined by (6.10)), and the property of the corollary is fulfilled by the elements
(k’, k") of Eg. Itis then trivially fulfilled by the elements (k’, k") of all the subsets

E(fop.0)-
The same result holds for the coefficients f, ¢ by applying the previous
argument to the moderate distribution e?~¢v. O

Proof of Theorem 6.5. We go back to the setting of the theorem. Recall that we set
M = D(x0)-u C 6™ and €™M0z = %om@(*o)(//l,i)bm"do). There is
thus a canonical Z ®¢ Z-linear pairing

k: ///%) Cmd0 s Dpmedl, (m, ) —> u(m).

Since .# is generated by u as a Z(x0)-module, an element € C™9°. 7 is
determined by its value () € Db™°. Therefore, there exists a section 1, of
C™40 s such that 1,(u) = u.

We are thus reduced to proving the theorem in the case where

k : %/ ®%// N @bmodo
C

is a sesquilinear pairing between two free &'(x0)-modules of finite rank with
connection, m’, m” are local sections of .#", .#", and u = k(m’,m").

As we allow cyclic coverings, we can also reduce to the case where both .#’
and .#" have a formal decomposition with model .#Z"*! and .#"*" (when .#" =
Cmod0_z7 " if this assumption is fulfilled for .#’, it is also fulfilled for .#”, as
follows from the proof of Theorem 6.4). We will still denote by x the variable after
ramification, and by X the corresponding disc.

We then introduce the real blow-up space e : X — X atthe origin, together with
the sheaves &7 (see Sect.5.2) and @b‘)—(‘l"do (sheaf on X of moderate distributions
along e~1(0) = S'). Lastly, we set ./ = g @15 e "t (For M = M',.M").
This is a left & z-module which is &5 (*0)-free.

The pairing k can be uniquely extended as a 7 y ® ¢ Z5-linear pairing

R T @ — Dpm
C

(because .#', /4" are 0'(x0)-free). One can then work locally on X with k and,
according to the Hukuhara-Turrittin theorem, we can replace .#" et .#" by their
respective elementary models B, (6% ® %,)) and P, (6 ® %,,).

Lemma 6.13. If ¢, € x~'C[x™'] are distinct, any sesquilinear pairing ’lz/w :
(&Y ®Z,) Rc(&7Y %L, — @b%(’do takes values in the subsheaf of C*°
Sfunctions with rapid decay.

Proof. Since e?~7 is a multiplier on @b}‘l"do, we can assume that ¥ = 0 for
example. By induction on the rank of %, and %, we can reduce to the rank-one



6.4 Asymptotic Expansions of Holonomic Distributions 87

case, and since the functions x* and P are also multipliers, we can reduce to
the case where %, and %, are both equal to &'(x0). Now, denoting by “e?” the

generator | of &7, the germ of moderate distribution 7 = F(“ew”, 1) on X satisfies
dyu = 0 and 9, = ¢'(x)u. It follows that Ujx+ = e with 0 # ¢ € x'C[x™'].
Therefore, % has moderate growth at @ € S < % has rapid decay at 6. O

In a similar way (using the Jordan normal form for the matrix of the connection
on %), %), one checks that the diagonal terms kww(m m") decompose as a
sum, with coefficients in €2°, of terms e~ 7xb 5P (log x)/ (logX)* (B',B" €C,
J.k €N). One rewrites each term as a sum, with coefficients in 42°, of terms
[x|*L(x)¢ (B € C, £ € N).

If m’, m" are local sections of M', A", one uses a partition of the unity on X
to obtain for e*k(m’, m”) an expansion like in (6.5%), with coefficients f, g, in
e*‘f)%o, up to adding a C > function with rapid decay along e~!(0); such a function
can be incorporated in one of the coefficients ]f’;, p... We denote then by Ep the set
of indices B corresponding to ¢. Since |x| is C* on X, one can assume that two
distinct elements of B, do not differ by half an integer.

It remains to check that this expansion can be written with coefficients f, g ¢ in
C®°(X). We will use the Mellin transformation, as in Corollary 6.11, from which
we only take the notation.

We will use polar coordinates x = re'?. A function f € e+ has a Taylor

expansion ), -, fm (0)r™, where fm (9) is C*® on S! and expands as a Fourier

series Y fune'™®. Such a function can be written as 22=_2k0 gr (x)|x|* with
ko€ Nand g € C*°(X) if and only if

m=+n

Jn #0= —

> —ko. (6.14)

Indeed, one direction is easy, and if (6.14) is fulfilled, let us set k =
min(m — n,m + n). We have k € Z and k = —2ko. One writes
Fnpefrm = fm o |x XYt with £/, ¢ € N. The part of the Fourier expansion
of f corresponding to k fixed gives, up to multiplying by |x| according to Borel’s
lemma, a function g (x) € C°°(X). The difference f — Zk__z,m gr(x)|x|Fis C*®
on X, with rapid decay along S'. It is thus C* on X, with rapid decay at the origin.
One can add it to gy in order to obtain the desired decomposition of f.

The condition (6.14) can be expressed in terms of Mellin transform. Indeed, one
notices that, for all k', k" € %N such that k¥’ + k” € N, the Mellin transform

> (]7 |x|2“x_k/f_k” x), which is holomorphic for Re(s) > 0, extends as a
meromorphic function on C with simple poles at most, and these poles are contained
in %Z. The condition (6.14) is equivalent to the property:

(6.15) there exists kg € N such that, for all k', k" € %N with kK’ + k” € N, the

T |28 =k k" : : : :
poles of s > (f,|x|**x™* X" y) are contained in the intersection of the

SetSko—l+k’—%N*andk0—1+k”—%N
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Arguing by decreasing induction on ¢, that is also on the maximal order of the
poles, we conclude that a function f = ZZL=0 feL(x)" with coefficients in C w(f )
can be rewritten as Y, <i<o S0 g (X)]x[FL(x)¢ with gy, € C®(X) if and
only if (6.15) is fulfilled by s — (/. |x|*x*%¥*"¥) (and the poles have order
SL+1). _

Now, if By € Cis a ﬁnitqv set such that two gistinct elements do not differ
by half an integer, a function f = Y4 7 S0 foelx|PPL(x)" with coefficients
in C°°(X) can be rewritten > pen Sio fa.elx|?PL(x)* for some subset By, with
Jfpe € C°°(X), if and only if there exists a finite subset A9 C C such that, for all
k' k" e %N with k’ +k” € N, the poles of s > (£ 1x2x7 ¥ % *" 4 are contained
in(Ao-i-k/:N)ﬂ(Ao-f-k”—N). _

Lastly, if /" has an expansion of the kind (6.5%) with coefficients in C*°(X), the
condition above applied to f is equivalent to the fact that f can be rewritten with
coefficients fo g € C°(X), according to an obvious analogue of Lemma 6.12.

We apply this to k(m’, m”): that the condition on the Mellin transform is fulfilled
is seen by using equations like (6.8) for m’ and m”, in the same way as in
Corollary 6.11 and this gives the result for the coefficients corresponding to ¢ = 0.
If ¢ # 0, one applies the same reasoning to &% & A4 et &¢ A" .

O

6.5 Comments

The notion of Hermitian dual of a Z-module was introduced by M. Kashiwara
in [36], where many applications of the property that the Hermitian dual of a
holonomic Z-module remains holonomic have been given (see also [9]). Kashiwara
only treated the case of regular holonomic Z-modules (in arbitrary dimension), and
examples of such regular holonomic distributions also appear in [5].

The vanishing of &xt' in Theorem 6.4 is already apparent in [51, Theorem 10.2],
if one restricts to the real domain however. The analysis of the .7Zom has been done
in [95], in particular Theorem 3.1 which is a real version of Theorem 6.5, still in the
real domain (I thank J.-E. Bjork for pointing this reference out to me).



Chapter 7
Riemann—Hilbert and Laplace
on the Affine Line (the Regular Case)

Abstract The Laplace transform M of a holonomic Z-module M on the affine
line A! is also holonomic. If M has only regular singularities (included at infinity),
FM provides the simplest example of an irregular singularity (at infinity). We will
describe the Stokes-filtered local system attached to FM at infinity in terms of
data of M. More precisely, we define the topological Laplace transform of the
perverse sheaf PDR™ M as a perverse sheaf on Al equipped with a Stokes structure
at infinity. We make explicit this topological Laplace transform. As a consequence,
if k is a subfield of C and if we have a k-structure on PDR* M, we find a natural
k-structure on PDR*FM which extends to the Stokes filtration at infinity. In other
words, the Stokes matrices can be defined over k. We end this chapter by analyzing
the behaviour of duality by Laplace and topological Laplace transformation, and the
relations between them.

7.1 Introduction

We denote by C[t](d;) the Weyl algebra in one variable, consisting of linear
differential operators in one variable ¢ with polynomial coefficients. Let M be a
holonomic C[¢](d;)-module (i.e., M is aleft C[¢](9;)-module such that each element
is annihilated by some nonzero operator in C[¢](9;)), that we also regard as a sheaf
of holonomic modules over the sheaf 7, of algebraic differential operators on the
affine line A! (with its Zariski topology). Its Laplace transform M (also called
the Fourier transform) is a holonomic C[t](d;)-module, where 7 is a new variable.
Recall that FM can be defined in various equivalent ways. We consider below the
Laplace transform with kernel e’”, and a similar description can be made for the
inverse Laplace transform, which has kernel e 7.

1. The simplest way to define "M is to set M = M as a C-vector space and to
define the action of C[z](d;) in such a way that t acts as —d,; and 9, as ¢ (this
is modeled on the behaviour of the action of differential operators under Fourier
transform of temperate distributions).

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 89
DOI 10.1007/978-3-642-31695-1_7, © Springer-Verlag Berlin Heidelberg 2013
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2. One can mimic the Laplace integral formula, replacing the integral by the direct
image of Z-modules. We consider the diagram

Al x Al
N

Al Al

where 7 is the coordinate on A! and 7 that on Al. Then FM = 7 (pT™M ® E'™),
where E'* is Cl[t, ] equipped with the connection d + d(tt), and p™M is
C[t] ®c M equipped with its natural connection. Recall also that p is the direct
image of 9-modules, which is defined here in a simple way: py(p™ M ® E'™)
is the complex

G
0— (pTM®E™) — (p"MQE"™) — 0

where the source of d, is in degree —1 and the target in degree 0. More concretely,
this complex is written

0+t
0—)@[T]%MMC[T]®M—)O
C

and one checks that the differential is injective, so that the complex is quasi-
isomorphic to its cokernel. This complex is in the category of C[r]-modules, and
is equipped with an action of C[t](d,), if d; acts as 0, ® | + 1 ®¢. The map
Clt]®c M — M sending ¥ ® m to (—d,)*m identifies the cokernel with '
as defined in (1).

3. It will be useful to work with the analytic topology (not the Zariski topology, as
above). In order to do so, one has to consider the projective completion P! of A!
(resp. P! of 1&1) obtained by adding the point oo to A! (resp. the point 5 to &1).
In the following, we shall denote by ¢’ (resp. 7’) the coordinate centered at co
(resp. &), so that /' = 1/1 (resp. ' = 1/7) on Al ~ {0} (resp. on Al ~ {0}). We
consider the diagram

lX]P’l N

P/P N .
P! P!

Let M (resp. M) be the algebraic Zp1-module (resp. Z51-module) determined
by M (resp. '™M): it satisfies by definition M = Opi(*00) ®g, M and
M = I'(P',M) (and similarly for FM). It is known that M (resp. M) is still
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holonomic. Let .# (resp. ') be its analytization. We now write Zp: (resp. D51)
instead of 7} (resp. _@%‘l‘). Notice that, by definition, . = Opi (xo0) ®a,, A
and 'z = @51 (¥30) ® g, " . Applying a similar construction to E'* we get
&' on P! x P!, which is a free U131 (x(Doo U Dgg))-module of rank one, with
Doo U Dg = P! x P! < (A! x A!). Then we have

Y =, (pT o @ E).

If M is a regular holonomic C[t](9, }-module (i.e., regular at finite distance and at
infinity), the following is well-known (see e.g. [55] for the results and the definition
of the vanishing cycle functor):

(a) The Laplace transform M is holonomic, has a regular singularity at the
origin T = 0, no other singularity at finite distance, and possibly irregular at
infinity.

(b) The formal structure of FM at infinity can be described exactly from the
vanishing cycles of M (or of DR™ M) at its critical points at finite distance.
More precisely, denoting by F// the formalized connection at 30, we have a

decompositionf7 ~ (& “ ® Z.), where the sum is taken over the singular
points ¢ € Al of M, and %, is a regular formal meromorphic connection
corresponding in a one-to-one way to the data of the vanishing cycles of the
perverse sheaf PDR™ M at c. As a consequence, the set of exponential factors of
the Stokes filtration of FM at & consists of these ¢ /7', and the Stokes filtration
is non-ramified.

The purpose of this chapter is to give an explicit formula for the Stokes filtration
of M at infinity, in terms of topological data obtained from M. More precisely,
let # = PDR*™M be the analytic de Rham complex of M (shifted according to
the usual perverse convention). The question we address is a formula for the Stokes
filtration of "M at t = oo in terms of .% only. In other words, we will define a
topological Laplace transform of .% as being a perverse sheaf on Al with a Stokes
filtration at infinity, in such a way that the topological Laplace transform of DR*" M
is DR*™ FM together with its Stokes filtration at infinity (i.e., DR™ FM as a Stokes-
perverse sheaf on P! , see Definition 4.12).

A consequence of this result is that, if the perverse sheaf .# is defined over Q
(say), then the Stokes filtration of FM at infinity is also defined over Q.

7.2 Direct Image of the Moderate de Rham Complex

Our goal is to obtain the Stokes filtration of M at infinity as the direct image by p
of a sheaf defined over a completion of A' x A! (integral formula).
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Let X := P! be the real blow-up space of P! at oo (in order to simplify
the notation, we do not use the same notation as in Chap.4). This space is
homeomorphic to a closed disc with boundary S! := S! x {co}. A similar

construction can be done starting from Al and its projective completion P'. We get
a space X = P! with boundary SL.. We set X* = X ~ {0} and X*:= X < {0}.
We thus have a diagram

~

Pl x X
Id x@ l
P! x P! (7.2)
V \ﬁl
~ T
P! Pl —— X

We denote by ,sa/;?“"d& the sheaf on X of holomorphic functions on Al which
have moderate growth along S;,a.

Similarly we denote by MP“I‘Z’(“}"AO the sheaf on P! x X of holomorphic functions

on P! x Al which have moderate growth along P! x S;Ao . We have a natural inclusion

g AR s N (7.3)

We will denote by DR™® the de Rham complex of a Z-module with
coefficients in such rings.

Lemma 7.4. There is a functorial morphism
DR™®(Ez) — RG DR™®(pt 7 @ &7)[1] (7.4<0)

and this morphism is injective on the zero-th cohomology sheaves.

Proof. Consider first the relative de Rham complex DRqT"d@(p+/// ® &)
defined as

d 5o + v’ ) 1 + T
AN (T M®ET) —> AT ® [Qplx;?/;? Q(pt ®ET)],
where V’ is the relative part of the connection on (pt# ® &), ie., which
differentiates only in the P! direction. Then DR™®(p+ 7 ® £'7) is the single
complex associated to the double complex
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—~ v —~
DRglodOO(p-f—%@éatr) RSN ((Id®w)_lg[;>lxﬁl$l/pl) ®DR;/POdoo(p+%®éa”),

where V” Ais the connection in the P' direction. Hence, the complex
Rg. DR™®(pt 7/ ® &'7) is the single complex associated to the double complex

RZ]\* DRglod@(p-i-'//@@@tt) L) w_l‘Qﬁllm ® Ra\* DR@mod@(p-i-'//@@@tr)'

The point in using the relative de Rham complex is that it is a complex of
(@ o) ! U%-modules and the differential is linear with respect to this sheaf of
rings. On the other hand, one knows that .;zf;?“"dw is flat over @ ! U%1, because it has
no @~ O -torsion. So we can apply the projection formula to get (in a functorial
way)

APN®®  RG.(dx®B) ' DRy(pT. M ® ')

'L%*lﬁﬂal

e o

:Ra*(a“ldgod@ ® (Idxﬁ)_lDRﬁ(er//l@é””)).

Using the natural morphism (7.3), we find a morphism

4% @ R (1dx )™ DR;(p* 4 ® 6') — R DRIV (p* . @ 67,
and therefore, taking the double complex with differential V" and the associated
single complex, we find

A2® @ RG.(Idx@) ™ DR(p* . ® £™)
—> RG DR™®(p* 77 @ £'7). (7.5)

On the other hand, we know (see e.g. [56]) that the (holomorphic) de Rham functor
has a good behaviour with respect to the direct image of Z-modules, that is, we
have a functorial isomorphism

Rp«DR(p* ./ @ ')[1] ~ DR [p4(p* .l @ 6')]

where the shift by one comes from the definition of p; for Z-modules.
Because p is proper and the commutative diagram in (7.2) is cartesian, the
base change @ 'R px ~ (Id x@ )~ ! Rg, shows that the left-hand side of (7.5) is
DR™% (E7)[—1]. Shifting (7.5) by one gives the functorial morphism (7.4<o).
Notice that, over Kl, this morphism is an isomorphism, as it amounts to the
compatibility of DR and direct images (see the standard references on Z-modules).



94 7 Riemann—Hilbert and Laplace on the Affine Line (the Regular Case)

On the other hand, when restricted to S;,C\) , the left-hand term has cohomology in
degree O at most (see Theorem 5.3). "
Let us show that #%(7.4<) is injective. It is enough to check this on Séa. Ifj:

Al < X denotes the inclusion, we have a commutative diagram

. o HA°(7.4<0) . 15
HODR™®Eyy 5 #°RG. DR™ oo(p+///®£tr)[1]

[ |

JeJ "AODR™® () —= [, ARG DR™®(pT 4 ® £7)|1]
and the injectivity of J#°(7.4<0) follows.

Theorem 7.6. The morphism (7.4<o) is an isomorphism.

This theorem reduces our problem of expressing the Stokes filtration of FM at 50
in terms of DR®™ M to the question of expressing DR™®(p*.# ® &%) in terms
of DR .. Indeed, applying R px would then give us the answer for the < 0 part of
the Stokes filtration of FM , as recalled in (b) of Sect. 7.1. The < ¢/’ part is obtained
by replacing ¢ with # — ¢ and applying the same argument.

By Lemma 7.4, it is enough to prove that the right-hand term of (7.4<)
has cohomology in degree zero at most, and that .7#°(7.4<) is onto on S;Ao, or

equivalently that the germs of both .7#° at any 6 e Sgﬁ have the same dimension.

The proof of the theorem will be done by identifying DR™®(pt 7 ® £'7)
with a complex constructed from DR* M and by computing explicitly its direct
image. This computation will be topological. This complex obtained from DR** M
will be instrumental for defining the topological Laplace transform. Moreover, the
identification will be more easily done on a space obtained by blowing up P! x P! ,in
order to use asymptotic analysis (see also Remark 7.16 below). So, before proving
the theorem, we first do the topological computation and define the topological
Laplace transform. (See also Theorem 13.4 and the references given there for
another, more direct proof.)

Remark 7.7. If we replace the sheaf o7 ;(I‘Od % by the sheaf . ;’ % of functions hav-

ing rapid decay at infinity, and similarly for dﬁ?g}, the same proof as for Lemma 7.4
gives a morphism for the corresponding rapid decay de Rham complexes, that we
denote by (7.4)<o. Then Lemma 7.4 and Theorem 7.6 are valid for the rapid-decay
complexes, and the proofs are similar.
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7.3 Topological Spaces

The behaviour of the function e’” near the divisor Do U Dgg = P! x P'< (A! x &1),
where we set Do, 1= {00} X P! and Dg = P! x {&}, is not clearly understood
near the two points (0, 30) and (00,6), where it is written in local coordinates as
e'/"" and e”/" respectively. This leads us to blow up these points.

Lete : Z — P! xP! be the complex blowing-up of (0, 50) and (oo,a) inP! xP!.
Above the chart with coordinates (¢, /) in P! x f@l, we have two charts of Z with
respective coordinates denoted by (1, u) and (v/, ), so that e is given respectively
bytoe=t,7"0oe=rtuandtoe = V1], v’ oe = 1. The exceptional divisor E
of e above (0, 50) is defined respectively by #; = 0 and 7; = 0.

Similarly, above the chart with coordinates (¢, 7) in P! x @l, we have two charts
of Z with respective coordinates denoted by (¢{, ') and (v, 1), so that e is given
respectively by t' oe = t{, toe = t{u’ and ' oe = vt|, T oe = ;. The exceptional
divisor F of e above (oo,f)\) is defined respectively by #{ = 0 and 7; = 0.

Away from E U F (in Z) and {(0, &0), (006)} (in P! x@l), e is an isomorphism.
In particular, we regard the two sets A! x Al and (P!~ {0}) x (ﬁIBl ~ {6}) as two open
subsets of Z whose union is

Z~(EUF) =P xP'<{(0,%), (c0,0)}.

Moreover, the strict transform of Dy, in Z is a divisor in Z which does not
meet E, and meets transversally F and the strict transform of Dg. Similarly,
the strict transform of Dg in Z is a divisor which meets transversally both E
and the strict transform of D, and does not meet F'. We still denote by Do, Dss
these strict transforms, and we denote by D the normal crossing divisor D =
¢ ' (Doo U Dg) = Do U Dgs U E U F. This is represented on Fig.7.1.

Let Z be the real blow-up space of Z along the four components Do, Dgs, E, F
of the normal crossing divisor D. Then the map e lifts as a map e : Z > X xX.
We have the following commutative diagram of maps:

~ Iz ~
/ — X xX
\ lwxld
3
wyz P'x X

lldxﬁ

(7.8)

e ~
Z —— P'x P!

The set E := @, (E) can be described as follows. Over the chart Alv, of E with
coordinate V/, it is equal to Alv/ x S (coordinates (V/, arg 71)), and over u = 0 it is
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Fig. 7.1 The natural divisors D ,
onZ 1, ©

E
/{/I u T/
/ 7/ D,

54

t 1 W e

equal to S! x S! (coordinates (argu, argt;)), so it can be identified with ﬁl x St
through the gluing over u = 0 defined by the diffeomorphism (argV/, arg rl) —
(argu = —argV/,argt; = argV' + argt). Similarly, the set F = @, (F) can
be described as follows: over the chart AL , of F with coordinate «/, it is equal to
Alu, x S! (coordinates (', arg?/)), and over v = 0 it is equal to S' x Sl (coordinates
(argv,argt;)), so it can be identified with ’]I\’K1 x S through the gluing overv = 0
defined by the d1ffe0m0rphlsm (arg u Largl ) > (argy = —argu/,arg ) = argu’+
argt{). The complement Z~(EU F) is identified with X x X ~ [({0} x SA) u
(S& x {O})].

We define two nested closed subsets L”, C L” of Z as the subsets of points
in the neighbourhood of which e™* does not have moderate growth (resp. is not
exponentially decreasing). More specifically:

. L%, C w;' (D U D).

. Over the chart (1, u), L., = {argu € [7/2,37/2] mod 27} N {u = 0}.
. Over the chart (¢, ), L, = {argt’ 4+ argt’ € [7/2,37/2] mod 27}.
. Over the chart (v, 7y), L, = {argv € [7/2,37/2] mod 27} N {v = 0}.
. We have L") = L. UE UF.

O N O R S R

We denote by L', (resp. L’ 0) the complementary open set of L (resp. L")
in Z. So L DL ;DA x Al and, away from u = 0 (resp. away from v = 0),
LN {Ev(resp. L’y N F) coincides with E (resp. F). Moreover, L’ ;N E = @ and
L ,nF=g2.

We have a diagram

~ o 4 B
AlxAl — L — L, —— Z
pl

Al

(7.9)

>y ——
)
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7.4 Topological Laplace Transform

Let . be a perverse sheaf on A!. Unless otherwise stated, we will usually denote
by ¢ the perverse sheaf p~1.%[1] on Al x Al

Definition 7.10. Using the notation as in Definition 4.7,

« For any perverse sheaf ¢ on Al x Al, we set ("@)<o = BR(y o @)x¥ and
("9)<0 = (Boy)RasY.
o Y = p ' F[1], we set ((F)<o = RG,("9)<o and (F) <o = RG,(°%) <.

Proposition 7.11. When restricted to A, (FF) <o = 57) <oJR is @ perverse
sheaf with singularity at 0 at most, and ia_l (%) <0] = RIL(A!, F)[1]. On the other
hand, when restricted to X *, (57) <0[—1] and (EF)<o[—1] are two nested sheaves,
and gry "7 [—1] := (F)<o[-11/ EF)<0[—1] is a local system on S& isomorphic to
(P, F,T) when considered as a vector space with monodrony.

As usual, I denotes the sections with compact support and RI: denotes its
derived functor, whose associated cohomology is the cohomology with compact
support. Given a perverse sheaf .# on A!, the nearby cycle complex (Py,.%,T)
and the vanishing cycle complex (%;.%,T) (equipped with their monodromy)
have cohomology in degree zero at most, and there is a canonical morphism
can: (Y, 7, T) — (*,.F,T) whose cone represents the inverse image i; ' .Z#[—1]
(see e.g. [55]).

Proof. Let C C Al denote the set of singular points of .7, and let us still denote by
C x P! C Z the strict transform by e of C x P! ¢ P! x P!. Since .#[—1] is a local
system away from C, one checks that Ra, p~'.%[—1] (resp. R(y o a)*p_lj 1D
is alocal systemon L’ ) ~ w; ! (C x ﬁIBl) (resp. on L', ~ @, (C x ]P’l)) This will
justify various restrictions to fibres that we will perform below.

For the first assertion, let us work over Vi= X x Kl, and still denote by ¢ :
W — V the restriction of 2 over this open set (Fig.7.2). Over A'*, W coincides
with X x A'*. Then it is known (see e.g. [55] or [87, Sect. 1b]) that (Fﬁ)so@* is
a smooth perverse sheaf (i.e., a local system shifted by one) with germ at z, # 0
equal to H p (Al F)[1], where @, is the family of closed sets in A! whose closure

in P! does not cut LZO N (82 x {1,}). Moreover, L’; and L” coincide above Al
$0 (fg)sow* = (fg)ww*

On the other hand, we claim that
R%.(°9) ~ = Re,(’°9) ~ =0
€x T )S0154, %0} exUT)=0pslx oy = V-

This will show that

R <oyny = REGCD) <opy ey = W71,
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Fig. 7.2 The open set %4

where 7 Al < X denotes the inclusion, concluding the proof of the first assertion
by taking RI". Moreover, the natural map i NEZ) <0][-1] = P [(EF)<o] is then
induced by the natural map RI.(A!,.%) — RTs,, (A, %) =H %m (Al, Z). The
cone of this map is the complex RI(Lc, N (Sg % {70}). Z[1]), where .Z is the
local system defined by . on S/, . In particular, it has cohomology in degree 0 at
most. As a consequence, the complex Rp. [(F#)<o] has cohomology in degree 0 at
most, and it follows that (£%)< is perverse in the neighbourhood of 0, since the
perver51ty of any constructible complex Z near T = 0is equivalent to both Py, F
and Pp, . F F having cohomology in degree 0 at most.

Remark 7.12. Developing the proof more carefully at this point, one would obtain
an identification of Pp,[(£#)<o] with Py, 7, compatible with monodromies when
suitably oriented. The second part of the lemma, that we consider now, is an
analogous statement, where the roles of A! and Al are exchanged.

Let us now prove the claim. On the one hand, (°%) < is zero on L, by definition,
hence on F, so its restriction to 2! (S5 x {6}) is zero.

On the other hand, 2~ (¢, 6) is homeomorphic to the real blow-up space of F
at v = 0 (topologically a closed disc), and L’_; N e, 0) is homeomorphic
to a closed disc with a closed interval deleted on its boundary. On this set,
R(y o @)«¥[-2] is a local system (which is thus constant). Since the cohomology
with compact support (due to §;) of such a closed disc with a closed interval deleted
on its boundary is identically zero (a particular case of Lemma 7.13 below), we get
the vanishing of R'e; (?%)@,(9,5) forany 0’ € S!, as claimed.

We now prove the second part of the proposition. Let us compute the fibre of
(") <o and ((F)<¢ at (Jz)| = 0,argt) = @). Notice that, above this point that we
also denote by é\;, we have

L =X*\{argt€[ + /2, ,,+371/2]m0d271}

and this set is equal to P! minus the closure of the half-plane Re(te_’ﬁfﬁ) < 0. Then

(F) a0, = RIL . Rew P)1]

Lemma 7.13. Let & be a perverse sheaf with finite singularity set on an open disc
A CCandlet A’ be the open subset of the closed disc A obtained by deleting from
0A a nonempty closed interval. Let a : A < A’ denote the open inclusion. Then
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Fig. 7.3

HN(A', Ras P) = 0ifk # 0 and dim HY(A', Rax D) is the sum of dimensions
of the vanishing cycles of & at points of A (i.e., at the singular points of & in A).

Proof. This can be proved as follows: one reduces to the case of a sheaf supported
on some point (trivial), and to the case of & = j,.Z[1], where j is the inclusion
A~ Sing(#?) — A and .Z is a local system on A ~ Sing(<?); clearly, there
is no HX(A', oy j«%) and, arguing by duality, there is no H2(A’, axj«%). The
computation of the dimension of H!(A’, ax j«Z) is then an exercise. O

Since L’< 0 is homeomorphic to such a A’, we find that (%) <03, has cohomol-
ogy in degree “1 only.

Taking into account the description of E given above, the difference L' ~L' , =
LN E is identified to the set ﬁf, x S with the subset

{|V| = oo, argV' € [r/2,37/2] mod 27}

deleted. Then L’< 0d is homeomorphic to the space obtained by gluing

S' x [0, 00] ~ {argt, € [0 + 7/2.6] + 37/2] mod 27}
(with coordinates (arg;, |#1]|)) with

P!, <~ {|V| = oo, argV/ € [r/2,37/2] mod 27}

along |f;] = 0, V| = oo, by identifying arg¢; with argy’ + @ﬁ So L/<0 5 1s also
homeomorphic to A’ like in the lemma. ’
Note that we have an isomorphism Al x Alx ~ Al x Alx, given by
3

(t,7) = (V' = tt, 1] = 1/7). It follows that the restriction & of R(y o @)«¥ to
Al, xS C E is equal to the pull-back of . by the map (v, arg 7{) > t = Ve’ ™2 ",
Its restriction to L’< 0.7 is therefore isomorphic to the pull-back of .# by the map

~ . 10/ ’ . .
g V' = Ve'%. In other words, we can regard the picture of L/so,@; (Fig.7.3) as
the corresponding subset of P! and & as the restriction of j.% to this subset. We

can apply Lemma 7.13 to get that (%) <03 has cohomology in degree —1 only.
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Let us now compute (:%#) <03/ E7) ~0.77+ By the previous computation, this is

RT. (}P’l,\{|v|— 0o, argV' € [/2,37/2] mod 27}, 7, 32[1])

In the coordinate 7, let A be a small open disc centered at 0 and let I@, be the

closed interval of 9A defined by argt € [/9\; + /2, /9; + 37 /2]. Then the previous
complex is the relative cohomology complex RI"(A, I5,; 7 z[1]). This complex

has cohomology in degree zero at most and H’(A, I@;; F 1)) = " 7. When 6,
runs counterclockwise once around S;’a’ then / o also moves counterclockwise once

around dA. Then gr,(f%) is a local system whose monodromy is identified with the
monodromy on %, % . O

We now extend this construction in order to define (#)<./ for any ¢ € C.
Let Z(c) — P! x P! be the complex blowing-up at the points (¢, 00) and (oo, O)
and let Z (¢) be the corresponding real blow-up space (so that Z(0) and Z (0) are
respectively equal to Z and Z introduced above). We also define L (¢) and L’ (c),
where * is for < 0 or < 0, as we did for L/ and L’,, and we denote by «, etc. the
corresponding maps.

Definition 7.14. For any ¢ € C, we set

o "D <esr = BR(y 0 @)% and (") </ = (B o y) 1 R
° (Ff/)<c/r/ = Rq (Crg)<c/r/ and (fg)-«’/r’ = Rq ( g)-«/r’

Clearly, Lemma 7.11 also applies similarly to (:%)<./rv and (:7)<c/r. It is
1mportant to notice that the spaces Z (c) (c € C) all coincide when restricted over
P! x Al. As a consequence, the restrictions of (%)<, s and (5F) <o/ to Al are the
same perverse sheaf, that we denote by ¥%#. The previous construction defines thus
a J-filtration on %, according to Proposition 7.11 applied with any ¢ € C. Here, we
denote by J the sheaf equal to 0 on Al and to the constant sheaf with fibre C - 1/7)
on SL.

Proposition 7.15. The triangle [(F)<./v — (F<eyv — gr, e F i]ce@
defines an object of Stss(Cqe <) (see Definition 4.18).

Proof. 1t is enough to argue on Stokes filtrations and we will use the definition

given in Proposition 2.7. As indicated above, it will be enough to take the space
{c/t" | ¢ € C} as index set. Let us check the filtration property. Let us fix 9’ e Sk,

o

From Fig. 7.3, it is clear that if ¢ belongs to L', then (F€)$c/r’ 7 C (1:3‘\)<0 -

This condition on ¢ reads Re(ce_“%) < 0, or equivalently ¢/ 7’ <, 0. We therefore

get a pre-Stokes filtration, with jumps at ¢/t where ¢ is a singular point of .%. The
same argument shows that (\%) <./, is the subsheaf defined from (!%#)< by Formula
(2.2).

Lastly, the dimension property is obtained by the last part of Lemma 7.13. O
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Remark 7.16. One can ask whether the sheaves <, ./z+ could be defined without
using the blowing-up map e or not. Recall that this blowing-up was used in order
to determine in a clear way whether e’/ v (resp. e”/ ") has moderate growth or not
neart = 0,7/ = 0 (resp. t’ = 0, 7 = 0). As we already indicated in the proof
of Proposition 7.11, the blowing-up of (oo, 6) is not needed. We introduced it by
symmetry, and (mainly) in order to treat duality later. On the other hand, working
over Al x X if the sheaves %, /- were to be defined without blowing up, they
should be equal to RE,° %sc ./¢/» in order that the definition remains consistent. But
one can check that Re :{%SC /o are not sheaves, but complexes, hence do not enter
in the frame of Stokes filtrations of a local system in two variables.

7.5 Proof of Theorem 7.6 and Compatibility
with Riemann—Hilbert

Let us first indicate the steps of the proof. We anticipate on the notation and results
explained in Chap. 8, which we refer to.

1. The first step computes DR““’i&(pJﬂ/// ® &'7) (a complex living on P! x X)
from a complex defined on Z. We will use the notation of the commutative
dlagram (7.8). We consider the sheaf ,QZ modD on 7 of holomorphlc functions

onZ~3Z = Z~D having moderate growth along 9Z. In particular,
Jz{ mod D |Z<D = Oz~p. Applying Proposition 8.9 of the next chapterto e : Z —

P! x IP", and then its variant to @ x Id, gives
DR™®(p*. 4 ® £'7) ~ R&, DR™?P (eT(pT.tt ® 6'7)). (7.17)

Remark 7.18. In fact, (7.17) is a statement similar to Theorem 7.6, but is much
easier, in particular because of Proposition 8.9, which would not apply in the
setting of Theorem 7.6: indeed, e is a proper modification while p is not.

As a consequence we get
RG.DR™®(p* 7/ ® &) ~ Rg, DR™P (¢* (p*./ ® £'7)).  (7.19)
2. The second step consists in comparing DR™!? (eT(pT.7 ® £')) with
BiR(y o)« p ' (F)[—1], where .# = DR* M [1]. Both complexes coincide on
Z ~ 0Z. We therefore have a natural morphism

DRmodD (e+(p+//l ® éotr)) N R,B*R()/ o a)*p_l(gz)[—l]. (7.20)

That it factorizes through B ... would follow from the equality §~! DR™4?
(e+(p+//l ®E ”)) = 0 (which will be proved below), where § is the closed
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inclusion L%, — Z complementary to 8 (see Diagram (7.9)). Therefore,
proving

(a) That a morphism DR™? (et (p* ./ ® £'%)) — BiR(y o a)«p (F)[-1]
exists "

(b) And that it is an isomorphism are both local statements on dZ. We will also
anticipate on results proved in Chap. 8.

Let C C A! be the union of the singular set of M and {0}. We also set
C’=C ~ {0}. We can reduce both local statements to the case where M is
supported on C and the case where M is localized along C, that is, for each
¢ € C, the multiplication by ¢ — ¢ is invertible on M. The first case will be left
as an exercise, and we will only consider the second one.

We note that, when expressed in local coordinates adapted to D, the pull-
back et &'" satisfies the assumption in Proposition 8.17 (this is one reason for
using the complex blowing-up e). Therefore, by a simple inductive argument on
the rank, Proposition 8.17 applies to e (pT.# ® &'7) away from (p oe)™!(C’)
(where the polar divisor of e™(p*.# ® &%) contains other components than
those of D). Both local statements are then clear on such a set, by using that
" DR™P £1% vanishes where e~'* does not have moderate growth. We are
thus reduced to considering the situation above a neighbourhood of a point
ceC.

A: De
%M g ‘L'/
/e

D Dy,

7
v

t LU

We denote by #. a local coordinate on A! centered at ¢ and we set T/ = 1/ as
above. We will work near the point (¢, o0) € Z with coordinates (¢, t’) (recall
that the complex blowing-up e is an isomorphism there, so we identify Z and
P! x @1, and we still denote by Z a sufficiently small neighbourhood of (c, 00)).
The divisor D is locally defined by 7/ = 0, and pt.# ® &% = £+/" @ 7,
where Z is a free 0z (x(D U D.))-module with a regular connection, setting
D, = {t. = 0}. We denote by .Z the local system on Z ~ (D U D,)
determined by % (we know that .Z has monodromy equal to identity around
7/ = 0, but this will not be used in the following). Denoting by j. : Z ~
(D U D.) < Z ~ D the inclusion, we have p~'.% = R . ..Z[1]. We cannot
directly apply Proposition 8.17 as above, because Z is localized along D,, i.e.,
the multiplication by ¢, is invertible on %, so we will first consider the real
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blowing-up @, : ZC — 7 of D, in 7 (i.e., we will work in polar coordinates in
both variables 7’ and 7,).

By Proposition 8.17, the complex DR™4(PUP:) (£(c+)/7" @ g7) on Z. has
cohomology in degree 0 at most, and by (a variant of) Proposition 8.9, we have
DRmOdD(é"("+tf)/f/ QRR) = Rw. . DRmod(DUD()(g(c+tC)/r/ R Z).

Notice now that the open set in Z. where e~ (H/7 g exponentially
decreasing is nothing but z’~! L/so (see Diagram (7.9)). Therefore, with obvious
notation, we have

BIR(yoa)sRjcx L = RwexBeiR(ye o)« L.

Since both statements (2a) and (2b) hold on Z. by the argument given in the first
part of Step two, they hold on Z after applying R @, .
3. Third step. We conclude from Step two and (7.19) that we have an isomorphism

R DR™®(p+ 7 @ £)1] ~ (F)<o[—1].

In order to prove the surjectivity of .7#°(7.4<¢) one can restrict to S}ﬁ , as it holds

on Al. By Proposition 7.11, we conclude that RGy DR™®(pt 7 ® &7)[1]
has cohomology in degree zero only, and we have already seen that so has
the left-hand term of (7.4<p). We are thus reduced to showing that the fibers
of these sheaves have the same dimension at any 0 e S;Ao. This follows from
Proposition 7.11 and its extension to any index ¢/, showing that the dimension
of the right-hand term of .7#° ((7.4<0))z is the sum of the dimensions of ¢;—..#,
where ¢ varies in the open subset where 0 N4 /t. That the dimension of the
left-hand term is computed similarly follows from (b) of Sect.7.1.

4. In conclusion, we have proved Theorem 7.6 and, at the same time, the fact that
the Stokes filtration of Proposition 7.15 is the Stokes filtration of "M at infinity,
and more precisely that, through the Riemann—Hilbert correspondence given by
PDRya, the image of M is the triangle of Proposition 7.15. In other words,
when M has only regular singularities, the Stokes—de Rham functor (i.e., the
de Rham functor enriched with the Stokes filtration at infinity) exchanges the
Laplace transform with the topological Laplace transform. O

7.6 Compatibility of Laplace Transformation with Duality

Let M be a Clt](d;)-module of finite type (an object of Mod(C[t](d;))), or
more generally an object of Db’, (C[#](9;)) (bounded derived category of C[¢](0,)-
modules with finite-type cohomology). The Laplace transformation considered in
Sect. 7.1 is in fact a transformation from Mod  (C[t](9;)) (resp. Db’, (C[t](0:))) to
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Mod s (C[z]{(9,)) (resp. Dl}’,((C[r](BT))), and is not restricted to holonomic objects.
Let D be the duality functor in these categories. In particular, for a holonomic left
Clt]{9;)-module M, D M is the complex having cohomology in degree O only, this
cohomology being the holonomic left C[¢](d;)-module M" naturally associated
to the right holonomic CJz]{d,)-module Ext}cm () (M ,C[t](9;)), where the right
Clt]({0;)-module structure comes from the right structure on C[¢]{9,).

According to [55], there is a canonical isomorphism of functors Fo D (s) =
(™D o ¥s), where ¢ denotes the involution C[z]{d,) = Cl[z](d.) sending t
to —t and d; to —d,. This isomorphism can be algebraically described in two
ways, depending on the choice of the definition of the Laplace transformation (see
Sect.7.1, (1) and (2)). Both definitions coincide (see [55, Appendix 2.4, p. 224]).
Let us recall them.

1. Let us choose a resolution L* of M by free left C[t](d,)-modules. Then FL®
is a resolution of FM by free left C[r]({d,)-modules, and clearly, by using
such a resolution, Exté:[t]w!)(FM, C[z]{9;)) = L+FExté:[t]<at> (M, C[t](d,)) as right
CJz](9,)-modules (see [55, Lemma V.3.6, p. 86], [82, Sect. V.2.b]).

2. Let us use the definition FM = p,(p™M ® E'*). However, since we will
have to use the commutation of direct image with duality, it is necessary
to work with proper maps (7.1), and we can work either in the algebraic
or the analytic setting. We will choose the latter for future use, and, as in
the Introduction of this chapter, we denote by .# the Zpi-module localized
at oo associated with M. Since p is smooth, we have ptD(s)=DpT (o)
(see [12, Proposition VII.9.13], taking into account the difference in nota-
tion). In other words, denoting by (pT.#)" the left QPIX@ -module associ-
ated with Extz%lxﬁl (pT o, Dy 1), we have pt(#Y)=(pT.d)”. We now
get pt(DM)RE =D (pT M)RET=D(pT.# ®E'T). Notice also that
D .7 may not be localized at co (as was .# by definition), but we have
ptD#)®E™ = pt((DA)(x00)) ® &7, since &' is localized along Doo.
Therefore, py (pT (D.#) ® &) is the Z5;-module localized at 50 associated
with (D M).

By the relative duality for the proper map p; (see e.g. [12, Proposi-
tion VIL.9.6], [89], [55, Appendix 2, Theorem 3.3]), we have an isomorphism

Dt A ®ET) = Dp(pt A ®ETT),
from which we get (by applying I"(P', +))
¥DM) = T DM. u]
The localized module C[z, 77! ®c;; 'M is a free C[r, T~!]-module of finite rank

with connection. We denote by (.Z, Z.)(*M) the associated Stokes-filtered local
systemon SL..
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Applying the Riemann—Hilbert functor of Definition 5.7 together with the duality
isomorphism of Proposition 5.15, we get an isomorphism

&, ZH)EDM)Y = (&, ZLH(EM))Y. (7.21)

7.7 Compatibility of Topological Laplace Transformation
with Poincaré-Verdier Duality

We will define an analogue of the previous isomorphism by working at the
topological level. We will compare both constructions in Sect. 7.8. It will be clearer
to distinguish between the projection p : P! x P! — P! and its restriction over A!,
that we now denote by p, : Al x P! — A! (or Al x Al — Al).

Let . be a perverse sheaf of k-vector spaces on Al, with singularity set C.
The pull-back ¥ := p;'.Z[1] on Al x Al is also perverse. Moreover, there is a
functorial isomorphism p; ' (D.Z)[1] — (p.D.Z)[=1] = D(p; ' Z[1]) (see e.g.
[39, Proposition 3.3.2]) which is compatible with bi-duality.

Let ¢ denote the involution 7 — —7 on A'. It induces an involution on the spaces
Al x ;@, X . Z, X x Xand Z ina unique way. We all denote them by ¢. We will use
the notation ¢, for the conjugate ¢ o @ o ¢, etc.

Proposition 7.22. The topological Laplace transformation, from k-perverse
sheaves to Stokes-k-perverse sheaves, is compatible with duality (up to ) and
bi-duality.

Given a k-perverse sheaf .% on Al, we denote by (&, .%.)(*#) the Stokes-

filtered local system (?ﬂ‘s)‘ gL . Then, according to Lemma 4.16, the proposition
gives an isomorphism

(Z. Z)DF) — (2. L)), (7.23)

where (£, %)Y is defined by Proposition 2.14(2).

Proof of Proposition 7.22. We first wish to prove the existence of isomorphisms
F, T -1 For F, aT -1 Foqr
(DF)<o 21 D(F<), "(DF)<o =1 D(F<) (7.24)

which are exchanged by duality up to bi-duality isomorphisms. Note that we could
also write ('F(D.#)<o as (D %)< etc., where F denotes the inverse Laplace
transformation, which has kernel e'*.

These isomorphisms are obtained by applying to similar isomorphisms on Z the
direct image R?q;v, which is known to commute with D in a way compatible with
bi-duality since ¢ is proper, according to Poincaré—Verdier duality (see e.g. [39,
Proposition 3.1.10]).
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We will thus first work locally on Z. Let 4 be a k-perverse sheaf on
Al x Al with singular set S = p,(C). By Poincaré-Verdier duality, we have
D(BiR(y o @)«¥9) = RP«(y o @), DY in a way compatible with bi-duality (see
(7.9) for the notation). We denote by § the closed inclusion L’<’0 < 7 and similarly
Sou(ly) — Z.

Similarly, D((8 o y)1Rax¥) = R(B o y)xayD¥ in a way compatible with
bi-duality, and we denote by & the closed inclusion L., < Z and similarly §, :
(L) — 7.

Both ¢ and D% have the same singular set, and we will later apply the following
lemma to DY.

Lemma 7.25. If ¥ satisfies the previous assumptions, we have

. gl_lR,B*()/ can¥ =0.
o §T'R(Boy)ad = 0.

Proof. We start with the first equality. By definition, the cohomology of
RB.(y o a)¥ is zero on L, so it is enough to prove that the pull-back of
RB.(y o a)¥ to (L") N L%, is zero. Notice that this set does not cut EUF
by definition of L/éo- Notice also that, now that we are far from £ and F, there is
no difference between L” and L, so we will forget y in the notation. We will

distinguish three cases:

1. Smooth points of Dy, U Dz not in S (closure of S).
2. The point (00, 30). B
3. The points of (Do U D) N S (they are smooth points of D by assumption).

1. Near such a point, t (L)) N L', is topologically a product of a similar dimension-
one intersection with a disc and ¢ is a local system (up to a shift). We will
therefore treat the dimension-one analogue. We consider a local system .Z on
0,¢) x S, where S! has coordinate e'?, we set

L%, ={(0,0) | 0 € [7/2,37/2] mod 27}

and ((L%,) = LZ, + 7. Moreover, o : (0,¢) x S' < (0,&) x S' U L’
and B : (0,6) x S' U L, < [0,£) x S! are the inclusions. We wish to show
that R B.0,.Z is zero at the points with coordinates (0, 7/2) and (0, 37/2). The
cohomology of the germ of R .. at (0, w/2) (say) is the cohomology of an
open disc with an open interval / added on its boundary, with coefficient in a
sheaf which is constant on the open disc and zero on this open interval. This is
also the relative cohomology H*(A U I, 1:k%) (d = rk.Z). So this is clearly
Zero.

2. The pull-back in Z of a neighbourhood of (co,50) takes the form
[0.£)? x 8L, x S, with coordinates (6’, ') on L, x SL. The set L is defined
by 0/ +0 € [r/2,37/2] mod 27 and (L) by 0'+0' € [-7/2, /2] mod 27
(since ¢ consists in changing 0106 + 7). On the other hand, ¢ is a local system
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(up to a shift) on (0, £)*x SL, xS . Up to taking new coordinates (9’+,9\’, 9’—@),
one is reduced to the same computation as in (1), up to the cartesian product by
intervals, which has no effect on the result.

3. As in the proof on Page 102, it is enough to consider the case where ¥ is
supported in S, which is treated as in (1), and the case where ¢ is the maximal
extension of a local system (up to a shift) away from D, (¢ € C’). In this case,
the situation is a product of that considered in (1) and that of a local system on
an open punctured disc A*. The argument of (1) applies here also.

Let us now consider the second equality, for which we argue similarly. The
cohomology of R(f o y)«mu¥ is zero on L', so it is enough to prove that the
pull-back of R(B o y)«a1¥ to t(LZ;) N L”,, is zero. This set does not cut £ U F,
so y = Id on this set, and we are reduced to the previous computation. O

End of the proof of Proposition 7.22. Let ¢ be as above. As in Definition 7.10, we
set %9<o = BIR (yoa)«¥ and 79~y = (Boy)RaY. We therefore get two functors
F(¢)<0 and F(s) <o. We will show that they are compatible with -twisted duality.

Lemma 7.26. There exist unique isomorphisms

T DD) <0 == 7' D (G, T DY) <o == 7' D (*G)

which extend the identity on Al x Al They are functorial, and fit into a bi-duality
commutative diagram, and a similar one by exchanging < 0 and < 0 (and we use

the identity ' D = D™ !):

DI D)< g (DD~
Do) | 2
D[D(*(+)0)] 2 | (bid)< (7.27)
bidT(+)<o | 2
7()<0 T(9)<0

Proof. We will use the cartesian square of open inclusions:

Biov. _
Z

L(L ) ©

N I

you

A'xA =L )Nl ———— L,
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which implies (see [39, Proposition 2.5.11]) (y o a)ie;! = B~1(B, o y.)1 and
o, (yoa)™t = (B, oy) !B, and, by openness, R(y o a)xe; ! = B'R(B, 0 y.)«
and (B, 0 ) ' RBx = Rt (y o).

For any ¢ as above, the previous remark and the first assertion of Lemma 7.25
imply that the following natural adjunction morphism

BioyhRo 9 = (Bioyh(Bio VL)_IRIB*(V ooy — RB«(yoa)¥

is an isomorphism. We have by adjunction (see [39, (2.6.14) & Theorem 3.15]):

Hom((B, 0 y)1Re,+%, RB(y 0 @)¥) = Hom(B™' (B, o y)1 Rt x¥. (y 0 €),¥)
= Hom((y c @)%, (y c a)/¥)
= Hom(¥4,¥),

where the last equality follows from (y o @)' = (y o &)~! (since y o « is open).
Therefore, we can also express the previous adjunction morphism as the adjunction

B.oy) Rt +4 —> RB«B(B. oy )1 Ra,+% = RB«(y 0 a)¥.

Note that it is directly seen to be an isomorphism by dualizing the second assertion
of Lemma 7.25. _
Applying these isomorphisms to D% instead of ¢, the D°(Z, k)-isomorphism

(B.oy) iR DY —> RBs(y o) DY = D(BR(y 0 @)+ ¥)

that we deduce is by definition A<o. Uniqueness follows from the identity of Hom
above. Now, A< is defined in order that (7.27) commutes. It can be defined in a way
similar to A<o by using the two other possible adjunction morphisms, by the same
uniqueness argument. O

The proof of (7.24) now follows: on the one hand, D (p, !.Z[1]) ~ p, (D .%)[1]
since p, is smooth of real relative dimension two, and, on the other hand, Poincaré—
Verdier duality can be applied to R¢, since g, is proper; one concludes by noticing
that ! pt.F = p 1.7, since p, oL = p,.

The proof of the proposition is obtained by applying the same reasoning to each
¢ € Cand Fg‘\SC/T/, y\<0/t/. O

7.8 Comparison of Both Duality Isomorphisms

The purpose of this section is to show that, through the Riemann—Hilbert correspon-
dence .% = PDR* M, the duality isomorphisms (7.21) and (7.23) correspond each
other. We will neglect questions of signs, so the correspondence we prove has to be
understood “up to sign”.
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Let us make this more precise. By the compatibility of the Riemann—Hilbert
correspondence with Laplace and topological Laplace transformations, shown in
Sect.7.5(4), we have a natural isomorphism

(Z. Z)EPDR™ M) ~ (£, L) (M). (7.28)

By using the local duality theorem D PDR*™M =~ PDR™ DM (see [73] and the
references given therein), (7.21) gives rise to an isomorphism

(&, Z)EDPDR™ M) ~ ' [(Z, £)(FPDR™M)]", (7.29)
as the composition
(&, Z)EDPDR™ M) ~ (£, Z)(FPDR™ D M)
~ (Z. Z)(DM) by (7.28) for D M,
~ (2, L) (M) by (7.21),
~ (L, Z)EPDR™ M)]Y by (7.28).

Since both source and target of (7.23) and (7.29) are identical, proving that both
isomorphisms coincide amounts to proving that their restriction to the corresponding
local systems coincide, through the previously chosen identifications. These identi-
fications will be easier to follow if we restrict to the local systems, that is, to T € C*.

From now on, the notation in the diagram (7.1) will be understood with C¥

replacing P!, and we will also consider the restriction po of p to Al x C*. We
denote by .# the Zpi-module localized at co corresponding to M and we set
F = PDR™ M . With this understood, we have

(M)™ = pr(pt # ®E7), F = RpxRws(piRaxp," F).
We now consider the functorial isomorphism
Dp M RE) > D(pT M)RETT ~ pT(DM)RETT. (7.30)

Let us denote by M ™" the restriction of .# to Al. We have a natural isomorphism
of 7 +-modules with connection: (0,d) = (&7, V), sending 1 to e™'" - 1.

Up to this isomorphism, and its dual, the restriction of (7.30) to Al x C* is the
corresponding isomorphism

D(pfM™) = py (DM™).
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On the other hand, the isomorphism associated to (7.30), obtained by using the local
duality theorem:

DPDR(p*.# ® £&'7) —> PDRD (p* .M @ £'7)
S PDR(pH(D.#) ® E'T) (7.31)
restricts similarly to
DPDR(p} M™) — PDRD (p; M™) ~ PDR(p; (D M™)). (7.32)

Recall now that (7.20) (restricted over C}) induces, by applying Rws, an
isomorphism
PDR(p* 4 ® £'7) —> Rw.(BiRaxp,' F).

Hence (7.31) gives rise to an isomorphism
DRw.(BiRasp; Z[1]) — "' Rw.(BiRs p;  (D.F)[1)). (7.33)

by using the local duality D PDRM*" >~ PDRD M*".
On the other hand, the isomorphisms of Lemma 7.26 applied with ¥ = p, 1.7 (1]
also give an isomorphism

D Rw.(BiRaxp; Z[1]) — ' Rw.(BiRax p; (D.F)[1]), (7.34)

since here y = Id and there is no distinction between ’I%SO and 79.,,.

Lemma 7.35. The isomorphisms (7.33) and (7.34) coincide (up to a nonzero
constant).

We first start by proving:

Lemma 7.36. The isomorphisms (7.33) and (7.34) are completely determined by
their restriction to Al x C*.

Proof. We will use the following notation: Ay, is a disc in P! centered at oo, @ :
Aso — A is the oriented real blowing-up, A%, is the punctured disc. The open
subset L/so C 0Ay x C¥ is defined as in Sect. 7.3. In particular, the fiber of @ :
L', — {oo} x C¥ is an open half-circle in @~ !(00, 7). As above, we denote by
Z = B o « the corresponding decomposition of the inclusion j~ AL x CF —
Ago x C%, and we still denote by ij the inclusion 0Aq X CF — Ay x C¥. Let ¥
be a locally constant sheaf on A%, x C?.

Lemma 7.37. With this notation, any automorphism of Rw« B Rax¥ is uniquely
determined from its restriction to A%, x C¥.
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Proof. We notice that Rw,BiRa«¥ is a sheaf, equal to @ pBix«¥: indeed, this
is clearly so for Biax%, whose restriction to dA x C7 is a local system on L',
extended by 0; since @ is proper, it is enough to check that the push-forward of the
latter sheaf is also a sheaf, which is clear.

By adjunction, we have

Hom(Rw«fiRaxY, Rw.fiRu+Y) = Hom(w ' Rw.fiRaxY, fiRaxY)
= Hom(w '@« fiax ¥, frax¥).

On the one hand, i; '@~ @, i« is a local system .#” on dA x C¥, and on
the other hand i 'B1a+% is a local system on L', extended by 0, and is a subsheaf
of the local system 7 := ia_lj;%. If A belongs to Hom(w ~' wy f1ax Y, Proes9),
then 7 ' induces a morphism .#’ — . which vanishes on L, hence is zero.
Therefore, A is uniquely determined by its restriction to A%, x C¥. O

To end the proof of Lemma 7.36, we notice that R @« (B Rax p, ' Z[1]) is of the
form considered in Lemma 7.37 in the neighbourhood of D. O

Proof of Lemma 7.35. According to Lemma 7.36, we are reduced to proving the
coincidence on Al x C*. This is given by Lemma 7.38 below. O

Lemma 7.38. The functorial duality isomorphism D o pf () = p,foD(e), inthe
category of analytic holonomic modules, is compatible (up to a nonzero constant),
via the de Rham functor, to the functorial isomorphism Do p'(e) = pyloD(+)[2]
in the category of perverse sheaves.

Proof. See [47, Corollary 5.6.8]. O

Proposition 7.39. The isomorphisms (7.23) and (7.29) coincide (up to a nonzero
constant).

Proof. According to the relative duality theorem already mentioned, the isomor-
phism (7.29) is also obtained first by applying p to (7.30) and then applying PDR.
By [89, Theorem 3.13], we can first apply PDR to (7.30) and then R py. It is thus
obtained by applying R px to (7.31) or equivalently to (7.33), and then by using
Verdier duality for R py (i.e., commuting D and R py).

On the other hand, (7.23) is obtained by applying R px to (7.34) and then by
using Verdier duality for R px. The conclusion follows then from Lemma 7.35. O



Chapter 8
Real Blow-Up Spaces and
Moderate de Rham Complexes

Abstract The purpose of this chapter is to give a global construction of the
real blow-up space of a complex manifold along a family of divisors. On this
space is defined the sheaf of holomorphic functions with moderate growth, whose
basic properties are analyzed. The moderate de Rham complex of a meromorphic
connection is introduced, and its behaviour under the direct image by a proper
modification is explained. This chapter ends with an example of a moderate
de Rham complex having cohomology in degree > 1, making a possible definition
of Stokes-perverse sheaves more complicated than in dimension one.

8.1 Introduction

Given a meromorphic connection on a complex manifold X with poles along a
divisor D, the asymptotic analysis of the solutions of the corresponding differential
equation, i.e., the horizontal sections of the connection, in the neighbourhood
of D leads us to introduce a space taking into account the multi-sectors where
an asymptotic expansion can be looked for. We introduce in this chapter the
real blow-up spaces that we will encounter later in this book. Together with
these spaces come various extensions of the sheaf of holomorphic functions on
X ~ D. We analyze their relations with respect to complex blowing-ups, since such
blowing-up maps will be an essential tool for simplifying the formal normal form
of a meromorphic connection (see Chap. 11).

These constructions extend, in the many-variable case, those already introduced
in Chaps. 4 and 5.

We conclude this chapter with an example showing a new phenomenon in
dimension =2. This example will lead to the introduction of the “goodness” property
in Chap. 9.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 115
DOI 10.1007/978-3-642-31695-1_8, © Springer-Verlag Berlin Heidelberg 2013
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8.2 Real Blow-Up

Recall that the oriented real blow-up space Ctof Ct along 74, ..., is the space of
polar coordinates in each varlable t;, thatis, the product (S ! ><]R+)Z with coordinates
(e’ 7,pj)j=1.candt; = p;e' % . The oriented real blowing-up map @ : Ct - ¢t
induces a diffeomorphism {p; - - py # 0} =: (CH)* —> (CH* := {1, ---1, # O}.
In the following, we just call them real blow-up space or real blowing-up map.

Real blow-up along a divisor. Let X be a reduced complex analytic space
(e.g. a complex manifold) and let f : X — C be a holomorphic function on X with
zero set Xo = Xo(f). The oriented real blow-up space of X along f, denoted by
X (f),is the closure in X x ' of the graph of the map f/[ f| : X* = X~Xo — S'.
The real blowing-up map @ : X — X is the map induced by the first projection.
The inverse image @ ' (X)), that we denote by 39X, isa priori contained in Xox S!.

Lemma 8.1. We have X = X, x S'.

Proof. This is a local question on Xy. As f is open, for x, € X there exists
a fundamental system (U,,),en of open neighbourhoods of x, and a decreasing
family A,, of open discs centered at 0 in C such that f : U,, — A, is onto, as well
as f 1 Uy = Un ~ Xo — Ay ~ {0}. It follows that, given any e'% ¢ S, there
exists X, € U* with f(x,)/]f(xm)| = €%, 50 (x,.¢1%) € X. O

As a consequence, X is equal to the subset of X x S! defined by the (in)equation
fe™" € Ry, so is a real semi-analytic subset of X x S'.

Let now D be a locally principal divisor in X and let (Uy)qe4 be a locally finite
covering of X by open sets U, such that in each U,, the divisor D is defined by a
holomorphic function f@. The data [Uy, f®]4e4 allow one to define, by gluing
the real blow-up spaces ﬁa(f(“)), a space X (D). Set f@ =u@h £B on U, NUs.
The gluing map is induced by

(Ua N Ug) x (C*/R™) —> (Uy N Up) x (C*/R%)
(x, () — (x, @*Pe mod RY)).

One checks that the space X (D) does not depend on the choices made
(up to a unique homeomorphism compatible with the projection to X).

In a more intrinsic way, let L(D) be the rank-one bundle over X associated
with D (with associated sheaf Oy (D)) and let S'L(D) be the corresponding S'-
bundle. Let us fix a section f : Oy — Ox (D). It vanishes exactly along D and
induces a holomorphic map X* := X ~ D — L(D) ~ D, that we compose with
the projection L(D) ~ D — S'L(D). Then X (D) is the closure in SIL(D) of the
image of X* by this map. From Lemma 8.1 we deduce that dX(D) = S! L(D)p.
If g = u- f withu € I'(X, O%), then both constructions give homeomorphic
blow-up spaces. More precisely, denoting by w s : X ( f) — X the real blowing-up
map obtained with the section f, the multiplication by u induces the multiplication
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by u/|u| on S'L(D), which sends the subspace f(f) to f(g). Moreover, this is
the unique homeomorphism X f) =X (g) making the following diagram

X(f) — X(g)

= | | =

X=X

commute. This explains the notation and terminology for the real blow-up space
of X along D.

Real blow-up along a family of divisors. Letnow (D) ;e be alocally finite family
of locally principal divisors in X and let f; be sections Ox — Ox(D;). The
fibre product over X of the X (D) (each defined with f;), when restricted over
X7 =X~ U D, is isomorphic to X 7. We then define the real blow-up X(D] eJ)
as the closure of X7 * in this fibre product. If J is finite, X (Djey) is the closure in the
direct sum bundle @j S'L(D;) of the image of the section (f;/|f;|)jes on X*.
Itis defined up to unique homeomorphism compatible with the projection to X. We
usually regard X7 as an open analytic submanifold in X (D¢y).

The closure X | (Djey) of X* can be strictly smaller than the fibre product of the

X (D) (e.g.consider X (D, D) for twice the same divisor, and more generally when
the D; have common components). Here is an example when both are the same.

Lemma 8.2. Assume that X and each D is smooth and that the family (D) ;e
defines a normal crossing divisor D = U D; in X. Then X(Djej) is equal to
the fibre product (over X ) of the X(D ) for j € J and we have a natural proper
surjective map X(Djej) — X(D)

Proof. The first assertion is checked locally. For instance, in the case of two divisors
crossing normally, we are reduced to checking that

[(Sl XR+)XC]C>;C[CX(S1 XR+)] ~ (S'xRy) x (S' xRy). O

Corollary 8.3. Under the assumptions of Lemma 8.2, if 7™ is a local system on X *
O\*

and 7 X* — X(Djej) denotes the open inclusion, then R};ﬁz = j«F¥isa
local system on X.

Proof. The question is local and, according to the lemma, we can locally regard j~
as being the inclusion (R* )¢ x (§1)* x C"~* < (R4)" x (8§')* x C"~*, and we are
mainly reduced to consider the inclusion of the open octant (IR’ )¢ into the closed
octant (R )’. Then the assertion is clear. O

Morphisms between real blow-up spaces. For any locally principal divisor D in X
and any integer n = 1, there is a natural morphism &(D) — &(nD), inducing
L(D) — L(nD) and X (D) — X (nD), which is the identity on X*.
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More generally, let (Djcy) be a finite family of locally principal divisors
and let (n;;) (i € I, j € J) be a finite family of nonnegative integers. Set
E =) jhij Dj, so that in particular the support of (E;e;) is contained in the
support of (Djes). Then the identity morphism Id : X — X lifts as a morphism
Y(Djej) — f(EieI). Indeed, for any i € I, one has a natural morphism
b ; L(Dj) — L(E;), and taking the direct sums of such morphisms when i varies
induces the desired lifting of Id.

In particular, if J’ is a subset of J, there is a natural | projection map between the
fibre products, which induces a proper surjective map X (D jer) = X (Djey).

Similarly, defining locally D = | J; ; Dj by the product of the local equations of
the D, we have a proper surjective map Y(Dj ) = Y(D).

Given a morphism 7 : X — X’ and a family (E] ;) of divisors of X', let (Eier)
be the pull-back family in X. Then there is a natural morphism T : X(Eier) —
X' (E!;). In particular, if we are given a family of divisors (D) in X such that
E; = =) ;nijD; forany j (n;; € N), we get a natural morphism 7 : X(Djej) —
X'(E/)).

For example, if 7 is chosen such that the divisor £ = 7*(3_ ;D ;) has simple
normal crossings, we can choose for (E/.;) the family of reduced irreducible
components of E.

8.3 The Sheaf of Functions with Moderate Growth
on the Real Blow-Up Space

We consider as above a locally finite family (D;);es of effective divisors in a
smooth complex manifold X, and we set D = | ;1Djl, where |D;| denotes the
support of D;. Let Ox(xD) denotes the sheaf of meromorphic functions on X
with poles along D at most. It can also be defined as the subsheaf of j.Ox=
(with j : X* = X ~ D < X the open inclusion) consisting of holomorphic
functions having moderate growth along D.

We define a similar sheaf on X := X(D jes), that we denote by ,szi)‘?“"dD - Given
an open set U of X, a section f of ,sa/j(i“"dD on U is a holomorphic function on

U* := U N X* such that, for any compact set K in U, in the neighbourhood of
which D is defined by gx € Ox(K), there exists constants Cx > 0 and Ng = 0
such that | f| < Cx|gx| ™% on K.

Remark 8.4 (Rapid decay). We will also use the sheaf ,QZ 4D of holomorphic
functions having rapid decay along 9X: Given an open set U of X, a section f
of ,sa/;dD on U is a holomorphic function on U* := U N X* such that, for any
compact set K in U, in the neighbourhood of which D is defined by gx € Ox(K),

and for any N € N, there exists a constant Cx y > 0 such that | f| < Cx|gx|"
on K.



8.3 The Sheaf of Functions with Moderate Growth on the Real Blow-Up Space 119

Proposition 8.5 (Faithful flatness, see [79, Proposition 2.8]). Ifdim X < 2, the
sheaves ,Q/;?“OdD and @/}%dD are flat over w='Ox (xD) or w~' Oy, faithfully over

w‘l ﬁx(*D)

Remark 8.6. T. Mochizuki has recently shown similar results in higher dimension.
More precisely, relying on the basic theorems in [50, Chap. VI], he proves the
statement for ,Q%)l(fj D (and more general sheaves defined with rapid decay condition).
Concerning moderate growth, the trick is to use, instead of the sheaf of holomorphic
functions with moderate growth along D, which is very big, the subsheaf of such
functions of the Nilsson class, as in [19, p. 45] (this sheaf is denoted there by .o7og)
or in [55, p. 61] (this sheaf is denoted there by & Nils) This trick is useful when D
has normal crossings. The flatness of this subsheaf is also a consequence of basic
flatness results.

Proof. We will give the proof for &/2°¢?, the proof for /%" being completely

similar. Let us fix x, € D and X, € w~'(x,) C 9X. The case where dim X = 1 is
clear, because szj(@"dD has no Oy -torsion.

Faithful flatness. Notice first that, if flatness is proved, the faithful flatness
over w 'Ox(xD) is easy: If .#,, has finite type over Oy (xD) and
,Qfg%iD ® oy, (xD) H~, = 0 then, extending locally .7, as a Ox (* D)-coherent
module .#, we obtain that .# vanishes on some multi-sectorial neighbourhood
of X, away from w~!'(D). Being Oy (xD)-coherent, it vanishes on some
neighbourhood of x, away from D. It is therefore equal to zero.

Flatness. Proving flatness is a matter of proving that, given fi,...,f, €
Oxx,(xD),if ay,...,a, € .Q%)‘?“f’fdl) (resp. in .Q%)%d}l,)) are such that a; f; + --- +

_ . . . . . . . mod D
a,f, = 0, then (ai,...,a,) is a linear combination with coefficients in .;z%)?},

sXo

resp. in 74P of relations between fi,..., f, with coefficients in Oy . (xD).
P XX P Xo
Notice then that it is equivalent to prove flatness over ¢y, because any local
equation of D is invertible in sz;(l‘%w (resp. in sz)%d?D ), so we will assume below
that fi,..., f, € Ox.,. We argue by induction on p, starting with p = 2.

Case where p = 2. At this point, we do not need to assume that dim X < 2. We can
then assume that f] and f; have no common irreducible component. Let us denote
by g alocal equation of D at x,. Let U be an neighbourhood of X, in X such that
we have arelation a; fi = ax fbon U* = U~dX. By Hartogs, there exists then a
holomorphic function A on U* such that a; = A f; and a, = Af;. We wish to show
that A belongs to r, szj(@"dD).

Let us choose a proper modification e : Z — X, with Z smooth, such that
f1 0e-goe defines a divisor E with normal crossing in some neighbourhood of
e~ (x,). It is then enough to show that A o e has moderate growth along the real
blow-up space dZ of the irreducible components of e~!'(D) in Z, in the
neighbourhood of 27'(%,). By compactness of this set, we can work locally
near a pointZ, € ¢ '(X,). Let us fix local coordinates z at z, = wz(Z,) € Z
adapted to E. We denote by 7’ the coordinates defining e~ (D) and set z = (7, 7"),
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so that fi o e is the monomial ™' Z"™"  The assumption is that, for any compact

neighbourhood K of 7, in Z there exists a constant Cg and a negative integer Nx
such that, on K*, |Aoe|-|Z/|" IZ”I’"” < Ck|Z'|V%. Notice that such a K can be chosen
as the product of a compact polydisc in the variables z” with a compact multi-sector
in the variables /. Up to changing N, this reduces to |A o e| - || < Ck|Z/|V¥.
Fixing |z/| = r/ > 0 and small enough, and using Cauchy’s formula, we obtain
Lol < Cxl/|™x.

Case where p = 3. We argue by induction on p. Assume that we have a relation
arfi+---+ap,f, =0asabove.

Firstly, we can reduce to the case where fi,..., f,—1 do not have a non trivial
common factor §: we deduce a relation (a; f{ + -+ ap—1 f,_)8 +a, f, =0, and
by the p = 2 case, we deduce a relation a; f + -+ +ap—i fp_1 + a;fp of the same
kind.

In such a case, since dim X = 2, we have dim V(fi, ..., f,—1) = 0, so locally

V(fi...., fp—1) = {xo}, and there is a relation Zz—_rl hi fi = 1in Ox,(*D). We
deduce the relation Zl_l (a; +a, fph;) fi = 0, and the inductive step expresses the

vector of coefficients (a; + a, f,h;) in terms of relations between fi,..., f,—i in
Oy x,(*D). The conclusion then follows for fi, ..., f,, by using the supplementary
relation (hy f) fi + -+ (hp—1 fp) fo—1— f» = 0. O

Ifr:X > X'isa proper modification which is an isomorphism X ~ D =
X' < E’, and if E; n*E! = Z nijD; for each i (n;; € N), it induces 7 :
X(D]ej) - X' (E! e1) (With the first assumption, the inclusion |E| C |D| is an
equality.) Then Ty (/24P) = ,sa/;}"dE . Similarly, if @ : X(D,es) — X is the

natural projection, we have @ (Jz{;(l“’d Dy = Ox (D).

Proposition 8.7. With the previous assumption, assume moreover that the divisors
~ ’

> Dj and }; E} are normal crossing divisors. Then R (42/5‘(1‘0‘1D) = sz)%"dE ,

that is, Rk'ﬁ*(szf;(l“’dD) =0fork =1

Proof. Since ;Dj is a mnormal crossing divisor, we can apply the
Dolbeault-Grothendieck theorem on X (D) (see [81, Proposition II.1.1.7]) and
get a c-soft resolution of ,Q/;(l“’dD by the Dolbeault complex of moderate currents
@bl;?d«OdD’(o") on X (which are (0, ¢)-forms on X with coefficients in the sheaf
@b‘)—(‘l"dD of distributions on X ~ D with moderate growth along D). Therefore,
R»ﬁf* (JZ{;(DOd D) _ @bmodD ,(0, ‘) B

Recall that, on an open set U, @b‘)%"dD (U) is dual to the space of C*° functions

with compact support in U which have rapid decay along U N dX. Since 7 is a
modification, for any compact set K in U, setting K’ = 7 (K), the pull-back of
forms 7* identifies C* forms on X’ with support in K’ and having rapid decay
along X’ X’ with the corresponding forms on X with support in K and rapid decay
along X, , and this identification is compatible with the differential, as well as
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with 9 and 9. Dually, the integration along the fibres of 7 of currents identifies

the complexes Tx Dp PO with @b}(ri?dE/’(O") )

X
Lastly, the latter complex is a resolution of .;zf;?“,"d E by Dolbeault—Grothendieck,
since ) _; E] is a normal crossing divisor. |

Remark 8.8. Other variants of this proposition can be obtained with a similar
proof. For instance, we have Rw (Jz%)»(i“"dD) = W« (sz;(llo‘w) = Ox(*D). More
generally, with the assumptions in Proposition 8.7, let ; and J; be subsets of /
and J respectively such that each E; (i € ;) is expressed as a linear combination
with coefficients in N of (Djeys,). Let 71 : X(Djes) — X'(E/;,) be the
morphism induced by 7 between the partial real blow-up spaces. Then, with obvious
notation, R'f*(dg‘(’dD‘(*D)) = .;z%)[?n,OdE/‘(*E/). A particular case is I} = @,
J1 = @, giving RnOx (xD) = Ox/(xE’).

8.4 The Moderate de Rham Complex

We keep the setting of Sect. 8.3. The sheaf Jz{)‘(l“’dD is stable by derivations of X
(in local coordinates) and there is a natural de Rham complex on X (Djes):

DR™P () := {2 L /0P @ 31 @) — )

When restricted to X *, this complex is nothing but the usual holomorphic de Rham
complex.

From now on, we will freely use standard results in the theory of holonomic
Dy -modules, for which we refer to [8,9, 12,38, 62].

Let .# be a holonomic Zx-module which is localized along D, that is, such
that # = Ox(xD) ® g, A . In particular, .# is also a coherent Zx (x D)-module.
We can also regard .# as a Oy (xD)-module equipped with a flat connection V.
If moreover .# is Oy (xD)-coherent, we call it a meromorphic connection with
poles along D (according to [58, Proposition 1.1], it is then locally stably free as a
Ox (* D)-module).

We associate with .Z the moderate de Rham complex

DRmOdD(%) = {MXLnodD ®w—1(%) l) JZ{XLnOdD ®ZD'_1(‘QI ®%X) — }

which coincides with DR(.#') on X *.

Proposition 8.9. Let m : X — X' be a proper modification between complex
manifolds. Assume the following:

1. There exist locally finite families of divisors (E[.;) of X' and (D jey) of X such
that E; .= ”*Ei/ = Zj nijD; withn;; € N.
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2. w:X~D — X'~ E'is an isomorphism.

Let M be a holonomic Px-module which is localized along D. If dimX = 3,
assume moreover that M is smooth on X ~ D, i.e., is a meromorphic connection
with poles along D at most. Let w4 be the direct image of M (as a Dy (xE)-
module). Then

DR™E" (7, ) ~ R7% DR™P (7).

Remark 8.10. We have variants corresponding to those in Remark 8.8.

Preliminaries on meromorphic connections and proper modifications. Let us first
recall classical facts concerning direct images of meromorphic connections by a
proper modification. The setting is the following. We denote by # : X — X’
a proper modification between complex manifolds, and we assume that there are
reduced divisors D C X and E' C X' suchthat 7 : X ~D — X'~ F’
is an isomorphism (so that in particular 77!(E’) = D). We do not assume now
that D or E’ are normal crossing divisors. We denote by Ox (xD) and O/ (*E")
the corresponding sheaves of meromorphic functions.

Lemma 8.11. We have Rn,Ox(xD) = Ox/(xE’).

Proof. The statement is similar to that of Proposition 8.7, but will be proved with
less assumptions. If D and E’ have normal crossings, one can adapt the proof of
Proposition 8.7, according to the Dolbeault—-Grothendieck lemma using currents
with moderate growth. In general, one can argue differently as follows.

Since 7 is proper, one has RFn,Ox(xD) = li_n)lj R¥7,0x(jD). The left-hand

term is equal to Oy/(*E’) R, R*7,0x(xD): indeed, this amounts to proving
that, if /' is a local equation for E’, then the multiplication by f” is invertible on
R¥7,0x (xD); but it is induced by the multiplication by f’ o on &y (% D), which
is invertible since f” o 7 vanishes on D at most (recall that 7~ (E’) = D).

Then,

Oy/(*E') ® lim R* 7, 0% (jD) = lim Oy/(xE") ® R*n.0x(jD)
o 7) 7 0%

(see e.g. [26, p. 10]) and the right-hand term is zero if k > 1, since R* 7. 0x (jD)

is then Oy/-coherent and supported on E’. O

For any k € N we have a natural morphism

Q% (*E') — 1 (Ox(*D) ® 7' Q% (xE")).

a1 Oy

It follows from the previous lemma that this morphism is an isomorphism. Indeed,
on the one hand, the projection formula and the previous lemma give
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L k Lk
Rri(Ox(xD) ® 7 'Q%/(xE")) ~ Rn.Ox(xD) ® Q2% (xE’)
%

J'[flﬁx/

L

~ Ox/(*xE") ® Q% (xE’)
Oyr

~ QN (xE").

On the other hand, since .Qf(, is Ox/-locally free, one can eliminate the “L” in the
first line above, and conclude

m(Ox(xD) ® 7 'Q% (xE")) =~ Q% (xE),
nflﬁx/
R'ny(0x(xD) ® 7 'Q2%(xE))=0 VYk=1

7= Oy

The cotangent map 7"* 7 is a morphism Oy ®,-14,, 71_1.9)1(, — 2} Itinduces
an isomorphism O (*D) ®,-1¢,, n7'2),(xE") — 24 (xD). Applying 7. and
using the previous remark, we get an isomorphism 7.7 *m : .Q;(,(*E’) =
7:82% (*D), and R* w24 (xD) = 0 if k > 1. Since T*r is compatible with
differentials, we get a commutative diagram

d
Ox/(xE') ——— 2},(xE’)

lz Zl”*T*” (8.12)
Tsd

7 Ox(xD) —— w2} (D)

where the upper d is the differential on X’ and the lower d is that on X. Arguing
similarly for each £2% and the corresponding differentials, we obtain an isomorphism
of complexes

DR Oy (*E") —> 74 DR Oy (xD) ~ Ry DR Oy (xD).
Let now .# be a holonomic Zx-module which is localized along D and let us
also regard it as a O (* D )-module with a flat connection V.

Proposition 8.13.

1. The direct image wy.# of # as a Px-module, once localized along E’, has
cohomology in degree 0 at most and this cohomology is a holonomic Dy -module
localized along E’.
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2. We have R*so.tt = 0 for k = 1. Moreover, e/ is equal to the Oy (xD’)-
module underlying w4 .# (*E'), and the connection on the latter is equal to the
composition of sV : wx M — 7 (2% (xD) @ M) with the isomorphism

QY E) @ mudl ~ wu(n ' QY (FE) ® M) —> 1.(24(xD) ® M)
(8.13 %)
induced by o T* 7.

Remark 8.14. Let ®y be the sheaf of vector fields on X. We also have a
morphism Ty @ 7n*@y, — Oy of locally free Ox-modules, which induces
an isomorphism Ty : 7*@yx/(xE’) — Oy (xD). We deduce an isomorphism
meTor :© Ox/(xE’) — mOx(xD). Since the sheaf of localized differential
operators Zx (x D) is generated by Oy (xD) and @y (x D), this implies that there
is a ring isomorphism Zx/(*E’) — m«Zx(xD). The direct image functor 7y
for Z-modules is much simplified in this localized setting. For a holonomic left
Px (xD)-module .#, we have ny.# = mw.«.# (according to the first assertion
of 8.13(2)), where the Px/(x E')-action is obtained through the 7. Zx (* D)-action.

Proof.

1. Since .# has a coherent Ox-module .4 generating .# as a Zy-module
(see [59], see also [60, Theorem 3.1]), it is known (see [34, 54]) that 74 .#
has holonomic cohomology. Moreover, s#* .4 is supported on E’ if k > 1.
By flatness of Oy/(xE’) over Ox:, we have J*(Ox:/(+E') Qe W+ M)
=0y (*E') ®p,, A% (s M). By a theorem of Kashiwara [35, Proposition
2.9], Ox/(xE’) R0, H% () is a holonomic Zx--module and it is localized
along E’ by definition. If £ = 1, it is thus equal to zero.

2. For the first assertion, the proof is similar to that of Lemma 8.11. We use that .#
has a Oy (xD)-generating coherent Oy -submodule: In the case where .Z is a
meromorphic connection, this follows from [58] (see also [60]). In the general
case, one first uses that .# has a coherent Ox-module ./” generating .# as a
Px-module (see [59], see also [60, Theorem 3.1]). Using Bernstein’s theory for
a function locally defining D, one then shows that, locally on D, there exists £
such that (Fy9x)./" generates .4 as a O (xD)-module, where F,Zy is the
filtration by the order. Since 7 is proper, one can find a suitable £ valid on the
inverse image by 7 of any compact set in X’. In this way, we get the vanishing
of Ryt fork = 1.

Using the isomorphism (8.13 *) induced by m.T*m, we regard m.V
sl — 75 (24 (D) ® #) as a morphism

w4V wel — .Q;(/(*E’) ® i M,
and (8.12) shows that it is a connection on m..Z. We denote the resulting

object by 4 (.#, V). Checking that it is equal to Oy/(*D") Q g, Hm M
(in the Zx-module sense) is then straightforward, according to Remark 8.14.
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By definition, we have a commutative diagram

7T+V
Tl — Q}(,(*E’) Q i M

H 2 J 7 (T*7 @ 1d) (8.15)
7wV
sl — 74 (24(*D) ® M)

O

Let us now go in the other direction. Given a holonomic Zx/-module .#’
localized along E’, the inverse image nt. 7' := Dx_oxs ®£_1@X/ n~'#' has
holonomic cohomology (see [35]) and s#* 7+ 4" is supported on D =7~ (E’).
It follows that % (Ox (¥ D) ® g, 7+ .#") =0if k #0 and

H°(Ox (%D) ® at ')y = Ox(xD) ® At )
X X

is holonomic and localized along D, and its underlying Oy (*D)-submodule is
n* M = Ox (D) @ —16,,xE) 7~ '.4'. Denoting by V' the connection on .Z’,
denoted by 71V, is defined as d ® Id + T* 7 (Id ® 7~ V'), where the second term
is the composition of

Id® V' : Ox(xD) ® a ' — Ox(xD) ® N2y, ®.M")
7= Oy (*E’) 7= Oy (*E’)

with

T*r®Id: (Ox(xD) ® 71 'QuLGxE) & o 'a
7= Oy (*E") 7= Oy (*E")

— Q;((*D) 71@@(*1‘:/) 7[_1%/.
g X/

We set 7t (4', V') = (n*.#,7 V'), and this is the localization along D of the

holonomic Zx-module #° (7 .#"), that is, Oy (D) ®oy H(nta).
The natural morphism of Oy (xD)-modules

n*ne M = Ox(*D) ® el — A
71Oy (RE)

induced by the adjunction 7 ~'7r..# — .# is compatible with the connections, so
that it induces a morphism

(M N) — (M)
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which can be regarded as the adjunction morphism at the level of Zx(xD)-
modules. It is therefore an isomorphism, since the kernel and cokernel are localized
holonomic Zy-modules which are supported on D.

Similarly, the adjunction morphism Id — m,7~! together with the projection
formula induces an isomorphism

(M N woxt (V).

In conclusion:

Proposition 8.16. The functors w4 and ©+ are quasi-inverse one to the other.

Proof of Proposition 8.9. One can extend the previous results by replacing
Ox (xD) with ,Qfg"dD and O/ (xE’) with Jz%)?‘?}"dE/. In order to do this, we now
assume that D and E’ have normal crossings. By the first assumption in the
proposition, we have a morphism 7 : X—>X lifting w. By the preliminaries
above, we can write .4/ = Ox (D) ®-15,,(x£/) 7~ L4’ Therefore,

Jz{;(lwdD ® %:M;}godD ® fi—lwl—ljl/'

w10y T lw' " Oy,

Since @/2P (resp. /2 E'y is flat over w10y (xD) (resp. @'~ Oy (xE"))
(dim X < 2) orsince . is locally stably free over O (x D) (dim X = 3), it follows
from Proposition 8.7 and the projection formula that

~ mod D ~ mod D L
R, (I3 ® M) = R (7 ® M)
X am1oyD) Y mlogD)

L
d E’ —1 /
= .;zf)?‘?f’ ® w M

w'_lﬁX/

d E’ —1 ’

= Jz{)%‘," ® w A,
w10
X

and therefore the latter term is equal to 7 (,Q/XL“OC‘D ®u—1gy A ). Arguing similarly
after tensoring with £2X gives that each term of the complex DR™M? 7 is
T«-acyclic and that 7, DR™? % and DR™ E' 4" are isomorphic termwise.
Moreover, the connection 74V on T (,Q/XL“""D ® -1, ) coincides, via a
diagram similar to (8.15) to the connection 74+ V on .;z%)%‘,"d E Qu—16y o'
Extending this isomorphism to the de Rham complexes gives

DR™E" ' = % DR™P z ~ R7%,DR™P 5. 0
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8.5 Examples of Moderate de Rham Complexes

We consider the local setting where (X,0) is a germ of complex manifold, D

is a divisor with normal crossing in X (defined by #;---7; = 0 in some
coordinate system (71,...,t,) and, setting L = {1,...,£}, X = X(D;er), with
D; = {t;, = 0}. We will give examples of computation of moderate de Rham

complexes DR™I2 (£9), with ¢ € Oy o(xD)/Ox.0, and &% := (Ox (xD),d+dg).
In the following, we assume that ¢ # 0in Ox o(xD)/Ox .

Proposition 8.17. Assume that there exists m € N° such that ¢ = t™™u(t) mod
Ox.0, withu € Ox o and u(0) # 0. Then DR™ 2 (&) has cohomology in degree 0
at most.

Proof. This is a direct consequence of theorems in asymptotic analysis due to
Majima [48]. See a proof in [28, Appendix, Theorem A.1]. O

On the other hand, if #(0) = 0, the result does no longer hold, as shown by the
following example.

Example 8.18. Assume that X = C? with coordinates x,y, D = {y = 0} and
¢ = x2/y. Let w : X(D) — X be the real blowing-up of D in X. Then
DR™42(£9) has a nonzero 7.

Proof. By Proposition 8.17, 5! DR™? (£¢) is supported on w~'(0,0) ~ S|,
since ¢ satisfies the assumption of this proposition away from x = 0. In order
to compute this sheaf, we will use a blowing-up method similar to that used in
Chap. 7, in order to reduce to local computations where Proposition 8.17 applies. In
the following, we will fix 6, € S} and we will compute the germ .7#”! DR™” (£¢)
at6,.

Lete : Y — X be the complex blowing-up of the origin in X. It is covered
by two affine charts, Y} with coordinates (x, v) with e(x,v) = (x, xv) and Y, with
coordinates (u, y) with e(u, y) = (yu, y). On Y1 N Y,, we have v = 1/u, and these
are the coordinates on the exceptional divisor £ ~ P'. We still denote by D the
strict transform of D, which is defined by v = 0 in Y} (and does not meet Y>).
We have a natural map ¢ : Y (D, E) — X (D), and by Proposition 8.9, we have
DR™4P(£%) = Re, DR™F(&V) where F=DUE =e¢ ' (D)and = goe.
Restricting to arg y = 6, gives, by proper base change,

A DR™P(£%)g, = H' (77 (8,). DR™F (67)).

Chart Y,. We have Yz = YZ(E) and, on Y2, ¥ = yu? = 0 mod Oy,. Therefore,
according to Proposition 8.17, DR™4E(£Y) has cohomology in degree 0 only
on Y, and 7#° DR™E (£V) is the constant sheaf C. Let us note that ¥, = Al x S5,

so the restriction to arg y = 6, of DR™£ (£7) is the constant sheaf C .
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Chart Y. We have 71 =~71(D, E) and 87”5 = le X Sv1 % [0, 00), where |v| runs
in [0, 00). The mape: 9Y;p — Sy1 is the composed map

SEx 8} x[0.00) — S} xS} — S|
(o, B) —> af,

s0, in this chart, 27'(6,) >~ S' x [0, 00) and we can assume S' = S so that we
can identify 271(6,) in Y to a closed disc having S, as boundary. We also have

Y= x/v.

Claim. The complex DR™A (&Y has cohomology in degree 0 at most on
Yi(D,E).

Assuming this claim is proved, it is not difficult to compute .7 DR™ ¥ (&), .
In the chart Y, this has been done previously, so we are reduced to compute
it on S! (boundary of the closed disc ¢7!(6,)). The #° is zero unless
argx —argv = 0, — 2argv € (7/2,37/2) mod 2.

Conclusion. The complex DR™F(£V), on2~!(6,) has cohomology in degree 0
only, and is the constant sheaf on A U I} U I, extended by O to A, where A is an
open disc in C and /; and I, are two opposite (and disjoint) open intervals of length
7/2 on A. It is now an exercise to show that dim H' ('ev_1 (6,), DRm"dF(é“/’)) =1.

O

Proof of the claim. Let us sketch it. The question is local in the (x,v)-chart, on
S x S!. We blow up the origin in this chart ¥; and get an exceptional divisor
G ~ P! with coordinates v; = 1/uy. On the blow-up space Z;, in the chart Zy;
with coordinates (x, v;), the blowing-up map ¢ is (x,v;) — (x,v = xv;) and we
have n := ¢ oe = x/v = 1/v;. In the chart Z;, with coordinates (1, v), the
blowing-up map ¢ is (u1,v) — (x = u;v,v) and we have n = x/v = u;.

On le‘F, ‘¢’is the composed map

SilxSle[O,oo)—>SilxSv1—>lexSv1

(. B) — (@B, B).

where [u; | varies in [0, 00). On this space, DR™4 7 (£7) is the constant sheaf C.
Similarly, on Z |, € is the composed map

s! xSvl1 x[O,oo)—>S)1xSJl — S!x 8!

(a,y) — (a,ay),

and |v;| varies in [0, 00). On this space, DR™¥ (£7) has cohomology in degree 0
at most, after Proposition 8.17, and is the constant sheaf C, except on |v;| = 0,
argvy & (/2,3m/2) mod 27, where it is zero.
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Let us fix a point (¢?, f°) € S! x S!. We have e !(a?, B°) =~ [0, +00], and
HE DR™E(EV) 4o poy = HF([0, +00], F (g0 poy), Where F(qo po) is the constant
sheaf C if y° := B°a’"! ¢ (7/2,37/2) mod 27, and the constant sheaf on
(0, +00] extended by 0 at 0 otherwise.

In the first case, we have H¥ = 0 for any k > 1, and in the second case we have
H* = 0 forany k > 0. O



Chapter 9
Stokes-Filtered Local Systems Along a Divisor
with Normal Crossings

Abstract We construct the sheaf J to be considered as the index sheaf for Stokes
filtrations. This is a sheaf on the real blow-up space of a complex manifold along a
family of divisors. We will consider only divisors with normal crossings. The global
construction of J needs some care, as the trick of considering a ramified covering
cannot be used globally. The important new notion is that of goodness. It is needed
to prove abelianity and strictness in this setting, generalizing the results of Chap. 3.

9.1 Introduction

After having introduced the real blow-up spaces in the previous chapter, we now
extend the notion of a Stokes-filtered local system in higher dimension, generalizing
the contents of Chaps.2 and 3. For this purpose, we first define the sheaf J of
ordered abelian groups, which will serve as the indexing sheaf for the Stokes
filtrations. The general approach of Chap. 1 will now be used, and the sheaf J will
be constructed in a way similar to that used in Remark 2.23. The present chapter
was indeed the main motivation for developing Chap. 1. We will make precise the
global construction of the sheaf J, since the main motivation of this chapter is to be
able to work with Stokes-filtered local systems globally on the real blow-up space
X(Djes)-

However, the order of a local section ¢ of J is strongly related to the asymptotic
behaviour of exp ¢ on X (D es). This behaviour is in general difficult to analyze,
unless ¢ behaves like a monomial with negative exponents. For instance, the
asymptotic behaviour of exp(x;/x;) near x; = x, = 0 is not easily analyzed,
while that of exp(1/x;x,) is easier to understand. This is why we introduce the
notion of pure monomiality. Moreover, given a finite subset @ of local sections
of J, the asymptotic comparison of the functions expg with ¢ € @ leads to
considering the condition “good”, meaning that each nonzero difference ¢ — ¥
of local sections of @ is purely monomial. The reason for considering differences
¢ — ¥ of elements of @ is, firstly, that it allows one to totally order the elements

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 131
DOI 10.1007/978-3-642-31695-1_9, © Springer-Verlag Berlin Heidelberg 2013
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of @ with respect to the order of the pole and, secondly, that these differences are
the exponential factors of the endomorphism of a given Stokes-filtered local system
having @ as exponential factors, and the corresponding Stokes-filtered local system
is essential in classification questions. Of course, pure monomiality and goodness
are automatically satisfied in dimension one.

The analogues of the main results of Chaps.2 and 3 are therefore proved
assuming goodness. We will find this goodness assumption in various points later
on, and the notion of Stokes filtration developed in this text always assumes
goodness.

9.2 The Sheaf J on the Real Blow-Up (Smooth Divisor Case)

Let X be a smooth complex manifold and let D be a smooth divisor in X. Let
w : X(D) — X be “the” real blow-up space of X along D (associated with the
ch01ce of a section [ : Oy — Ox(D) of L(D) defining D, see Sect. 8.2). We also
denote by 7, j J the inclusions aX(D) — X(D) and X* — X(D)

In order to construct the sheaf J, we will adapt to higher dimensions the
construction of Remark 2.23. We consider_the sheaf ]:ﬁx* and its subsheaf
( J«Ox+)"® of locally bounded functions on X. We will construct J as a subsheaf
of the quotient sheaf j.Ox=/ ( J«Ox+)"® (which is supported on X ). It is the union,
over d € N*, of the subsheaves J; that we define below.

Let us start with J;. There is a natural inclusion w ™' Oy (D) — ﬂﬁx*, and

w0y = w'0x(*xD) N (]~* Ox+)", since a meromorphic function which is
bounded in some sector centered on an open set of D is holomorphic. We then set
31 =w lﬁx(*D) C ]* y<=andJ; = @ l(ﬁx(*D)/ﬁx) C ]*ﬁx*/(]*ﬁx*)lb

Locally on D, we can define ramified coverings p; : Xq — X of order d
along D, forany d. Letpy : X q— X be the corresponding covering. The subsheaf
Ja C ]*ﬁ x+ of d-multivalued meromorphic functions on X is defined as the
intersection of the subsheaves ]* Ox+ and py. *de 1 of pu. *]d *ﬁx* = ]*pd *ﬁx*
As above, we have Jd N (]*ﬁx*)lb = ]*ﬁx* N pd*wd ﬁxd The sheaf Jy
is then defined as the quotient sheaf %/Jd N (]*ﬁx*)lb This is a subsheaf of
JxOx+ ] (G Ox)".

The locally defined subsheaves Jd (and thus J;) glue together as a subsheaf of
]*ﬁ x*, since the local definition does not depend on the chosen local ramified
d-covering. Similarly, J; exists as a subsheaf of }: Ox+/ (}: Ox+)" all over D.

Definition 9.1 (Case of a smooth divisor). The sheaf 7 (resp. J) is the union of the
subsheaves Jd (resp. Jz) of ]*ﬁx* (resp. Jj« ﬁx*/(]*ﬁx*)lb) for d € N*,

Definition 9.2 (J as a sheaf of ordered abelian groups). The sheaf 7~ j* Oxx is
naturally ordered by setting (™! j.Ox+)<o = log MEOdD (see Sect.8.4). In this
way, T inherits an order: I]<0 =7n log .;z% m"dD . This order is not altered by adding

a local section of ( J«Ox+)™, and thus deﬁnes an order on J.



9.3 The Sheaf J on the Real Blow-Up (Normal Crossing Case) 133

Lemma 9.3. For any local ramified covering pa : (X4,D) — (X,D) of
order d along D, p;'Jy is identified with w;'Ox,(xD) and p;'3s with
wd_l (Ox,(xD)/Ox,). This identification is compatible with order.

Proof. The proof is completely similar to that given in Remark 2.23. O

9.3 The Sheaf J on the Real Blow-Up (Normal Crossing Case)

Let us now consider a family (D;c;) of smooth divisors of X whose union D
has only normal crossings, and the corresponding real blowing-up map @
X(Djes) — X. We will consider multi-integers d € (N*)”. The definition of
the sheaves% and J4 is similar to that in dimsnsion one.

Letussetl = (1,...,1) #J terms) and J; = w‘lﬁx(*D) C ﬂﬁx*. Let us
fix x, € D, let us denote by Dy,..., Dy the components of D going through x,,
and set X, € w'(x,) ~ (S")*. Then a local section of w0 (*D) near X,
is locally bounded in the neighbourhood of X, if and only if it is holomorphic in
tlE neighbourhood of x,. In other words, as in the smooth case, w 'Oy (x*D) N
GaOx-)" = o~ (0y).

We locally define J; near x,, by using a ramified covering pa of (X, x,) along
(D X,) of order d = (dy,...,dy), , by the formula J; := Pd.x|@a «Ox,(xD)] N
JuOx+,and Iy by Ig 1= T4 /T4 N (G Ox*)".

The locally defined subsheaves Jg4 glue together all over D as a subsheaf Jd of
]*ﬁx* We also set globally J; = Jd/de N (]* Ox+)®.

Definition 9.4. The subsheaf 7 C ]*ﬁ x* 18 the union of the subsheaves Jd for
d € (N*)’. The sheaf J is the subsheaf fJ/fJ N (]* Ox+)"® of ]*ﬁx*/(]*ﬁx*)“’

Definition 9.5. The order on 7 is given by J<o := J N log &/™ ;‘z’dD . Tt is stable by
/

the addition of an element of (]; Ox)" and defines an order on J.

Lemma 9.6. For any local ramified covering pa : (X4,D) — (X,D) of
order d along (Djey), ﬁ;ljd is identified with w;lﬁxd (xD) and ﬁ;ljd with
w;l (ﬁxd (* D)/ﬁxd). These identifications are compatible with order.

Proof. Same proof as in Remark 2.23. O

Remark 9.7. For any subset I C J, let D; denote the intersection () ;¢; D; and
set Df = Dy~ ey D). Setalso Yy = @~ (D}) C 8X(Djey). The family
% = (Y1) is astratification of d X which satisfies the property (1.43). Moreover,
the sheaf J is Hausdorff with respect to % (this is seen easily locally on D).
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9.4 Goodness

The order on sections of J is best understood for purely monomial sections of J. Let
us use the following local notation. We consider the case where X = A’ x A"~
with base point 0 = (0¢,0,—¢), and D; = {t; = 0} (i € L := {1,...,¢}) and
D = Ule D;. The real blowing-up map

w1 X(Dier) = (SHEx [0, 1) x A" — X = Al x A"

is defined by sending (eie/,,oj) tot; = pjeief G =1,...,0.

e In the non-ramified case (i.e., we consider sections of J;), a germ n at 6 €
(SHY = (SH x 0p x 0,—¢ C (SHE x [0,1)" x A"~ of section of J; is nothing
but a germ at 0 € X of section of Ox (xD)/Ox.

Definition 9.8. We say that 1 is purely monomial at 0 if n = 0 or 7 is the class of
" Uy, with m € NE< {0}, u,, € Oy and u,,(0) # 0. We then set m = m(n) with
the convention that m(0) = 0, so that m(n) = 0 iff n = 0.

For n € Oxo(xD)/Ox, written as Zkezsz,,fg nktk, the Newton polyhedron
NP(n) C R’ x R’rz is the convex hull of R, and the octants kK + R’ for
which 1 # 0. Then 75 is purely monomial if and only if NP(5) is an octant
(—=m,0,_¢) + R" withm € N

If 7 is purely monomial, we have for every 6 € (S')%:

n<,0&n=0or argum(O)—ijjOjG(Jr/2,37r/2) mod 27. (9.9)

If n # 0 and 7 is purely monomial at O, it is purely monomial on some
open set ¥ = (S')* x V (with V an open neighbourhood of 0,_; in A"~¢,
embedded as 0y x V' C [0, 1)¢ x A"~%), and Y, <o is defined by the inequation
arg iy, (v) — Zj m;0; € (w/2,37/2) mod 27, where v varies in the parameter
space V. For v fixed, it is the inverse image by the fibration map (S')" — S!,
(e, . .. ef) s eltmOit=tmib) of 3 set of the kind defined at the end
of Example 1.4. This set rotates smoothly when v varies in V. Similarly, the
boundary St(n, 0) of Yy<o in Y is the pull-back by the previous map of a subset
of S x V which is a finite covering of V. It has codimension one in Y.

e The order on J; is described similarly after a ramification which is cyclic of
order d; around the component D; of D.

For non-purely monomial elements, we still have the following (e.g. in the non-
ramified case).

Proposition 9.10. For every ¢, € I'(U Ox(xD)/0x), the set Yy<, is
subanalytic in Y and its boundary St(p, V) has (real) codimension= 1inY.

Lemma 9.11. Let n € I'(U,Ox(xD)/Cx) and let x € D. Then there exists a
projective modification € : U’ — U of some open neighbourhood U of x in X,
which is an isomorphism away from D, such that D' = |~ (D N U)| is a reduced
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divisor with normal crossings and smooth components, and 1 o ¢ is locally purely
monomial everywhere on D’.

Proof of Proposition 9.10. Setn = ¥ — ¢ = t"u,, with m € Nt < {0} and u,),
holomorphic. We have Yy<, = Y;<o. The purely monomial case (u,, # 0
everywhere on U N D) has been treated above. The statement is local subanalytic
on U, and for any point of U we replace U by a subanalytic open neighbourhood
of this point, that we still denote by X, on which Lemma 9.11 applies. If we

set D' = |J; D, we have natural real analytic proper maps (see Sect.8.2)
R f’(D}eJ) — X.Letusset Y/ =7 !(Y). Then Y e<o = T 1(Y,<0) since e”

has moderate growth near X, € Y if and only if ¢"°® has moderate growth near
any X, € € '(X,), by the properness of . As a consequence, the set ¥ ~ ¥;<o
is the push-forward by & of the set ¥’ ~ ¥, <. Using the purely monomial case
considered previously, one shows that Y’ ~ Y, - is closed and semi-analytic in Y.
The subanalyticity of ¥, <o follows then from Hironaka’s theorem [31] on the proper
images of sub- (or semi-) analytic sets, and stability by complements and closure.
The statement for St(¢, ¥) also follows. O

Sketch of the proof of Lemma 9.11. By using the resolution of singularities in the
neighbourhood of x € U, we can find a projective modification ¢; : U; — U such
that the union of the divisors of zeros and of the poles of 1 form a divisor with
normal crossings and smooth components in U; (so that, locally in U; and with
suitable coordinates, 1 o ¢; takes the form of a monomial with exponents in Z).
The problem is now reduced to the following question: given a divisor with normal
crossings and smooth components D, in Uj, attach to each smooth component an
integer (the order of the zero or minus the order of the pole of 7 o &}), so as to write
D, = D1+ U DY U Dy with respect to the sign of the integer; to any projective
modification &5 : U, — U, such that D; 1= &5 '(D1) remains a divisor with normal
crossings and smooth components, one can associate in a natural way a similar
decomposition; we then look for the existence of such an e, such that D5 and D,
do not intersect.

We now denote Uy by X and D; by D = | jes Dj. The divisor D is naturally
stratified, and we consider minimal (that is, closed) strata. To each such stratum is
attached a subset L of J consisting of indices j for which D; contains the stratum.
Because of the normal crossing condition, the cardinal of this subset is equal to the
codimension of the stratum Dy. We set D(L) = ¢, D;. We will construct the
modification corresponding to this stratum with a toric argument. Let us set £ = #L
and, for each j € L, let us denote by .#; the ideal of D; in Oy.

As is usual in toric geometry (see [14, 24, 74] for instance), we consider the
space R’ equipped with its natural lattice N := Z‘ and the dual space (RV)*
equipped with the dual lattice M. To each rational cone o in the first octant (R4)*
we consider the dual cone 0¥ € (RY)¢ and its intersection with M . This allows us
to define a sheaf of subalgebras Y, c vy A" -+ 7" of Ox(*D(L)). Locally
on Dy, if D; is defined by {x; = 0}, thisis Oy ®clx,....x,] C[o¥ N M], hence this
sheaf of subalgebras corresponds to an affine morphism X, — X. Similarly, to any
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a fan ¥ in the first octant (R)* one associates a morphism X5 — X, which is
a projective modification if the fan completely subdivides the octant. Moreover, if
each cone of the fan is strictly simplicial, the space X 5 is smooth and the pull-back
of the divisor D (L) has normal crossings with smooth components.

We will now choose the fan X. To each basis vector e; of R’ is attached a
multiplicity v; € Z, namely the order of 1 o &y along D ;. We consider the trace H
on (R)" of the hyperplane {(n1,...,n,) € R | 3_;v;n; = 0} and we choose
a strictly simplicial fan in (R4)" such that H is a union of cones of this fan. For
each basis vector (ny,...,ng) € N¢ of a ray (dimension-one cone) of this fan,
the multiplicity of the pull-back of 1 o ¢; along the divisor corresponding to this
ray is given by Y j vjn;. Therefore, for each {-dimensional cone of the fan, the
multiplicities at the rays all have the same sign (or are zero).

The proof of the Lemma now proceeds by decreasing induction on the maximal
codimension £ of closed strata of D which are contained both in D4 and D_. In
the space R’ we consider the various subspaces RY (L C J) corresponding to
these closed strata of D. We subdivide each octant (R )% by a strict simplicial fan
as above. We also assume that the fans coincide on the common faces of distinct
subspaces RY. We denote by X the fan we obtain in this way. In order to obtain
such a X, one can construct a strict simplicial fan completely subdividing (R )’
which is compatible with the hyperplane jesvinj = 0 and with the various
octants (R, )% corresponding to codimension £ strata of D containedin D N D_,
and then restrict it to the union of these octants (R )~. We also consider the sheaves
Y meovon, [jes f;ﬂj C Ox(xD) for o € X, and get a projective modification
ey : Xy — X. By construction, the maximal codimension of closed strata of
ex1(D) contained in ¢3! (D)4 N ezl (D) is < £ — 1. O

For a finite set @ C Ox o(xD)/Ox , the notion of pure monomiality is replaced
by goodness (see also Remark 11.5(4) below).

Definition 9.12 (Goodness). We say that a finite subset @ of Oy (xD)/Ox is
good if #® = 1 or, for any ¢ # ¢ in @, ¢ — ¥ is purely monomial, that is,
the Newton polyhedron NP(¢ — ) is an octant with vertex in —N* x {0,_,} (see
Definition 9.8).

Remark 9.13. Let us give some immediate properties of local goodness (see [81,
1.2.1.4]).

1. Any subset of a good set is good, and any subset consisting of one element
(possibly not purely monomial) is good. If @ is good, then its pull-back &, by
the ramification X; — X is good for any d. Conversely, if @4 is good for some
d, then @ is good.

2. More generally, let /' : X’ — X be a morphism of complex manifolds and let
(Djey) be a family of smooth divisors in X whose union D is a divisor with
normal crossings. We set D’ = f~!(D), and we assume that D’ = Ujrer D;./
is also a divisor with normal crossings and smooth components D}/e ;- We will
usually denote by f : (X', D') — (X, D) a mapping satisfying such properties.
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If @ C Oy, (xD)/0x,, is good, then for any x, € 7 (x,), the subset
(f*Q)X{/) C ﬁx/,x(/)(*D/)/ﬁx/,x(/) is good.

3. Any germ ¢y of Oxo(xD)/CUx, defines in a unique way a germ ¢, €
Oxx(xD)/Ox for x € D N U, U some open neighbourhood of 0. Indeed,
choose a lifting ¢ in Oxo(xD). It defines in a unique way a section ¢* of
I'(U, Oy (D)) for U small enough. Its germ at x € U N D is denoted by ¢ .
Its image in O (* D)/ Oy . is ¢.. Given two liftings ¢ and ¢, their difference
is in Oxp. Choose U so that ¢* and (¢* — ¢*) are respectively sections of
I'(U, Oy (xD)) and I'(U, Oy ). Then these two liftings give the same @,

Similarly, any finite subset @ of Oy (xD)/Ox o defines in a unique way a
finite subset, still denoted by @, of Oy (xD)/Ox . for any x close enough to 0.

Then, if @ is good at 0, it is good at any point of D in some open
neighbourhood of 0. Note however that a difference ¢ — y which is non-zero
at 0 can be zero along some components of D, a phenomenon which causes J¢
to be non-Hausdorff.

4. A subset @ is good at 0 if and only if for some (or any) n € Oxo(xD)/Ox o the
translated subset @ + 1 is good.

5. For a good set @ C Oy o(xD)/Cx,, and for any fixed ¢, € @, the subset
{m(p —¢,) | ¢ € ®} C N is totally ordered (i.e., the Newton polyhedra
NP(¢ — ¢o) form a nested family). Its maximum does not depend on the choice
of ¢, € @, it is denoted by m(®) and belongs to N¢. We have m(®) = 0 iff
#® = 1. We have m(® + n) = m(®) forany n € Oxo(xD)/Ox .

6. Assume @ is good. Let us fix ¢, € @ and set m := m(®). The set {m (Y — ¢,) |
Y € @} is totally ordered, and we denote by £ = £, its submaximum. For any
¢ # ¢, in @ such that m(¢ — ¢,) = m, we denote by [p — ¢,]¢ the class of
@ —@oin Oxo(xD)/Oxo(>_L; D;). For such a ¢, the set

Ply—yole =W EP|[V —@ole =9 —@ole} CP

is good at 0, and m(Pjy—,),) < m = m(®P). Indeed, for any ¥ € Py,
¥ — @, can be written ¢ — @, + ¢y (t) with uy () € C{t}, and the difference
of two such elements v/, ) € Pp,—,,), is also written as 1~ “v(¢) with v(t) € C{t}.

Let X, L C jIé;’L be a finite covering of Y}, (see Sect.9.3). There exists d such

that the pull-back SL a of SL by the ramification Yd — X is a trivial covering
of (St x Dy . Hence there exists a finite set &4 C Ox, (*D)/C, such that the
restriction of £ 4 over (S!)! x {0} is equal to @4 x (S')¢ x {0}. We say that ¥ is
good at0 € D if the corresponding subset @, is good for some (or any) d making
the covering trivial. By the previous remark, if X' is good at 0, it is good in some
neighbourhood of 0 €_D. Moreover, if f : X' — X is as in Remark 9.13(2), if
T, is good at 0 then f (Z‘L) is good at each point of f~ 1(0)
Let us now consider a stratified J-covering S crofX (see Definition 1.46).

Lemma 9.14. If Z‘L is good at 0 € Dy, each 21 is good on some neighbourhood
of 0.
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Proof. Assume first that EL - Y, =(S DL x A"t s trivial and thus EL = dxY,
for some finite good set® C Oxo(xD)/Ox. Then, if A" is small enough, we have
Y= U ved (p(A") and the assertion follows from Remark 9.13(3).

In general, one first performs a suitable ramification around the components of D
to reduce to the previous case. O

Lastly, let us consider the global setting, where X is a complex manifold and
(Djey) is a family of smooth divisors on X which intersect normally, and the sheaf
of ordered abelian groups J on X (Djey) is as in Definitions 9.4 and 9.5. For any
nonempty subset I of J, weset D; = ();¢; Di and D} = D1 ~ U D;.The
family (D7), is a Whitney stratification of D = [

JEJI~I
]EJ

Definition 9.15 (Global goodness). Let us consider a stratified J-covering Hifa
Jé. We say that it is good if each X} is good at each point of Dy.

9.5 Stokes Filtrations on Local Systems

As above, (D ey) is a family of smooth divisors on X which intersect normally, and
the sheaf of ordered abelian groups J on 9X (Djey) is as in Definitions 9.4 and 9.5.

Definition 9.16 (Stokes-filtered local system). Let £ be a local system of
k-vector spaces on 0X (Djey). A Stokes filtration of £ is a J-filtration of &, in
the sense of Definition 1.47. We denote by (.Z, .Z,) a Stokes-filtered local system.

Remark 9.17. We will freely extend in the present setting the notation of Chap. 2
and use some easy properties considered there. In the non-ramified case for instance,
the sheaves £, are R-constructible, according to Proposition 9.10.

Definition 9.18 (Goodness). We say that a Stokes-filtered local system (£, £5) is
good if its associated stratified J-covering X' (.Z) C I, which is the union of the
supports of the various gr %y, (with Y; = w~'(DY)), is good.

Theorem 9.19. Let us fix a good stratified J-covering 3 C 9% and let (Z, ),

(&', be Stokes-filtered local systems on X (D jey) whose associated J-stratified
coverings X (£), (L) are contained in X. Let A : (£, L) — (£, L)) be a
morphism of local systems which is compatible with the Stokes filtrations. Then A is
strict.

Corollary 9.20. If g is good, the category of Stokes-filtered local systems
satisfying X (L) C X is abelian.

This will be a consequence of the following generalization of Theorem 3.5.
Proposition 9.21. Assume that (L), 2(Z) C X for some good stratified
J-covering X C J%. Let A be a morphism of local systems compatible with the

Stokes filtrations. Then, in the neighbourhood of any point of 0X (D jey) there exist
gradations of the Stokes filtrations such that the morphism is diagonal with respect
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to them. In particular, it is strict, and the natural J-filtrations on the local systems
Ker A, Im A and Coker A are good Stokes-filtered local systems. Their associated
stratified J-coverings satisfy

S(KerA) C T(¥), X (Coker A) C £(¥'), X(ImA) C T(L)NI(L).

Preliminary reductions. As in the one-dimensional case, one reduces to the non-
ramified case by a suitable d -cyclic covering. Moreover, the strictness property is
checked on the germs at any point of 3X, so we can work in the local setting of
Sect. 9.3 and restrict the filtered local system to the torus (S')*. We will moreover
forget about the term A"~ and assume that £ = n.

In the following, we will give the proof for a J-local system on the torus (S!)" in
the non-ramified case, that is, J is the constant sheaf with fibre P, = C{ty,...,1,}
[(t;-++2,)71]/C{ty, ..., 1,}. As this sheaf satisfies the Hausdorff property, many of
the arguments used in the proof of Theorem 3.5 can be extended in a straightforward
way for Proposition 9.21. Nevertheless, we will give the proof with details, as the
goodness condition is new here.

Level structure of a Stokes filtration. For every £ € N", we define the notion
of Stokes filtration of level = £ on .2, by replacing the set of indices P, =
Clt,t7"/C[t] (t = t1,...,t,) by the set P, (£) := C[t,t7"]/t7¢C[t] (with t7¢ :=
tl_l -+-1,7tn). We denote by []¢ the map C[t,77']/C[t] — C[t,t7 ']/t~ C[t]. The
constant sheaf J(£) is ordered as follows: for connected open set U of (S')" and
[@]e, [¥]e € Pn(L), we have [Y]; <, [¢]e if, for some (or any) representatives ¢, ¥
inC[t, 71, el"I'G=9) has moderate growth along D in a neighbourhood of U in X
intersected with X *. In particular, a Stokes filtration as defined previously has level
= 0. level = 0.

Lemma 9.22. The natural morphism 3 — J(£) is compatible with the order.

Proof. Let U be a connected open set in (S')" and let K be a compact set in U.
Let n € P, (or a representative of it). We have to show that if e” has moderate
growth along D on nb(K) ~ D, then so does e Lete: X' — X bea projective
modification as in the proof of Proposition 9.10, let € be the associated morphism
of real blow-up spaces, and let K’ C Y’ be the inverse image of K in Y’. Then e
has moderate growth along D on nb(K) ~ D iff ¢"°* has moderate growth along D’
onnb(K’) ~ D’ >~ nb(K) ~ D. It is therefore enough to prove the lemma when 7 is
purely monomial, and the result follows from (9.9). O

Given a Stokes filtration (.Z, .Z,) (of level = 0), we set

Leiph = D Bule<iole L<y-
v
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where the sum is taken in .Z. Then

Legle = Y _ Bule<iole-L<vle = Y_ Byl <igle-L<y-
[Vl ¥

We can also pre-J-filter gr,;, Z by setting, for ¢y € P,
(), D)<y = (Lsy N Lsig + ZLetgr)/ Lty

Proposition 9.23. Assume (£, .Z,) is a Stokes filtration (of level = 0) and let &
be the finite set of its exponential factors.

1. Foreach t € N", Lo, defines a Stokes filtration (£, Le,) of level = L on L,
griy), £ is locally isomorphic to @W, Wle=lele v £, and the set of exponential
factors of (£, L)) is P(L) := image(® — P,(£))

2. Forevery [ple € D), (gry,), £, (gryy, L)) is a Stokes filtration and its set of
exponential factors is the pull-back of [¢]¢ by @ — ®(L).

3. Let us set

(gr[ 2, (gr, f)-) = & (gr[,,,]l Z, (gr[yf][ f)-)-
[Vieed)

Then (gr, Z, (gr, L)) is a Stokes-filtered local system (of level = 0) which is
locally isomorphic to (£, £,).

Proof. Similar to that of Proposition 3.8. O

Remark 9.24. Similarly to Remark 3.9, we note that, as a consequence of the last
statement of the proposition, given a fixed Stokes-filtered local system (¥, % ..)
graded at the level £ = 0, the pointed set of isomorphism classes of Stokes-filtered
local systems (£, Z,) equipped with an isomorphism fy : (gr, -2, (gr, -£).) =
(% ,%, ) is in bijection with the pointed set H ! ((Sl)f, Aut=°(4,, Gr.0)).

Proof of Proposition 9.21. Let @ be a good finite set in P, such that #® > 2. Asin
Remark 9.13(5), letus set m = m(®) = max{m(p — ¢¥) | ¢ # ¥ € @} and let
us fix ¢, € @ for which there exists ¢ € @ such that m(¢ — ¢,) = m. The subset
{m(p — @,) | ¢ € @} is totally ordered, its maximum is m, and we denote by £ its
submaximum (while m is independent of ¢,, £ may depend on the choice ¢,).

Let p € @ — @,. If m(p) = m, then the image of ¢ in (P — ¢,)(£) is
nonzero, otherwise ¢ is zero. For every ¢ € @ — ¢,, the subset (® — @,)y), =
v € @ —¢, | [¥]le = [ple} is good (any of a good set is good) and
m((P — @,)p),) < € < m (see Remark 9.13(6)).

Corollary 9.25 (of Proposition 9.23). Let (£, .%,) be a good Stokes filtration,
let ®" be a good finite subset of P, containing ®( L, %), set m = m(®"), fix ¢, as
above and let £ be the corresponding submaximum element of {m (¢ — @,)|p € ®"}.
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Then, for every [l € (D" —¢o)(£), (gry), L [=¢0l. (&ry), L [—¢0)s) is a good
Stokes filtration and mmax (gr1,;, <L [—@o). (r(y), L [—Po))s) <€ <m. O

Let us fix 6, € (S")" and «,...,, € N* such that ged(ay,...,a,) = L.
The map 0 > (10 + 0,1, ...,0,0 + 6,,) embeds S' in (S')". In the following,
S olc s, denotes this circle.

Let® C P, be good finite set. Let us describe the Stokes hypersurfaces St(¢, ¥)
with ¢ # ¥ € @. Since ¢ — ¥ is purely monomial, it is written uy,, ()t~ with
m = (my,...,my) € N~ {0} and un, (0) # 0. Then

St(g, ¥) = {(91, 10 € (SY | X, m,0; — argum(0) = £7/2 mod 27r},

so in particular it is the union of translated subtori of codimension one. As a
consequence, the circle S, ; s, intersects transversally every Stokes hypersurface. We
call Stokes points with respect to @ the intersection points when ¢, ¥ vary in @.

Lemma 9.26. Let I be any open interval of Sai,(?(, such that, for any ¢, € @,
card(! N St(g, ¥)) < 1. Then there exists an open neighbourhood nb(1) such that
the decompositions (1.38) hold on nb([I).

Proof. A proof similar to that of Lemma 3.12 gives that H (1, Loyr) = 0 for
any ¥. We can then lift for any ¥ € & a basis of global sections of gr,, Z|; as a
family sections of .Z<y|;, which are defined on some nb(/). The images of these
sections in gr,, Zjun(r) restrict to the given basis of gr,, .Z|; and thus form a basis
of gry, Luw(r) if nb([) is simply connected, since gr,, £ is a locally constant sheaf.
We therefore get a section gry, Znp(r) —> L<y|nb(r) Of the projection Ly junr) —
gry ZLnb(1)-

For every ¢ € @, we have a natural inclusion By <, Z<y “— L4, and we
deduce a morphism B cq By<p 2Ty Lun(1) = L<pnb(1)> Which is seen to be an
isomorphism on stalks at points of 7, hence on a sufficiently small nb(/), according
to the local decomposition (1.38). The same result holds then for any n € P, instead
of ¢, since L<) = Y e Py<n-L<, and similarly for the graded pieces. |

Corollary 9.27. In the setting of Corollary 9.25, let us set m = (my,...,m,) and
m =Y, mja;. Let I be any open interval of S of length 7 / m with no Stokes points
as boundary points. Then, if nb(1) is a sufficiently small tubular neighbourhood

of I, (L, L)1y = (gry L, (2ry L)) nv(1)-

Proof. By the choice of m and the definition of m, [ satisfies the assumption
of Lemma 9.26 for both (£, %,) and (gr, .Z, (gr, -£).), hence, when restricted
to nb(/), both are isomorphic to the trivial Stokes filtration determined by gr.%
restricted to nb(7). O

End of the proof of Proposition 9.21. Let A : (£, 4) — (£, %£)) be a morphism
of Stokes-filtered local systems on (S')" with set of exponential factors contained
in @”. The proof that A is strict and that Ker A, Im A and Coker A (equipped with
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the naturally induced pre-P,-filtrations) are Stokes filtrations follows from the local
decomposition of the morphism, the proof of which is be done by induction on
m = m(P"), with @’ = & U @’. The result is clear if m = 0 (so " = {0}),
as both Stokes filtrations have only one jump. The remaining part of the inductive
step is completely similar to the end of the proof of Theorem 3.5 by working on
nb(/) instead of /, and we will not repeat it. We obtain that, for any such 1, A ()
is graded, so this ends the proof of the proposition. O

9.6 Behaviour by Pull-Back

Let f : (X',D’) — (X, D) be a mapping as in Remark 9.13(2). According
to Sect.8.2, there is a natural morphism f X’ (D’,ej,) — X(Dje_]) lifting

f X’ — X. There are natural inclusions j X ~D = X* — X(Djej) and
7 X' ~D =X" L>X(D’,ej,) andwehavefo] =7of.

Let us describe such a mapping in a local setting: the space (X, D) is the
polydisc A" with coordinates (xi,...,x,) and D = {x;---x;, = 0}, and
similarly for (X', D’), and f(0) = 0 in these coordinates. We have coordinates
0O1,...,606,01,..., 00, Xt41,---,X,) ON )?, and similarly for X'. In these local
coordinates, we set f = (f1,..., fx), with

F) = dy (N f(x) = up ()X (9.28)

where i/, (x") are local units, and k; = (kj,....kj¢) € N < {0}. We also have
fi(0) = 0for j = £ + 1. We note that the stratum D, going through the origin
in X' (defined by x| = --- = xj, = 0) is sent to the stratum D going to the origin
in X (defined by x; = --- = x; = 0), maybe not submersively.

When restricted to w’_l(D’L,) defined by the equations p;, =0,/ =1,....,¢,
the map ftakes values in w ! (D) and is given by the formula (with p; = --- =
pe = 0):

> ki +argui(0, x5, ..., x;,)

> kei0] + arguj (0, xz’z/+1’ cea X))

é;,...,0,,x, LX)
, YU M1 ! f[+1(0,x// a""x//)
41 n

(9.29)

S0, xp 4y X))

Gomg back to the global setting, we have a natural morphism f*
f ]*ﬁx* — ] ! Oxr, which sends f (]*ﬁx*)lb to (] Ox+)'®. This morphism

mod D mod D’
is compatible with the order: it sends Flam ¥(D,c oA (D)
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We consider the sheaves J and J on X and 7 and 7’ on X' , relative to the
divisors D and D’.

Proposition 9.30. The morphism f* sends f 10T and induces a~m0rph1sm
f*: f7Y9 — I, which is compatible with the order. Moreover, lff X — Xis
open, the morphism f* is injective and strictly compatible with the order.

Remark 9.31. If dim X = 1, then fis open. Indeed, there are local coordinates
in X’ where f is expressed as a monomial. The assertion is easy to see in this case.

Proof of Proposition 9.30. Let us prove the first statement. It is clear that /* sends
1 to J1- In general, we note that the assertion is local on X and X’ and, given a
local ramified covering pg : Xq4 — X, there is a commutative diagram

/
lod/
X, — X'

gl . lf

Xg — X

for a suitable d’ (this is easily seen in local coordinates in X and X’ adapted to D
and D’). The morphism p/;' f* : 'Oy« — pl' Oy is identified with
g g lﬁX; — ﬁX:; since pg and ,o ., are coverings, and f * is recovered from g*
as the restriction of pfl, (g*) to Ox~ C pfl, ﬁX/*

—1

As we know that g* sends g~ ' @ Loy, (*D) to w ﬁX/ (xD"), we conclude

by applying o/, , and intersecting with j *ﬁ xr+ that f* sends f 19, t0 7, hence

inJ.

For the in N]ectmty statement, it is enough to prove that, if f X' — X is open,
then f*: f~ j*ﬁx*/f (j*ﬁx*)“’ — j X/*/(j* Ox)" is injective. Let y' €
9X’ and set y = f(y/) € dX. Note first that X' = f10X).If V(') is an open
neighbourhood of y’ in X, X', then f (V(y’ )) is an open neighbourhood of y in X by
the openness assumption, and we have

d’

FVON~X = F(VO)~ F710X) = F(V() ~ aX").

If A is a local section of ]7 ?;ﬁx* at y’, it is defined on such a V(y’). If f*A
is bounded on V(y’) ~ dX’, X', then A is a bounded section of & X* 0n the open set
f(V(y )~0X") = f(V()')) ~ X, hence is a local section of f (] Ox=)®.

Let us show the strictness property. It means that, forany y’ € f~!(y), po f <, 0
implies ¢ < 0if ¢ € Jg . Let h be a local equation of D and set i’ = h o f. The
relation ¢ o f <, 0 means |e? o f| < |W/|™Y = |ho f|~" for some N = 0 on
V(y')~9X'. We then have |e?| < |h|7" on f(V(y’))\aX hence ¢ <, 0 according
to the openness of f O
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In general, the map f* may not be injective. Indeed, (in the local setting) given
¢ € Oxo(xD)/0xp, [*¢ may have no poles along D’ near 0 € X'. More
precisely, let ¢ be a local section of J at 0 € X and let X, C J¥ be the image
by ¢ of a small open neighbourhood of 0. Then f* induces a map from f_l f(,
to J*t whose image is equal to gf*«/w

With a goodness assumption (which is automatically satisfied in dimension one)
we recover the injectivity.

Lemma 9.32. Assume that ¢ € Oxo(xD)/Ox is purely monomial. Then,
ffo=0= ¢ =0.

Proof. If ¢ # 0 let us set ¢ = U(x)/x™, where U(x) is a local unit and

m = (my,...,my) € N’ ~ {0}. Using the notation above for f, we have
f*o = U'(x")/x™, where U’ = FrU/u™ -+ -u)" is a local unit and m’ =
miky 4 -+ mgky. Thenm’ € N¥ < {0},s0 f*¢ # 0. O

Corollary 9.33. Let ¢ be a local section of J at 0 € X which is purely monomial.

Then f* in injective on f~'X,. O
We also recover a property similar to strictness.

Lemma 9.34. With the same assumption as in Lemma 9.32, if f *o < 0 (resp.

[ <0)ar(6,,0) € 8X‘/DL/, then ¢ <0 (resp. ¢ <0)at (6,,0) = £(6/,0).

Proof. We keep the same notation as above, and it is enough to consider the case

f*e <0, according to Lemma 9.32. The assumption can then be written as

arg U'(0) — (m1k1 + oo+ myky, 9(2) € (n/2,37/2) mod 2,

where (, ) is the standard scalar product on RY". Notice now that 6, j=1(k;.00)+
arg u’] (0) for j = 1,...,4, so that the previous relation is written as

argU(0) — > “m;6,; € (1/2.37/2) mod 2.

which precisely means that ¢ <, 0. O

Let now (Z,.Z.) be a Stokes-filtered local system on 9X. Its pull-back
(L, Z.) (see Definition 1.33), which is a priori a pre-J-filtered local system,
is also a Stokes-filtered local system (see Lemma 1.40), and its associated stratified
J-coveringis f*(f ! f(iﬂ)) (see Lemma 1.48).

Proposition 9.35. With the previous assumptions on f, let us assume that (£, Z.)
is good. Then f+(<£, %) is also good.

Proof. According to the previous considerations, it remains to check that, if Yisa
good stratified J-covering, then f*( ! X) is also good, and this reduces to showing
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that, if ¢ € Oxo(xD)/Ox is purely monomial, then so is f*¢, a property that we
already saw in the proof of Lemma 9.32. O

9.7 Partially Regular Stokes-Filtered Local Systems

In~the setting of Sect.9.2, let (£, %.) be aNStokes-ﬁltered local system on
0X (D ey) with associated stratified J-covering X equal to the zero section of J‘eg 7
In such a case, we will say that (., .%,) is regular. Then (£, .%.,) is the graded
Stokes-filtered local system with jump at ¢ = O only. The category of regular
Stokes-filtered local systems is then equivalent to the category of local systems on
0X(Djey).

We now consider the case where (£, .%,) is partially regular, that is, there
exists a decomposition J = J’ U J” such that its associated stratified covering ¥
reduces to the zero section when restricted over D(J”)~ D(J’) (recall that D(I) =
UjEI D;). We will set D’ = D(J’) and D" = D(J") for simplicity. Near each
point of D"~ D’ the Stokes-filtered local system is regular. We will now analyze its
local behaviour near D” N D’. We will restrict to a local analysis in the non-ramified
case.

According to Sect. 8.2, the identity map X — X lifts as a map 7 : X =
X(D] cJ) —> X = X(D] ) and we have a commutative diagram

3 3
l / l“’
(9.36)

The boundary 9X of X is w (D) and 0X' = o'~I(D).

We now consider the local setting of Sect.9.4 and we set £ = ¢ + {”,
L'=A{l,... .0 and L” = &' + 1,....£}. If (£, Z,) is a non-ramified Stokes-
filtered local system with associated J covering equal to Y, we assume that X 1D
is a trivial covering of Y, = w (D). Then Y is determined by a finite set & C
Oxo(xD)/Ox . The partial regularity property means that the representatives ¢ of
the elements of @ are holomorphic away from D’, that is, have no poles along D",
thatis also, @ C Ox(xD’)/Ox, and @ defines a tr1v1al stratified J g -covering E’
The map ¢ induces an homeomorphism of 77! X >’ onto X.
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Proposition 9.37. In this local setting, the category of non-ramified Stokes-filtered
local systems on dX(Djer)p, with associated stratified J-covering contained
in s equivalent to the category of non-ramified Stokes-filtered local systems on
X (Djer)|p, with associated stratified J-covering contained in 3, equipped with
commuting automorphisms Ty (k € L").

Proof. Let us first consider the following general setting: .% is a R-constructible
sheaf on Z x (S')¥, where Z is a nice space (e.g. a subanalytic subset of R").
We denote by 77 : Z x (S')¥ — Z the projectionand by p : Z x R¥ — Z x (S")*
the map (z.01,....0c) — (z,e'?, ... e!%). We will also set T = p o .

Lemma 9.38. The category of R-constructible sheaves F on Z x (S)* whose
restriction to each fibre of mw is locally constant is naturally equivalent to the

category of R-constructible sheaves on Z equipped with commuting automorphisms
T, ..., Tk.

Proof. Let o; (i = 1,...,k) denote the translation by one in the direction of the
i-th coordinate in R¥. Then the functor p~! induces an equivalence between the
category of sheaves .% on Z x (S')F and that of sheaves & on Z x R¥ equipped

with isomorphisms cri_I% — & which commute in a natural way. It induces
an equivalence between the corresponding full subcategories of R-constructible
sheaves which are locally constant in the fibres of 7 and 7.

Let ¢ be a R-constructible sheaf on Z x R¥. We have a natural (dual) adjunction
morphism ¥ — 7T'RmY = 7T 'RmY[k] (see [39, Proposition 3.3.2] for the
second equality), which is an isomorphism if ¢ is locally constant (hence constant)
in the fibres of 7 (see [39, Proposition 2.6.7]). This shows that (via R¥7, and 7~1)
the category of R-constructible sheaves on Z x R which are constant in the fibres
of 7 is equivalent to the category of R-constructible sheaves on Z. If now 7 is

a R-constructible sheaf on Z with commuting automorphisms 7; (i = 1,...,k),
it produces a sheaf ¥ = 7~!.# with commuting isomorphisms 0, '% =~ ¢ by
composing the natural morphism o; % ~1.# — 71 with T;. O

Let us end the proof of the proposition. We know that the first category
considered in the proposition is equivalent to that of Stokes-filtered local systems
indexed by @. Each Zx, is locally constant in the fibres of , due to the local
grading property of (.Z, Z,). We can therefore apply Lemma 9.38, since each L,
is R-constructible, to get the essential surjectivity. The full faithfulness is obtained
in the same way. O

Remark 9.39. The statement of Proposition 9.37 does not extend as it is to the
ramified case. Indeed, even if X is regular along D", a ramification may be
necessary along D” to trivialize X|y, (e.g. a local section of Xy, is written
a(y’,y")/y’® for ramified coordinates y’, y”, and a is possibly not of the form

a(y’, x")).



Chapter 10

The Riemann-Hilbert Correspondence for Good
Meromorphic Connections (Case of a Smooth
Divisor)

Abstract This chapter is similar to Chap. 5, but we add holomorphic parameters.
Moreover, we assume that no jump occurs in the exponential factors, with respect to
the parameters. This is the meaning of the goodness condition in the present setting.
We will have to treat the Riemann—Hilbert functor in a more invariant way, and more
arguments will be needed in the proof of the main result (equivalence of categories)
in order to make it global with respect to the divisor. For the sake of simplicity, we
will only consider the case of germs of meromorphic connections along a smooth
divisor.

10.1 Introduction

How to deform a meromorphic bundle with connection (.#,, V,) on a Riemann
surface X, with poles along a discrete set of points D,, as considered in Chap. 5?
Classically one looks for isomonodromy deformations. Let us forget for a moment
the deformation of the Riemann surface itself (i.e., its holomorphic structure) and
the divisor on it, to focus on the deformation of the connection itself, so that the
ambient space of the deformation takes the form (X, D) = (X, x T, D, x T) for
some parameter space 7', that we usually assume to be a complex manifold and
simply connected for a while. If the connection has regular singularities at each
point of D,, it is completely determined by its monodromy representation, i.e.,
the associated locally constant sheaf, and a natural condition for the deformation
is that the monodromy remains constant along the deformation. In other words, the
local systems corresponding to the family of deformed connections form themselves
a locally constant sheaf on X ~ D (since from our assumption 7;(X ~ D) =
m1(X, ~ D,)). By the Riemann—Hilbert correspondence for regular meromorphic
connections, giving such an isomonodromy deformation of the connection is
equivalent to giving a meromorphic bundle with integrable connection (., V)
having regular singularities along D, whose restriction at t = #, € T is equal to
(Ao, V).

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 147
DOI 10.1007/978-3-642-31695-1_10, © Springer-Verlag Berlin Heidelberg 2013
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If we now start from (.#,,V,) with possibly irregular singularities at some
points of D,, the monodromy representation may be a poor invariant to control
deformations. An isomonodromy deformation has then to be taken in the sense
of an integrable deformation of the connection. However, not any integrable
deformation can be allowed. Let us consider the simple case where X, is a
disc and D, is its origin. Assume also that (.#,,V,) = &% ®%,, where
v, € I'(X,, Ox,(xD,))/I'(Ox,) and %, has a regular singularity at 0 € X,. An
isomonodromy deformation deforms %, in a constant way, while it can deform ¢,
as a section ¢ € I'(X, Ox(xD))/I' (X, Ox). However, if ¢, = ar/x* +---4a,/x
with a; € C* in a local coordinate x on X,, it is natural to consider deformations
@(x,t) = ar(t)/x* +---+a(t)/x with ar(t,) = ay (thatis, a,(t) = 0 for £ > k).

Conversely, given a meromorphic bundle with integrable connection (.#, V) on
(X, D), it is a natural question to ask whether it is an isomonodromy deformation
(in the previous extended meaning) of its restriction to some slice (X,, D,), or
not. In order to apply the previous criterion, it is necessary to find a Levelt—
Turrittin decomposition after formalization along D, and possibly after some
ramification around D, and to check whether the exponential factors ¢ behave in
the expected way.

It happens that such a formal Levelt-Turrittin decomposition after ramification
exists generically along D, as follows from a straightforward adaptation to higher
dimensions of the various proofs of the Levelt—Turrittin theorem in dimension one
and by using the integrability property of the connection, but there may exist a
subset S of the parameter space 7" such that, for # € S, the formal the Levelt—
Turrittin decomposition after ramification of the restriction (.#;, V;) is not related
in a natural way to the formal the Levelt—Turrittin decomposition after ramification
of the generic neighbouring restriction (.#;/, V). The points of the subset S are
called turning points of (.#,V) in [1], and we introduce the notion of a good
formal structure along D to specify the properties of (.#, V) which make it an
isomonodromy deformation of its restriction to slices.

Eliminating the turning points is a new problem in the theory. A conjecture in
[81] (and proved in some cases there), asserting that this can be performed by a
locally finite sequence of complex blowing-ups, was proved independently and very
differently by K. Kedlaya [41, 42] and T. Mochizuki [67, 70]. However, the pull-
back of the smooth divisor D acquires singularities under this process, that one can
assume to be of normal crossing type. The analysis of the corresponding situation
will be the subject of Chap. 11.

In this chapter, we restrict ourselves to the case of a smooth divisor in the absence
of turning points, and prove a Riemann—Hilbert correspondence, analogous to that of
Chap. 11, with a parameter. In the approach used in this chapter, the new ingredient
is the Stokes sheaf, which is a locally constant sheaf of (possibly nonabelian) groups.

We consider the following setting:

X is a complex manifold and D is a smooth divisorin X, X* := X ~ D.
e w: X := X(D) — X is the oriented real blowing-up of D in X, so that @ is
a S'-fibration.
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 j: X" Xand 7 X* <> X denote the open inclusions, and i : D < X and
7:0X — X denote the closed inclusions.
e The ordered sheaf J on 0X is as in Definitions 9.1 and 9.2.

Since J% is Hausdorff, the notion of J-filtration that used in this chapter is the
notion introduced in Sect. 1.7.

10.2 Good Formal Structure of a Meromorphic Connection

We anticipate here the general definitions of Chap. 11. Let .# be a meromorphic
connection on X with poles along D (see Sect.8.4) and let x, € D. We say that
M has a good formal structure at x, if, after some ramification p; around D
in some neighbourhood of x,, the pull-back connection p;/// has a good formal

decomposition, that is, denoting by 501 the space Dy = D equipped with the sheaf
ﬁﬁ = lim ﬁxd/ﬁxd(—de),
d <~k

5, ® pit ~ @ (R, (10.1)
Xd

PEDy

where @, is a good subset of Ox, . (xDg)/0x, ., (see Definition 9.12),
&Y = (ﬁﬁd,d + dg¢) and @(, is a free Oy, ., (*Dgy)-module equipped with
a connection having regular singularities along D,;. We will usually make the
abuse of identifying &; C Oy, ., (xDs)/Ox, x, with a set of representatives in
I'(U,0x,(xDy))/I"'(U, Ox,) for some open neighbourhood U of x, in X, (for
instance choose U Stein so that Hl(U, Ox,) = 0).

Remarks 10.2.

1. In the neighbourhood of x,, each *@w is obtained, after tensoring with & B> from
a meromorphic connection with regular singularity, hence is locally free over
ﬁﬁd (xDg). As a consequence, if .# has a good formal structure, it is Oy (x D)-
locally free.

2. In[71, Lemma 5.3.1], T. Mochizuki gives a criterion for . to have a good formal
structure at x,: choose a local isomorphism (X, x,) >~ (D, x,) x (C, 0); if there
exists a good set ®; C Oy, x,(*Dgq)/ O, , defined on some neighbourhood
U C D of x, such that, for any x € U, the set of exponential factors of
O M (xyx(c.0) 18 Pajixix(c.0)> then .4 has a good formal structure at x,.

In [1, Theorem 3.4.1], Y. André gives a similar criterion in terms of the
Newton polygon of .#(}x(c,0) and that of End(.#)|xyx(c,0) (so with weaker
conditions a priori than in Mochizuki’s criterion). Lastly, in [41], K. Kedlaya
gives another criterion in terms of an irregularity function.

3. For any given .# with poles along D, the good formal structure property holds
generically on D (see [58]). Here, we assume that it holds all over D.
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We now associate to a germ along D of meromorphic connection having a good
formal structure a J-covering Y C 9% in an intrinsic way. Notice that, due to the
goodness assumption, the decomposition (10.1) is locally unique, as follows from
the following lemma.

Lemma 10.3. If ¢ — v is nonzero and purely monomial, there is no nonzero
morphism %y — 97V Q R,.

Proof. Since @1/, and @(p are successive extensions of regular formal meromorphic
flat bundles of rank one, one can reduce the proof of the assertion to the case
where both have rank one, and then to proving that for such a rank one object X,
&9~V ® Z has no nonzero section, which can be checked easily by considering the
order of the pole of such a section. O

Recall now that we have locally a cartesian square

ét
. Pa )
p;l jzt N jzt

wa | | »

~ Pd ~
Xy —— 0X

and p; 19, = w; ﬁxd (xDg)/Ox,. The set @, defines a finite (trivial) coverlng
I, C 0y lJe‘ locally on Dd, ‘which is invariant under the Galois group of p, and
is therefore equal to (p N~ (Z‘ ) for some locally defined J-covering Y cC Je‘ The
uniqueness statement above implies that Xy is uniquely determined from ., and
therefore so is X', which thus glues globally as a J-covering X' (.#) all over D, since
the goodness assumption is made all over D. We call X' (.#) the good J-covering
associated to .7 .

10.3 The Riemann-Hilbert Functor

The sheaf ,Q{ mod D s defined in Sect.8.3. Its restriction to 3X will be denoted by

AP We deﬁne the sheaf .<7j5°!” exactly as in Sect.5.2. The Riemann—Hilbert
functor will then be defined as a functor from the category of germs along D of
meromorphic connections on X with poles on D, that is, germs along D of coherent
Ox (xD)-modules with a flat connection, to the category of Stokes-filtered local
systems on 0.X .
Let .# be a meromorphic connection on X with poles along D. We define
R‘;‘e‘,’dD () as in Sect.5.4. The sheaf L< = #°D Rg:;’dD () is naturally
a subsheaf of 1.2, with . := 7'}, DR(#|x+). At this point, we do
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not even claim that %< is a pre-J-filtration of .. Nevertheless, we have defined
a correspondence RH from the category of germs along D of meromorphic
connections on X with poles along D to the category of pairs (', Z<) consisting
of a local system . on X and a subsheaf Z< of u™'.Z. It is clear that this
correspondence is functorial.

Definition 10.4. The Riemann-Hilbert functor RH is the functor defined above.

In order to obtain an equivalence, it is however necessary to have a goodness
assump}ion, that we fix by the choice of a good J-coveringv Y of 83( , 1.e., a closed
subset X C J such that y induces a finite covering  : ¥ — 9X which is good
(see Definition 9.15 with only one stratum). This choice will be made once and for
all in this chapter. We now describe the categories involved in the correspondence.

On the one hand, the category of germs along D of good meromorphic
connections with poles along D and with associated J-covering X'(.#) contained
in X, as defined in Sect. 10.2 above.

On the other hand, the definition of the category of Stokes-filtered local systems
on X with associated stratified J-covering contained in ¥ has been given in
Definitions 9.16 and 9.18.

Lemma 10.5. If .Z has a good formal structure_along D, then RH(#Z) =
(L, Z<) is a good Stokes-filtered local system on 0X, that we denote by (£, £5).

Proof. The question is local on 93X, and we easily reduce to the case where .#
has a good formal decomposition. The Hukuhara-Turrittin theorem with a “good
holomorphic parameter” is due to Sibuya [91,92]. It implies that, near any y € 0X,

A @ M~ AP (D6 ©Ry)), (10.6)
YeD

where each %y is a locally free Oy . (xD)-module (x = w(y)) with a flat
connection having a regular singularity along D. So, by Hukuhara—Turrittin—
Sibuya, we can assume that .# ~ @wecb (&Y ® #y), where @ is good. Arguing on
each summand and twisting by &~V reduces to the case where .# = Z is regular.
In such a case, we have to show that Z« is a pre-J-filtration of ., which moreover is
the trivial graded J-filtration. Since horizontal sections of % have moderate growth

in any meromorphic basis of %, we have, for any y € X, Loy = 2L if
Re(¢) < 0in some neighbourhood of y, and £, , = 0 otherwise. This defines the
graded J-filtration on .Z with @ = {0}, according to Example 2.11 (2). O

Remark 10.7. Unlike the dimension-one case, the complex DR‘;‘é?dD(/// ) has
cohomology in degrees # 0 even if .# = % has regular singularities along D,

as shown by Example 8.18.
The main result of this chapter is:

Theorem 10.8. In the previous setting, the Riemann—Hilbert functor induces an
equivalence between the category of good meromorphic connections with poles
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along D and associated J-covering contained in X, and the category of Stokes-
filtered local systems on dX with associated J- -covering contained in z.

10.4 Proof of the Full Faithfulness in Theorem 10.8

Let us start with a statement analogous to Theorem 5.3:

Lemma 10.9. Let .# be a germ at x, € D of meromorphic connection with
poles along D. Assume that, after some ramification pg of order d around D,
the pull-back connection satisfies (10.6) near any y € w~'(x,), where every
entering in the decomposition is purely monomial (see Definition 9.8). Then

w#° DR™P (L) = #°DR(A).

Proof. The complex DR(.#) is regarded as a complex on D (i.e., we consider the
sheaf restriction to D of the usual de Rham complex, since .# is a germ along D).

We first claim that DR™? (_7) (see Sect. 8.4) has cohomology in degree 0 at
most. This is a local statement on dX. Assume first d = 1. By the decomposi-
tion (10.6), we are reduced to the case where .#Z = &Y ® #, and by an argument
similar to that used in (2) of the proof of Theorem 5.3, we reduce to the case where
M = &V, where ¥ is purely monomial. The assertion is then a consequence of
Proposition 8.17. If d = 2, as .# is locally stably free (see [58]), we can apply the
projection formula

ﬁz,*(%mw" ®w; (pf M) = (ﬁd,*%%dl)d)(@w'_l///,

and, as py is a covering or degree d, py. *Jz%m(’d ba (Jz{m"d Dyd ocally on §X . This

isomorphism is compatible with connectlogs hence, applylng this to the moderate

de Rham complex gives that, locally on 9X, DR™?(_#) is a direct summand of

Ry« DR™P4 (ot 7). By the first part of the proof, and since py is finite, the

latter term has cohomology in degree zero at most, hence the claim for general d .
As indicated in Remark 8.10, we have

Rw.DR™P(#)=DR(.#) in D°(X). (10.10)
Recall that this uses

R, (o/3?  © o)

w1 Oy (*D)
_ mod D L —1
_Rw*(%x BT ///) (10.11)
L
= (Rw. %) © M (10.12)
Ox(*D)

=M. (10.13)
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where (10.11) holds because .# is locally stably free, (10.12) because of the
projection formula, and (10.13) because of Proposition 8.7 and .7 is locally stably
free. Extending this to DR™?? (_#) as in the proof of Proposition 8.9 gives (10.10).
By the first part of the proof, the left-hand side of (10.10)is R w.7#° DR™2( 7).
Taking .7#° on both sides gives the lemma. O

Corollary 10.14. The Riemann—Hilbert functor in Theorem 10.8 is fully faithful.

Proof. The proof is similar to that given in dimension one (Sect.5.4), as soon as
we show that Lemma 10.9 applies to #Zom g, (#,.#") and that the analogue of
Lemma 5.13 (compatibility with .7Zom) holds. The point here is that the goodness
property for .#, .#" does not imply the goodness property for SFom(.# , . 4").
But clearly, if Hukuhara-Turrittin-Sibuya’s theorem applies to .#, /", !, it applies
to Homep, (M ,.#"). Moreover, since E(///) E(//l) C X and X is good, the
assumption of Lemma 10.9 holds for s#ome, (A, #"). The argument is similar
in order to prove the compatibility with JZom. O

10.5 Elementary and Graded Equivalences

Recall that D denotes the formal completion of X along D, and 05 :=
Liﬂlk Ox/Ox(—kD).Let M be a coherent & 5 (*D)-module with a flat connection.

We assume that it is good, that is, (10.1) holds for ////\ near each point x, € D, with
a good index set @, .

Proposition 10.15.

1. Locally at x, € D, any irreducible good coherent 05 (%D )-module M with a
flat connection takes the form pg (&% ®9?5d ), for some d = 1, some purely
monomial ¢ € Ox,«,(*Dg)/Ox, ,, and some free rank-one Ox, ., (*Dg)-
module Z with a connection having regular smgularltles along Dg.

2. Locally at x, € D, any good coherent '+ (*D) module /// with a flat connection

has a unique decomposition M= D, My, where

e Each ///a is isotypical, that is, takes the form pg, 4+ (&% ® %’a‘ B, ), for some
dy = 1, some purely monomial ¢, € Ox,, »,(*Da,)/Ox,, x,, and some
free Ox,, x,(*Dgy,)-module %y, with a connection having regular singularities
along D.

e Each pg, + &% is irreducible.

o Ifoa# B, pa,+E% # pay+E7.

IBe careful that the notation . will have a different meaning in Chap. 11.
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3. Assume D is connected. Then, any good coherent O (xD)-module M with a
flat connection and associated J-covering Y hasa unique decomposmon M =
Ps 5, ///,, where 2, runs among the connected components of Y and each ///, is
globally isotypical, i.e., has associated J-covering equal to S‘:

Proof. The proof of (1) and (2) is similar to the analogous statements when
dim X = 1, see the unpublished preprint [7], see also [86, Proposition 3.1 &
Corollary 3.3]. Then (3) follows by local uniqueness. O

Definition 10.16 (Good elementary meromorphic connections). Let .#Z be a
coherent Oy (xD)-module with a flat connection. We say that .#Z is a good
elementary connection if, locally near any x, on D and after some ramification p,
around D, pj +_# has a decomposition as @ ca, (6¥ @ X,) with a good set Py,
and where each %, is a free Oy, «,(*Dg)- module of finite rank with connection
having regular singularities along D. We then denote it by ..

Proposition 10.17. The formalization functor Of ®gype is an equivalence
between the category of elementary germs of meromorphic connection along D
with associated J-covering contained in X (full subcategory of that of germs
along D of meromorphic connections) and the category of formal connections
along D with associated J-covering contained in X .

Proposition 10.18. The RH functor induces an equivalence between the cate-
gory of elementary germs of meromorphic connection along D with associated
J-covering contained in X' and the category of graded J-filtered local systems on
dX with associated J-covering contained in X.

Proof of Propositions 10.17 and 10.18. We notice first that, for both propositions,
it is enough to prove the equivalence for the corresponding categories of germs
at x, € D for any x, € D, to get the equivalence for the categories of germs
along D. Indeed, if this is proved, then, given an object in the target category, one
can present it as the result of gluing local objects for a suitable open cover of D.
By the local essential surjectivity, one can locally lift each of the local objects, and
by the local full faithfulness, one can lift in a unique way the gluing isomorphisms,
which satisfy the cocycle condition, also by the local full faithfulness. This gives the
global essential surjectivity. The global full faithfulness is obtained in a similar way.

Similarly, it is enough to prove both propositions in the case where the cover-
ing X is trivial: if the equivalence is proved after a cyclic covering around D, then
the essential surjectivity is obtained by using the full faithfulness after ramification
to lift the Galois action, and the full faithfulness is proved similarly.

In each category, each object is decomposed, and the decomposition is unique
(see Lemma 10.3). Moreover, each morphism is also decomposed, by the goodness
property. One is then reduced to proving the equivalences asserted by both
propositions in the case when X' is a covering of degree one and, by twisting, in
the regular case, where it is standard. O
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10.6 Proof of the Essential Surjectivity in Theorem 10.8

The important arguments have already been explained in [85, Sect.Il.6]. They
are an adaptation to the case with a good parameter, of the arguments given in
[52,53]. We will not recall all details. Firstly, as already remarked in the proof of
Propositions 10.17 and 10.18, one can reduce to the case of germs at a point of D
and it is enough to consider the case where X is a trivial covering. This is the
setting considered below. "

Let (£, %.) be a good Stokes-filtered local system on 9X with associated
J-covering contained in X. Our goal is construct a germ .#p of meromorphic
connection along D with RH(.#Zp) ~ (£, Z.).

Step one. The good Stokes-filtered local system (.£,.%,) is determined in a
unique way, up to isomorphism, by the graded Stokes filtration gr.% and an
element of H'(3X, ﬂm<0(ugr$)) (see Proposition 1.42). On the other hand, by
Proposition 10.18, the graded Stokes filtration gr.# is isomorphic to RH(.Z*") for
some germ along D of good elementary meromorphic connection .2

Lemma 10.19. Let End™ P (.#®") be the sheaf of horizontal sections of
%‘;‘%’dD Q@ Home, (M, M) and let End P (M) be the subsheaf

of sections with coefficients in sz;%D of holomorphic functions on X*
having rapid decay along 3X. Then End™ P (L) = End(pgr L) <o and
(c/'ndrdD(%el) = gnd(ﬂgrg)<0~

Proof. This is a special case of the compatibility of the Riemann—Hilbert functor
with s#om, already used above, and similar to Lemma 5.13. O

We denote by Aur™ P (.#) the sheaf Id + End™ P (.#"). Then AutP (4" =
At~ (g L).
Step two. Consider the presheaf .75 on D such that, for any open set U of D,
Fp(U) consists of isomorphism classes of pairs (.#, L), where .# is a germ
along U of meromorphic connection on X and A is an isomorphism .# 5 = ae.

Lemma 10.20. The presheaf ¢} is a sheaf.
Proof. See [85, Lemma 11.6.2]. O

Similarly, let us fix a graded Stokes-filtered local system gr.Z’° with associated
covering contained in Y, and let Stp be the presheaf on D such that, for any
open set U of D, 8tp(U) consists of isomorphism classes of pairs [(Z, £,), ],
where (£, Z,) is a Stokes-filtered local system on dX|y and A is an isomorphism
gr.l ~ gr .Zj’l’] of graded Stokes-filtered local systems. In particular, the associated

covering ) (Z, Z.,) is contained in x.
Lemma 10.21. The presheaf Stp is a sheaf.

Proof. The point is to prove that, given two pairs [(.Z, .Z.),I] and [(&', Z! ). N 1,
there is at most one isomorphism between them. If there exists one isomorphism,
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we can assume that (&', Z)) = (&,.%,) and we are reduced to proving that an
automorphism A of (£, %,) is completely determined by grA. Arguing as in the
proof of Theorem 3.5, locally with respect to D, there exists a local trivialization
of (£, %.,) such that A is equal to grA in this trivializations. It is thus uniquely
determined by gr A. O

Remark 10.22. Lemma 10.21 is not needed for the essential surjectivity, it is given
by symmetry with Lemma 10.20. Note that the main argument in Lemma 10.20 is
the faithful flatness of &5 over Oy p. The corresponding argument after applying
RH comes from Theorem 3.5.

Step three. Arguing as in [52], we have a natural morphism of sheaves
Jp — 8tp.

where the left-hand side is associated to .#®' and the right-hand side to RH(.Z*").

Theorem 10.23. This morphism is an isomorphism.
Proof. See [85, Theorem I1.6.3]. O

Remark 10.24. The proof uses the Malgrange—Sibuya theorem on w~'(x,) ~ S',
and a base change property for the Stokes sheaf 8tp is needed for that purpose (see
[85, Proposition 6.9]). Note also that it is proved in loc. cit. that the Stokes sheaf
Stp is locally constant on D.

Step four. We can now end the proof. Given a good Stokes-filtered local system
(&, %), we construct .#% with RH(.#Z®) ~ gr.?, according to Proposi-
tion 10.18. We are then left with a class in H'(9X, .Aut<0(,ugr.$)). This defines
a global section in I"(D, 8tp) (in fact, Lemma 10.21 says that it is a global section
of 8tp on D). By Theorem 10.23, this is also a class in I' (D, #7), that is, it defines

a pair (A, X). It is now clear from the construction that RH(.#Z) ~ (¥, .%4,). 0O

Remarks 10.25. 1. One can shorten the proof above in two ways: firstly, one
can use directly a version of the Malgrange—Sibuya theorem with a parameter;
secondly, one can avoid the introduction of the sheaves .}, Stp, and use the
full faithfulness of the Riemann—Hilbert functor to glue the locally defined
meromorphic connections obtained by applying the local Riemann—Hilbert
functor. This will be the strategy in the proof of Theorem 12.16. Nevertheless, it
seemed interesting to emphasize these sheaves.

2. One can deduce from the base change property mentioned in Remark 10.24 that,
if we are given a holomorphic fibration 7 : X — D (such a fibration locally
exists near any point of D) with D (smooth and) simply connected, and for a
fixed good J-covering TofdX = w ~1(D), the restriction functor from germs
of meromorphic connections along D with associated J-covering contained in z
to germs of meromorphic connections on 77" (x,) with associated J-covering
contained in X|—1(,) is an equivalence of categories. A similar result holds for
Stokes-filtered local systems.
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Such a result has been generalized by T. Mochizuki to the case where D has

normal crossings (see [72]).
3. The arguments of Sect. 10.5 are useful to prove the analogue of Proposition 5.10,
that is, the compatibility with the formal Riemann—Hilbert correspondence,

which also holds in this case.



Chapter 11
Good Meromorphic Connections
(Formal Theory)

Abstract This chapter is a prelude to the Riemann—Hilbert correspondence in
higher dimensions, treated in Chap. 12. We explain the notion of a good formal
structure for germs of meromorphic connections having poles along a divisor with
normal crossings.

11.1 Introduction

Understanding the notion of a good formal decomposition—which is the good
analogue in higher dimensions of the Turrittin—Levelt decomposition in dimension
one—leads to solving new questions, compared to the one-variable case or the
smooth case away from turning points, when considering the formalization along
a variety of codimension > 2. For instance, there may be the question whether the
set of exponential factors can be represented by convergent elements; or whether
a given formal lattice can be lifted as a convergent lattice of a meromorphic
connection. This chapter is therefore dedicated to proving such lifting properties,
from the formal neighbourhood of a point to an ordinary neighbourhood, when
the meromorphic connection is assumed to have a good formal structure along a
normally crossing divisor at the given point.

The usefulness of the formal goodness property for a meromorphic connection
lies in the consequences it provides in asymptotic analysis. This goodness property
is strong enough to be used in the proof of the many-variable version of the
Hukuhara—Turrittin theorem, that we have already encountered in the case of a
smooth divisor (proof of Lemma 10.5). This theorem will be proved in Sect. 12.4.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 159
DOI 10.1007/978-3-642-31695-1_11, © Springer-Verlag Berlin Heidelberg 2013
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11.2 Preliminary Notation

All along this chapter, we will use the following notation, compatible with that
of [70]:

e A is the open disc centered at 0 in C and of radius one, and X = A”, with
coordinates t1, ..., f,.
« D is the divisor defined by []/_, z; = 0.
e Forany I C{l,....£}, D; =), {ti =0}, and D(I°) = (Jj<¢ D;. It will be
J €l

convenient to set L = {1,..., £}, so that D is the stratum of lowest dimension
of D.
e D; is D; endowed with the sheaf lim Oy /(tic1)¥, that we denote ﬁﬁ (it is

sometimes denoted by & <D —). A germ f €05 Bb,.0 1s written as Y vent Sot] with

Jv € 0(U N Dy) for some open neighbourhood U of 0 independent of v.
« We will also denote by 0 the origin endowed with the sheaf 05 := C[1, ..., 1,].

Example 11.1. If £ =n = 2, wehave D; = {t; = 0}, D, = {t, = 0}, D1 = {0},
D(1°) = Dy, D(2°) = Dy, D({1,2}°) = D(@) = @. Givena germ f € C{t|, 12},
we can consider various formal expansions of f":

o f = Yien fi(l)(tz)t{ in Op, , where all fi(l)(tz) are holomorphic in some
common neighbourhood of #, = 0.

e f=> jeN fj(z) (tl)tzj in ﬁAz, where all fj(z) (t1) are holomorphic in some
common neighbourhood of #; = 0.

e f= Z(i,j)eNz f,-jt{tzj,with fij e C.

These expansions are of course related in a natural way. We will consider below the

case of meromorphic functions with poles on D.

Any f € Oxp(xD) has a unique formal expansion f = > ., fot” with
Jv € Op, . When it exists, the minimum (for the natural partial order) of the
set {v € Z' | f, # 0} U {0} is denoted by ord"(f). It belongs to (—N)* and
only depends on the class f7 of f in Ox o(xD)/Ox . With this definition, we have
ord?(f) = 0 € (=N)!iff f; = 0 € Oxo(¥D)/Ox,. As in Definition 9.12, we
then set m( f,) = —ord () € N* for some (or any) lifting f of f; .

Similarly, for I C L and f € Oxo(xD), the minimum (for the natural partial
order) of the set ({v € Z' | f, # 0} ~ Z!") U {0}, when it exists, is denoted
by ord! (f). It belongs to ((—N)[ ~ Zlc) U {0¢}, and only depends on the class f;
of fin Oxo(xD)/Ox(*D(I°)). We have f; = 0 iff ord’ () = 0,. We then set
m(f;) = —ord! (f) € N for some (or any) lifting f of f; in Oxo(xD). We will
also denote by m; € N’ the I-component of m € N’. Then, when ord’ ( f7) exists,
f] = Olffm1 =0.

As a Op, p-module, Ox o(xD)/Ox o is isomorphic to

@ (00,0007 ClD).

@£JCL
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Under such an identification, we have forany I C L:

Oxo(+D)/Oxo(:DU) = @ (6,086 7Cl1;")).
@#JICL C
INI£D

Lemma 11.2. A germfe O5(xD)/ Oy belongs to Ox o(x D)/ Ox o iff forany i € L,
the class f; of f in O5(x D)/ O5(x D(i%) belongs to O o(x D)/ Ox o(* D(i)).

Proof. We also have a decomposition of 05(xD)/ 05 as a O, -module:

@ (onp, ®ETVCH;'D).

@+JICL

Then, a germ f\belongs to Oxo(xD)/Ox, iff, for any J # @, its J-component
has coefficients in Op, o. The assumption of the lemma means that, for any i € L
and for any J C L with J # @ and J > i, the J-component of ]/’\has coefficients
in Op, o. This is clearly equivalent to the desired statement. O

11.3 Good Formal Decomposition

Case of a smooth divisor. Let us first revisit the notion of good formal decom-
position in the case where D is smooth (i.e., #L = 1), as defined by (10.1).
We will have in mind possible generalizations to the normal crossing case, where
formal completion along various strata will be needed. Let .# be a meromorphic
connection on X with poles along D;. We wish to compare the following two
properties:

1. . has a good formal decomposition along D near the origin, that is, there exists
a good set ® C Oxo(xD,)/Ox and a decomposition stable by the connection

///51 = ﬁﬁl,o Q M ~ @ ///‘A

Dy’
Ox0 YED e

where, for each ¢ € @, the & 51’0(* D)-free module with integrable connection
//4 B, 18 isomorphic to (&Y ®Ay)p, for some germ Z, of meromorphic
connection with regular singularity along Dy, and &¢ = (Oxo(*D;),d + dg).
2. The formal germ .7 = My = O;R¢y, A has a good decomposition
along Dy, thatis, there exists a good set ®C OU5(x D)/ 05 and a decomposition
M= D My with My ~ (7@ Ty),
peP

where Z; is a regular O(* D1)-connection.
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Problem 11.3. Let .# be a meromorphic connection with poles along D,. If the
formalization . satisfies (2), is it true that @ C Oxo(xD1)/Oxp (set then

D = 5) and that A satisfies (1)?

The problem reduces in fact, given a local basis  of the J5(xD;)-module M
adapted to the decomposition given by (2), to finding a local basis e of the
Ox o(*Dy)-module .7 such that the base change e = ¢ - Pis given by a matrix in
GL(05) (while there is by definition a base change with matrix in GL(&5(% D1))).
Notice also that, according to [58, Proposition 1.2], it is enough to find a basis e 5 of
M 5, with a similar property with respect to . The solution to the problem in such
a case is given by Lemma 11.23 below, in the particular case where I = L = {1}.

The conclusion is that, even in the case of a smooth divisor, the two conditions
may not be equivalent, and considerations of lattices make them equivalent.

General case. Let @ be a finite subset of Oxo(xD)/Oxp. There exists an
open neighbourhood U of 0 on which each element of @ has a representa-
tive ¢ € I'(U, Ox(*D)) (take U such that H'(U,0x) = 0). Let I be a
subset of L. Then the restriction of ¢ to U ~ D(I°) only depends on the
class ¢y of ¢ in Oy (xD)/Oy(xD(I°)). We denote by @; the image of @ in
Oxo(xD)/Ox o(xD(I°)).

Definition 11.4 (Good decomposition and good formal decomposition).

1. Let .# be a free ﬁA(*D) module equipped with a flat connection V.l —
.QA ® M. We say that A has a good decomposition if there exist a good finite

set ® C U5(* D)/ Oy (see Definition 9.12) and a decomposition

M=@ My with My ~ (7 @ Ty), (11.4 %)

ped

where @a is a free 05(* D)-module equipped with a flat regular connection.

2. Let ./ be a free Oy o(*D)-module equipped with a flat connection V : .#Z —
2 )1(’0 ® /. We say that .# has a punctual good formal decomposition near the
origin if, for any x € D in some neighbourhood (still denoted by) X of the
origin, the formal connection 0% (xD) ® s, .# has a good decomposition.

3. Let ./ be a free Oy o(* D)-module equipped with a flat connection V : .#Z —
.Q)lm ® /. We say that .Z has a good formal decomposition if there exists a
good finite set ® C Oxo(xD)/Cxp and for any I C L and any ¢; € @; a

free 0, ((*D)-module 1@(/, , equipped with a flat connection such that, on some

neighbourhood U of 0 where all objects are defined, I,@w /D2 is regular, and there
is a decomposition

Mynpe = Oynpe ﬁu® Mu~puy = D Mynpe,,- (11.4 %)

~D(I¢) Q€D

where Df := D; ~ D(I°), and My e, = (9 @' %y)) 1y pe-
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In the previous definition, for a germ .# of Oy o(* D)-module with connection,
we consider a representative in some neighbourhood of the origin, and a represen-
tative of the connection.

Remarks 11.5.

1. We note that the property in Definition 11.4(3) is stronger than the notion
introduced in [81], as the same set @ is used for any stratum D} whose closure
contains the stratum D going through the base point 0.

Note also that this property is open, that is, if .# has a good formal
decomposition then, for any x € D N U (U small enough), .#, has a good
decomposition with data @, C Oy (*D)/0x, and %, . That @, is good
has been checked in Remark 9.13(3), so .# satisfies Definition 11.4(2) near the
origin.

2. On the other hand, in Definition 11.4(2), we do not insist on the relation between
the various @- The point which will occupy us later is whether we can choose
qlgx C Oxx(xD)/0Ox, instead of qu C 0Ox(xD)/C%. This is one difference
between dimension one and dimension > 2. In dimension two, this has been
positively solved in [81, Proposition 1.2.4.1]. In general, this will be stated and
proved in Theorem 11.7 below.

3. These definitions are stable by a twist: for instance, M has a formal
@-decomposition iff for some 7 € O5(xD)/ 0, EN"® M has a (D + 7)-
decomposition.

4. In [70], T. Mochizuki uses a goodness condition which is slightly stronger than
ours (see Definition 9.12). For our purpose, the one we use is enough.

Lemma 11.6. If .# has a good decomposition, this decomposition is unique
and @ is unique. Moreover, this decomposition induces on any Og(x D)-submodule
invariant by the connection a good decomposition.

Proof. For the first point, it is enough to prove that, if ¢ # Iﬁ € 05(xD)/ 05, then
there is no nonzero morphism &% ® @a - &' ® @@. This is analogous, in the case

of normal crossings, of Lemma 10.3, and amounts to showing that & V=% ® 7 has
no horizontal section, when Q? is regular. We can even assume that @ has rank one,
since a general Z is an extension of rank-one regular meromorphic connections.
So, we are looking for horizontal sections of (05(xD),d + dij + w) with 7 €

O5(xD)/ 65,7 # 0, and w = S widti ), w; € C.

Assume that f € 05(* D) is a nonzero horizontal section. Then forany i € L, it
satisfies #;0;, (f) + 1,0, () - f + w; f = 0. Let us consider its Newton polyhedron
(in a sense slightly different from that used after Definition 9.8), which is the convex

hull of the union of octants v + Rﬂ_ for which ﬁ # 0 (see Notation in Sect. 11.2).
By assumption, there exists i € L for which the Newton polyhedron of #;9,, (7)) is

not contained in Rﬂ_. Then, on the one hand, the Newton polyhedron of ; d,, (7)) - j/”\ is
equal to the Minkowski sum of that of f and that of #; 9, (1)), hence is not contained
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in that of f On the other hand, the Newton polyhedron of ;d;, ( f) + a),-f is
contained in that of f Therefore, the sum of the two corresponding terms cannot
be zero, a contradiction.

For the second point, we argue by induction on #®, the result being clear if
#®d = 1, since regularity is stable by taklng submodules. By twisting /// we
can assume that the regular part ///reg of ./ is nonzero, and thus the inductive
assumption applies to ///m. We have a decomposition M = //lreg ® //lm Let A
be a 51(* D)-submodule of M stable by the connection. Denoting by N (resp.
N reg) the i image of of N by the projection M — My (resp M~ ///reg) we have
N C N @ N and, by the inductive assumption, N decomposes according
to the decomposition of ///m (and N s regular). We can therefore assume that
Nree — ////\reg and AT = ///m, that is, the two prOJectlons of N to ///reg and
///m are onto. We wish to show that, in such a case, N = ///reg &) ///m in a way
compatible with the connections, and it is enough to show that tk 4 = rk 7.

__Assume first_that ///m has rank one. If rkJV < rk//l then tk ¥ = rk
M —1 =1k ///reg, and thus the surjective map N = ///reg is an 1s0m0rph1sm
It follows that </V — ///m is zero, according to the first part of the lemma, which
contradicts the surjectivity assumption.

In general, due to the decomposition of ////;r and the fact that any regular
meromorphic connection has a rank-one sub-meromorphic connection, there exists
arank-one formal meromorphic sub-connection //Z;l C /Z/; Let us denote by JT/I\
its inverse image in A and by //Zng the image of JT/I\ by the projection to //Zeg.
We have a commutative diagram of exact sequences

0 M N NN — 0
0 —— regl — v//reg — v//reg/'%regl — 0

where the first two vertical morphism are onto, hence so is the third one. But
e/f/\/ M > //lm / //lm 1 s purely 1rregu1ar hence the first part of the lemma 1mp11es
that ///reg////regl =0,i.e., ///regl = ///reg Applylng the prev1ous case toJV shows
that rkJV rk ///reg + 1, and thus tk N = rk ///reg + rk ///m O

With the previous definition of a (punctual) good formal decomposition, it is
natural to set the analogue of Problem 11.3, namely, to ask whether, given ., the
existence of a punctual good formal decomposition of .# (near 0) comes from a
good formal decomposition of .. This is a tautology if dim X = 1.

Theorem 11.7 (T. Mochizuki [70, 72]). Let .# be a free Cyxo(*D)-module
equipped with a flat connection. If 4 has a punctual good formal decomposition
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near the origin, then M has a good formal decomposition near 0, so in particular
the sets &, C O3x(xD)/0% (x € D near 0) are induced by a single subset
D C ﬁX,O(*D)/ﬁX,O

Remark 11.8. In dimension two, T. Mochizuki already proved in [70] that the
theorem holds with the a priori weaker condition of the existence of a formal good
decomposition of .#;. However, due to known results on the generic existence of a
good decomposition (see e.g. [58]), the weaker condition is in fact equivalent to the
stronger one.

The difficulty for solving Problem 11.3 (under Condition 11.4(2) in dimen-
sion = 3) comes from the control of the formal coefficients of the polar parts of
elements of @, like a(xy) /x’f. The original idea in [70] consists in working with
lattices (that is, locally free &'y-modules) instead of & (x D)-modules. The notion
of a good lattice will be essential (see Definition 11.13 below). One of the main
achievements in [72] is to prove the existence of good lattices under the assumption
of punctual formal decomposition of .#. This was already done in dimension two
in the first version of [70].

The proof of Theorem 11.7 is done in two steps. In [72], T. Mochizuki proves
the existence of a good lattice (see Proposition 11.19). The second step is given by
Theorem 11.18 below, which follows [70]. We will only explain the second step.

Definition 11.9 (Good meromorphic connection). Let .#Z be a meromorphic
connection with poles along a divisor D with normal crossings. We say that .#
is a good meromorphic connection if, near any x, € X, there exists a ramification
pd : Xq — X around the components of D going through x,, such that p;//l has
a good formal decomposition near x,, (Definition 11.4(3)).

Remark 11.10. It follows from Theorem 11.7 and from the second part of
Lemma 11.6 that any sub-meromorphic connection of a good meromorphic
connection is also good. In particular, such a Oy (* D)-submodule is locally free.

Remark 11.11 (Existence after blowing-up). As recalled in Sect. 10.1, the basic
conjecture [81, Conjecture 1.2.5.1] asserted that, given any meromorphic bundle
with connection on a complex surface, there exists a sequence of point blowing-
ups such that the pull-back connection by this proper modification is good along the
divisor of its poles. Fortunately, this conjecture has now been settled, in the algebraic
setting by T. Mochizuki [67] and in general by K. Kedlaya [41]. The natural
extension of this conjecture in higher dimension is also settled in the algebraic case
by T. Mochizuki [70] (see also the survey [68]) and in the local analytic case by K.
Kedlaya [42].

Remark 11.12 (The stratified J-covering attached to a good meromorphic
connection). Let ./ be a germ at 0 of good meromorphic connection with poles
on D at most. Assume first that .# has a good formal decomposition indexed by
a good finite set @ C Oxo(xD)/Ox . If U is small neighbourhood of 0 in D on
which each ¢ € @ is defined, the subset g‘w—l(u) = Ugeo p(w~'(U)) C 5§
defines a stratified Jy-covering of @ ~!(U) relative to the stratification induced by
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the (Y7)rcr (see Sect.9.3 for the notation). If .# is only assumed to be good
(Definition 11.9), i.e., has a good formal decomposition after a ramification of
order d, one defines similarly a subset glmfl(U) of J‘éi‘, hence of J%, which is a
stratified J-covering with respect to the stratification (Y;);cy.

By the uniqueness of the decomposition, this set is intrinsically attached to .#,
and therefore is globally defined along D when . is so. We denote it by ) (A).

11.4 Good Lattices

It will be implicit below that the poles of the meromorphic objects are contained
in D. The following is due to T. Mochizuki [70].

Definition 11.13 (Good decomposition and good lattice).

1. Let F be a free U5-module equipped with a flat meromorphic connection v
F — Q%(*D) ® F. We say that F has a good decomposition if there exist a

good finite set ®C O5(xD)/ 05 and a decomposition

(F.V) = @ (FV)  with (FY) ~ (E? @ R, V),

Ped

where I/Q\a is a free ;-module equipped with a flat meromorphic connection v
such that V is logarithmic and (E?, V) = (0, d + do).

2. Let F be a free Oy y-module equipped with a flat meromorphic connection V :
F — 9)1(,0(*1)) ® F. We say that (F, V) is a (non-ramified) good lattice if
(F,V)§ := 05Rpy,(F, V) has a good decomposition indexed by some good
finite set ®.

In order to better understand the notion of a good lattice over Oy, we need
supplementary notions, using the notation of Sect. 11.2. Moreover, it will be useful
later to distinguish between the pole set of @ and that of the connection, and we will
introduce a supplementary notation. Let K C L a non-empty subset and set D’ =
D(K) = ;e Di. Similarly, for I C K, we still denote by /¢ the complement
K ~ I and we will use the notation D’(I°) for | J;¢,c D;. This should not lead to
any confusion. In a first reading, one can assume that K = L and set D’ = D.

Definition 11.14 (/-goodness). Let / be a subset of K. We say that a finite
subset @; of Oxo(xD')/Oxo(xD'(I°)) is good if #®; = 1 or for any
@1 # Yy in @, the order ord’ (¢; — ¥;) exists (so belongs to (—N)X ~ Z!°)
and the corresponding coefficient of ¢ — ¥, for some (or any) lifting of
@1 — Y1, does not vanish at O (in other words, ¢; — v is purely I-monomial).
Setting m(¢; — Y1) = —ord’ (¢; — 1), for any fixed ; € ®;, the set

{m(pr — Y1) o1 € @, 01 # Y1} € (N < Z1°) x {0k}
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is totally ordered and its maximum, which does not depend on the choice of
V1 € @y, is denoted by m(®P;). If #@; = 1, we set m(P;) = 0. We have similar
definitions for a subset ®; C O5(xD")/ O5(x D' (1°)).

Definition 11.15 ($ and @;-decompositions, T. Mochizuki [70]).

1.Let I C K. Let (IF IV) be a free Op ;-module with flat meromorphic
connection and let @; be a finite subset of ﬁx 0o(xD")/Oxo(xD’'(I°)). We say

that (IF , IV) has a @;-decomposition along D if there is a decomposition

(F.N)= @ (F,. V) with ('E,.V) ~ (E?” ® 'R,,. V).
Y1 €P]

with (E?1,1V) = (05, 0-d + dg;) for some (or any) lifting ¢; of ¢; in
05, o(xD'), and ('Ry,.'V) is I -logarithmic, that is,

V(R,) € 'Ry ® (2} (0g D)+ 25 (+D'(1)).

i.e., is logarithmic only partially with respect to D(/ U (L ~ K)), but can have
poles of arbitrary order along D’(I°), although its residue along each D; (i €
I U (L ~ K)) does not have higher order poles. We have a similar definition for
a subset @; C Op O(*D/)/ﬁA O(*D (I°)). We say that (IF IV) has a good
D - decomposztzon along D if @1 is good.

2. Let (F,V) be a free Oy p-module with flat meromorphic connection. If there
exists @ € Oxo(xD’)/Oxp such that, denoting by @; the image of @ in
Oxo(xD")/Oxo(xD’'(I%)), (F, V)‘D has a good @;-decomposition for any
I C K in a compatible way with respect to the inclusions I C I’ C K, we
say that (F, V) has a good formal @-decomposition.

Example 11.16. If / = K, Definition 11.15(1) reads as follows: (KF, V) is a
free 05 by o-module with flat meromorphic connection which has a decomposition
indexed by ® C Oxo(xD")/ O of the form

(F59) = @ (R ¥)  with (°F,.9) = (670 "R, ")
(S

and (Kﬁ LKV ) is Op, o-free and logarithmic with poles along D. Tensoring
(KI? KV ) with & produces (I? , §) having a good decomposition as in
Definition 11.13(1).

As a consequence, we see that if (F, V) has a good formal decomposition with
good set @ of exponential factors (in the sense of Definition 11.15(2)), then (F, V)
is a non-ramified good lattice in the sense of Definition 11.13(2). The converse is
the content of Theorem 11.18 below.
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Remark 11.17. We have stability by twist: For any lifting n of a given n; €
Oxo(xD")/Ox o(xD'(I°)), (F, ¥ + dn) has a (®; + n;)-decomposition iff
('F, V) has a ®;-decomposition.

If (II?, Iﬁ) has a @;-decomposition at 0, it has such a decompositionon D; N U
for some neighbourhood U of 0. If the @;-decomposition is good at 0, it is good in
some neighbourhood of 0. The same property holds for a formal @-decomposition.

Theorem 11.18 (T. Mochizuki [70]). Let (F,V) be a free Ox o-module with flat
meromorphic connection. If (F,V) is a (non-ramified) good lattice (see Defini-
tion 11.13(2)) with formal exponential factors ®C O5(xD")/ O, then @ is equal to
a subset @ of Ox o(xD")/ Ox o and (F,V) has a good formal ®- decomposztzon at0
(see Definition 11.15(2)).

Let us emphasize the following result which will not be proved here.

Proposition 11.19 ([72, Proposition 2.18]). If .# satisfies the assumption of
Theorem 11.7, then any good lattice of ./ can be locally lifted as a good lattice
of A (near the origin).

Remark 11.20. One can find more properties of good lattices in [70], in particular
good Deligne—-Malgrange lattices, which are essential for proving the local and
global existence of (possibly ramified) good lattices, extending in this way the result
of Malgrange [58, 60], who shows the existence of a lattice which is generically
good.

11.5 Proof of Theorem 11.18

We first generalize to the present setting the classical decomposition with respect to
the eigenvalues of the principal part of the connection matrix.

Let U be some open neighbourhood of 0 in X and let I C L. Set O; =
O(xD; N U)t].

Lemma 11.21 (Decomposition Lemma). Let IF be a free Or-module with a flat
connection™V : 'F - 'F ® Q) , (D). Let (IFA, IVA) denote the formalization of
(IF, V) at the origin. Assume that there existm € N —{0},i € I anda O 5 -basis
ofll% such that, setting I' = I ~{i} and O = O;/1; 0y,

1. m; > 0.
2. The matrix of IVﬁ in the given basis can be written as t ™2, where the entries

of 2 are in Qﬁl(log D).
3. If 20 denotes the component of 2 on de; /t;, then ﬁ(i)(O) = diag(ﬁl(i)(O),
.@él) (0)) where .@fl) (0), 5/2\;’)(0) have no common eigenvalues.
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Then, after possibly shrinking U, there exists a Oy-basis of IF such that the matrix

of IV in the new basis is t 7™ (82 + t; B), where 2 has entries in 52101/ (log D), B has

entries in Qlo, (log D), both are block-diagonal as .@“’(0) is, and §2(0) = .’Q\(O)
Moreover, such a decomposition (IF\, I/V\) = (11/7\1 , Iﬁ) &) (11/7\2, Iﬁ) is unique.

Proof. Set t; = t;0,, for j € L and tr; = 9, for j ¢ L and let us denote
by 2U) the matrix of Iﬁ@r, in the given basis of /F5. Let us first notice that, due to

the integrability condition and to the inequality 2m > m, the matrices QU )(0) and
20U)(0) commute, hence (3) implies that £2(0) = diag(£2;(0), £2-(0)).

The first step consists in proving that the assumptions of the lemma hold for the
matrix of 'V in any O;-basis of /F which coincides with the given basis of /F; at
the origin. Since the matrix of t’"’ﬁ,j in some basis of I% has no pole, it has no
pole in any basis of 11?6. Applying this to a basis of 1]?6 induced by a basis of II?,
this implies that the matrix of t’"’ﬁ,j in any basis of / F has no pole, so (2) holds.

If we choose a O;-basis which coincides with the given basis of II/% at the origin,
then (3) holds.

Second step. It consists in proving that, up to shrinking U, there exists a O;-basis
of 'F which coincides with the given basis when restricted to the origin, such
that the matrix of 'V in this basis can be written as t (2 + t; A), with £2
in [2(1)1, (log D), A € 24, (logD), 2 = diag(£2,2,) and 2,(0) = £4(0)
(¢ =1,2). R R R

The operator ™'V, sends #;'F to itself and its residual action on 'Fjp, defines
a Oy-linear operator R;. By assumption, the characteristic polynomial y g, )(7")
decomposes as y(T) - x3(T) with a;(0)x%(T) + a2(0)x5(T) = 1 for some
a1(0),a,(0) € C. It follows that there exist a, € Oy’ and y, € Oy [T] (@ = 1,2)
such that xg, (T') = y1(T)- x2(T) and a; x1(T) + a2 x2(T) = 1, up to shrinking U .
Then IﬂDi = Ker y1(R;) ® Ker y»2(R;) and the matrix of R; decomposes into two
block in a basis adapted to this decomposition. Moreover, we can realize this so that,
at the origin, the matrix of R;(0) is 2 (0).

For each j # i, let £2\/) be the matrix of 'V, , in the basis that we have obtained.
The commutation relation [/ ﬁfl. M 6; ;] = O and the fact that 2m > m imply that .Ql%?
commutes with Q‘(gi . Therefore the associated endomorphism preserves Ker y1(R;)
and Ker y»(R;), that is, Q‘%) is block-diagonal. Hence, the matrix of t’"’?,j in a

basis of /F lifting the previous one takes the desired form.
Third step. Let §2, A be as obtained in the second step. Let us start with the

component 1" (20 41, AD) of t ™™ (£2 +1; A) on dt; / t;. We wish to find a change
of basis G = Id +(t,-0Y ti(f( ), where X, Y have entries in Oy, such that the matrix of
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™IV, in the new basis is 20) + 1; B, where B has entries in O; and is block-
diagonal as £2. The matrix G has to be a solution of the equation

2 +4B" 0 )_(in’+tiA(lil) A )

t"0,G =G- i i i i i
! ( 0 2 + 1B nAy Q) +14,45)

which reduces to
B = Al —uAQY. B = AQ - ialx
and
20X - X2 = AT = ,[AN) X = XAL) + 2 XA5) X + "7V (10, + DX]

and a similar equation for Y. The assumption implies that the determinant of the
endomorphism Z (.Q{i) 0z -2z .Qy) (0)) is not zero. Choose U such that the
determinant of Z + (.in)Z —Z .Qg)) does not vanish on U. We then find a (unique)
solution of the equation for X (resp. Y') by expanding X (resp. Y') with respect to #;.
Let us write £ ™ (£2 + t; B) the matrix of / V after the base change induced by G.

The integrability condition is now enough to show that the matrix B is block-
diagonal. Indeed, let us denote by

o (szf” +4BY 4BY )
() () ()
li le 'Qz +i Bzz

the matrix of Iﬁfj. Then the integrability condition [/ 6;1., Iﬁfj] reads on the off-
diagonal blocks as

a8y~ B2 = u[8BY ~ BB "o+ 1 m) )
whose unique solution is Bl(é) = 0, as seen by expanding Bl(é) with respect to #;,
since Z +> (Qf” Z—-Z Qéi)) is invertible. Therefore, the matrix of 1@;‘ is also
block-diagonal in the new basis.

For the uniqueness, we are reduced to proving that there is no nonzero morphism
between ('F, V) and ('F’ . I¥) (with obvious notation). The proof is similar. O

Remark 11.22. The previous lemma also holds when one replaces O; with &%, by
forgetting the first step.

Proof of Theorem 11.18. We start with:

Lemma 11.23. Let I C K and let (II?, Iﬁ) be a free O, (-module with flat
meromorphic connection. Assume that there exists a good finite subset ® C
OU5(xD")/ O; such that the formalization (F, IV)a at 0 satisfies:

('F, V) = @A(Iﬁa’ V). with ('F5 5. 'V) ~ (E?® R;. V), (11.23%)
)
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where R R
VR; C Ry ® 2;(log D) (11.23 %)

for any ¢ € @. If ®; denotes the image of @ in O5(xD")/ O5(xD'(I°)), then @,
is equal to a subset @1 of U5 ((xD")/05 ((xD'(I%)), and ('F.N) has a
@ -decomposition.

Proof. The proofis by induction on #®,. Assume ﬁrs&#@l’\z 1, that is, = {@r1}.
Then for any lifting ¢ of ¢; in O5(xD’)/ 05 and any Y € @, d({ — @) has poles in
D’'(I°¢) at most, hence we have

(V—dp)'F; c 'Fy® (5261(1og D) + 961(*0’(16))).

Writing this in some basis of IFA induced by a 05 b, 0-basis of IF implies that @y
belongs to the quotient O, 0(*D’)/ 0(*D (r¢ )) and we denote it by ¢;, hence
the first statement. After a twist by é” @ for some lifting ¢; of ¢;, we can then
assume that ¢>1 = 0, and we choose ¢ = 0. Then

N c'F® (.Qal(log D) + .Qal(*D’(IC))),
and this implies
NIFc'F® (Q%I’O(log D)+ 8k ’0(*D’(1°))),

which is the &;-decomposition with ¢; = {0}. R

Assume now that #@; > 2. Then #® > 2 and m := m(®) # 0. Moreover, the
I-component m is nonzero. Let i € I be such thatm; > Oandset I’ = I — {i}.

Assume first that there exists ¢ € @ with ord*(@) = —m. Set C :=
(t’”a)(O) C C. Note that #C > 2 since m # 0. Consider the decomposition
coarser than (11.23 x) indexed by C: (II?, I§)6 = B.cF B VC). It satisfies
the assumptions of the Decomposition Lemma 11.21. Applying its existence part,
we find a decomposition (II? Iﬁ) D.cc( A ), so the matrix of 1Y takes
the form 17" (82 + #; B) where B is now block-diagonal as £2. Let us set QDC =
{(pe<1§ | ¢~™@)(0) = c} Then @ = U.®, and, as m; # 0, @, = Ll(b
Thus, for every ¢ € C, #¢c,1 < #@1. By the uniqueness in the Decomposmon
Lemma 11.21 (in the variant of Remark 11.22), we have

(II?Cs 16(‘)0 = @ (E‘\(ﬁ(8 Iﬁas 6)s
ped,

so that each (IE, i@) satisfies tl}g assumption of the lemma. We conclude
by induction on #®; to get that &, C Op, ((xD')/Op, ((xD'(I°)) and the
®@;-decomposition of (/ F, I§). R

Assume now that there is no ¢ € @ such that ord”(¢) = —m. Then there exists
f € O05(xD")/t™™ 0y such that ord"(¢ — f) = —m for any § € @ (and equality
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for some ¢ € 5). It is thus enough to prove that f € 05, oD/t 05, and

(see Lemma 11.2) this is equivalent to showing that, for any i € K, the class ﬁi)
of fin O5(xD")/t;™ ﬁa(fD’(ic)) belongsto O ((xD')/t;™ O ((xD'(i°)). It
will then be denoted by f().

Letus fix i € K and set /) = YV i1 FP177 . Let us prove by induction on

k €{0,...,v; —m; — 1} that f' v € Op,np,(xD")/ ;™ Op p, (xD'(i)). For
any ¢ € @ we can write ¢ = f + 177 with 7 € 05. Because of (11.23 ), for
any § € @ we have (16,,.3,1_ — 1 3(’/7/3@-)11?5@ C 11’55@ and thus, for any k as above,

(tiw Ivtiar, Z(’u —; f(llutz )IF’(;,(’,? C tik+l . IFZ)\,(,E(*D/(Z'C))’
hence also
k
(50, = Yo = v Tl ) oy € e By ).

This implies (taking k = 0) that 7" 6,,.3,[ IF c'F (xD’(i®)), and by induction that
the induced & B,0D; o(x D’(i%))-linear endomorphism

k—1
(t,.”"’@,.a,l. —Z(vi—u)f(’lﬂt,) tf TF(+D/(i%)/tf ' F(+D'(i))
n=0

— tf TF D) /f T TF (D' ()

acts as (v; — k)flilk Id. It follows that
R = 4 € 05,05, (D177 65, 0, (xD' (). 0

End of the proof of Theorem 11.18. The as/gun/l\ption of the theorem implies
that (11.23 %) and (11.23 %) are satisfied by (‘F, V) := (F, V)ﬁl forany I C K,
s0 @) C 05, ,(xD")/Op, ((xD'(I°)) for any such I, and in particular for any
I = {i}. Lemma 11.2 then implies that @ C Oy (xD’)/Ox . The existence of a
&;-decomposition in the second part of the theorem follows then from

Lemma 11.23 applied to any I C K and the compatibility with respect to the
inclusions I’ D I follows from the uniqueness in Lemma 11.21. O

Corollary 11.24 (Good Deligne-Malgrange lattices). Let .# be as in Theo-
rem 11.7. Then there exists a good lattice (F, V) of # satisfying the non-resonance
condition:
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e Foreachi € L ~ K, the eigenvalues of the residue R; of V along D; do not
differ by a nonzero integer.

Proof. Fixi € L~ K.Let (F, V) be a good lattice of .# . By definition, there exists
abasis of F := F; in which the component of the matrix of Von dt; /t; has no pole.
This holds then in any basis of F. Choosing a basis induced by a basis of (F, V)
implies that V is logarithmic along D;. Its residue R; is an endomorphism of F|p,
which is horizontal with respect to the connection induced on Fp, . Its eigenvalues
are then constant, and coincide with the eigenvalues of the residue I’Q\, of (I? , 6)
Therefore, if we start from a good lattice (f’\ , 6) of ./ which is non-resonant
with respect to D;, that is, such that the eigenvalues of R; do not differ by a nonzero
integer, then the good lattice (F, V) given by Proposition 11.19 is also non-resonant
with respect to D;. O

Remark 11.25 (Very good formal decomposition). For the purpose of asymptotic
analysis (see Theorem 12.5 below), it would be more convenient to know that .#
has a very good formal decomposition near the origin, as defined in [79], that is,
considering the formal completion &5 := 1}111{ Ox/(x1-++x0)X Oy, that (A5,V)
decomposes in a way similar to (11.4 x). This property is too strong in general, and
cannot be achieved after blowing-ups (see Remark 11.11).

Nevertheless, if .# has a punctual good formal decomposition near the origin,
the existence of a good lattice allows one to prove a similar but weaker property.
Let us fix ¢, € @ and let us set @ — @, = |J.(P. — ¢,) where ¢ varies in C :=
[t" (D — ¢,)](0) C C and where we set m = m(®P). We now choose K to be
minimal with respect to @ C Oy (xD)/Ox, thatis, m; > 0iff i € K. Then for
each I C K, if we define C; as C, but starting from &; — ¢, ;, we find C; = C,
since none of the ¢/t™ becomes zero in Ox o(xD’)/ Ox o(xD'(I°)).

Corollary 11.26 (of Theorem 11.18, see [70, Sect.2.4.3]). Let (F,V) be a good
lattice with associated set @ C Oxo(xD)/COx o (according to Theorem 11.18).
Assume that K C L is minimal with respect to ®. Then there exists a decomposition

(F.V) 50~ @ (F. Vo), (11.26 %)
ceC

where each (I/T\C, V.)is afree Oy, ,-module with integrable meromorphic connection
such that, for each I C K, we have compatible isomorphisms

O5,08F. V)= @ (F,."V) (11.26 %)
@1 e(qbc)[

with ('F,,,'V,) ~ (E” ® 'R,,,'V),

where the right-hand term is as in Definition 11.15(1).
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Proof. Recall that the Mayer—Vietoris complex (where we always take I C K)

MV(ﬁ) 0 — e? ﬁ51,0—> G? ﬁ51’0—>

— 69 ﬁﬁlo—>ﬁD 0—0
#]=

is a resolution of Oy, ;. By assumption, for each I one can gather the terms
in the @;-decomposition of (F, V)5 p,.0 SO that the decomposition is indexed by
C = Cj. It follows that there is a decomposmon indexed by C of each 05, ® Fp,
compatible with the inclusions /”_ " I. As a consequence, for each ¢ € C there is
a Mayer—Vietoris complex MV(F ) whose terms are made with the F Moreover,
this complex is a direct summand of the Mayer—Vietoris complex MV(0) ® Fj,

Therefore, MV(F ) is a resolution of some free 0, (-submodule F,. of F» B> and
Fp5  is the direct sum of these modules. Lastly, the components (c, ¢”) of the matrix
of the connection V on Fj, , have a vanishing formal expansion along each D;
(i € K)if ¢ # ¢'. Tt follows that they vanish, according to the injectivity of
ﬁﬁ’,o — D=y ﬁﬁ,,O' u
Remark 11.27. We keep the assumption of Corollary 11.26 and we fix
@, € @. Let us denote by £ the predecessor of m(®) in the totally ordered set
{m(p —¢,) | ¢ € @}.In order to simplify the notation, we will assume that ¢, = 0.

For each ¢ € C and each pair ¢, € ®,, we have ¢ — ¥ € t~*0y,. Let us
choose ¢, € @, for each c. Then the formalization at 0 of ﬁc satisfies

(V.5 —decId)(F,5) c 17 21(log D) ® F,g,

according to (11.26 xx) for I/ = K, and to (11.23 %) and (11.23 xx). Therefore, in

any Og-basis of FC 5> the matrix of §c,6 — dg, 1d has entries in ¢ = [261 (log D). If one
chooses a basis induced by a & 5,’0-basis of F\C, one concludes that the matrix of

§C — dg, Id in such a basis has entries in 7tQ 15, 0(log D), and thus
VeeC. (Ve—dg.ld)(F.) Ct7'2}, (logD)® F.. (11.27 %)

In conclusion, in any ﬁD, -basis of FC, the matrix of VC takes the form
do.Id +17t 2., where £, has entries in .Ql (log D).
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Going back to the notion of very good formal decomposition, we obtain:

Corollary 11.28. If moreover, m(¢ — ¥); > 0 for each pair ¢ # ¥ € ® and each
i € L, then A has a very good formal decomposition.

In dimension two, this has been pro~ved in [81, Theorem 1.2.2.4]. This amounts
to asking that the stratified J-covering X' (.#) (see Remark 11.12) is a true covering
of X (D). This result will not be used but can be regarded as the simplest possible
behaviour of a flat meromorphic connection at a crossing point of D.

Sketch of proof of Corollary 11.28. The assumption implies that K = L. One can
argue by induction on #@, since the assumption implies that each @, satisfies
m;(P.) > 0 for each i. The case where #® = 1 reduces to proving that a free
0’5 y-module with an integrable meromorphic connection such that the connection
is logarithmic in a suitable ﬁﬁbo-basis, has a basis where the connection is

logarithmic. This is standard. O

11.6 Comments

Although some results concerning the notion of a good formal structure have already
been considered in dimension two in [81], the much more efficient presentation
given here is due to T. Mochizuki [70, Chap. 2], [72]. The advantage of using lattices
lies in the decomposition Lemma 11.21.



Chapter 12

Good Meromorphic Connections

(Analytic Theory) and the Riemann-Hilbert
Correspondence

Abstract This chapter is similar to Chap. 10, but we now assume that D is a
divisor with normal crossings. We start by proving the many-variable version of
the Hukuhara—Turrittin theorem, that we have already encountered in the case of
a smooth divisor. It will be instrumental for making the link between formal and
holomorphic aspects of the theory. The new point in the proof of the Riemann—
Hilbert correspondence is the presence of non-Hausdorff éalé spaces, and we need
to use the level structure to prove the local essential surjectivity of the Riemann—
Hilbert functor. As an application of the Riemann—Hilbert correspondence in the
good case and of the fundamental results of K. Kedlaya and T. Mochizuki on
the elimination of turning points by complex blowing-ups, we prove a conjecture
of M. Kashiwara asserting that the Hermitian dual of a holonomic Z-module is
holonomic, generalizing the original result of M. Kashiwara for regular holonomic
2-modules to possibly irregular holonomic Z-modules and the result of Chap. 6 to
higher dimensions.

12.1 Introduction

This chapter achieves the main goal of this series of chapters, by proving the
Riemann-Hilbert correspondence between good meromorphic connections with
poles along a divisor with normal crossings and Stokes-filtered local systems on
the corresponding real blow-up space. The correspondence is stated in a global way,
by using the notion of good J-stratified covering and that of J-filtration introduced
in Chap. 1. For a general flat meromorphic connection, this correspondence can be
used together with the theorem of K. Kedlaya and T. Mochizuki (see Remark 11.11)
proving the possibility of eliminating the turning points of any meromorphic
connection.

Before proving this correspondence, we will complete the analysis of the formal
properties of good meromorphic connections given in Chap. 11 by a generalization
in higher dimensions of the Hukuhara—Turrittin theorem. The proof that we give is

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 177
DOI 10.1007/978-3-642-31695-1_12, © Springer-Verlag Berlin Heidelberg 2013
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due to T. Mochizuki. As in dimension one, this result plays an essential role in the
proof of the Riemann—Hilbert correspondence. Let us note however that we will not
develop the analogues with precise order of growth, related to Gevrey formal power
series. We will neither try to develop the relation with multi-summation, which is
hidden behind the level structure of the associated Stokes-filtered local system, as
considered in Sect.9.5.

We give an application of the Riemann—Hilbert correspondence to distributions
solutions of holonomic Z-modules, in order to show the powerfulness of this
correspondence, and the need of the goodness condition as a new ingredient
compared with the proof in dimension one (see Chap. 6).

In this chapter, we consider germs along D of meromorphic connections with
poles on D at most, which are locally good in the sense of Definition 11.9 (in
particular, we assume the local existence of a good lattice, but we do not care of the
global existence of such a lattice, which could be proved by using a good Deligne—
Malgrange lattice, see [70]).

12.2 Notation

We consider the following setting:

e X is a complex manifold and D is a divisor with normal crossings in X, with
smooth components D; (j € J), and X*:=X~D.

o j i X" > X aniljv : X* < X(Djes) denote the open inclusions, and i :
D — X and7: 0X(Djes) = X(Djes) denote the closed inclusions.

e The ordered sheaf J on d.X (D je,) is as in Definitions 9.4 and 9.5.

IE the local setting, we keepv the notation of Segt. 11.2. For short, we will denote
by X the real blow-up space X (D;er), by @ : X — X the real blowing-up map
and by 7y the sheaf on X consisting, locally, of C* functions on X which are
annihilated by 7;0,, (i € L) and 9, (i ¢ L). We will set o/, = Dz px- We refer
to [48,79] and [81, Chap. 2] for the main properties of this sheaf. Notice that <75 is
a subsheaf of the sheaf «72°!* introduced in Sect. 8.3.

Recall also that for each / C L one considers the formal completion @751 =
lim_ 5/ (tie1)* o/ which is a sheaf supported on @w~'D; and is a w05 -
module via the natural inclusion @ lﬁA — 42% , which is seen as follows. If
wp, D, — D, denotes the real blow -up space of Dy along D; N Djeje,
then 75 is identified with @ l,szZD [t;], where @w; denotes here the projection
X\D, — Dj. The inclusion leﬁ = wp, Lop,[t1] = /5, [t1] produces the
desired inclusion. "

One also considers <75 defined similarly and supported on dX (D). There is
a Mayer—Vietoris complex MV (/y) similar to the complex MV(&) considered
in the proof of Corollary 11.26, which is a resolution of .75 and the inclusion
@ 'MV(0) — MV («) induces an inclusion @ ~! 05 — /5 which makes .75
aw! O 5-module.
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Lastly, let us recall that there is an exact sequence

0— P — dyy —2 oy —> 0. (12.1)

12.3 The Malgrange-Sibuya Theorem in Higher Dimension

We consider the local setting. As in the cases treated before (Sects. 5.4 and 10.6),
an important point in the proof of the Riemann—Hilbert correspondence is the
Malgrange—Sibuya theorem. It will be also important for the proof of the higher
dimensional Hukuhara—Turrittin theorem.

Theorem 12.2 (Malgrange-Sibuya in dimension > 2). The image of
H((SY', GLEP (7)) — H'((S1)", GLa(5)
is the identity.

Proof of Theorem 12.2. Since the proof of Theorem 12.2 given in [81, Sect.II.1.2]
contains a small mistake,' we give a detailed proof here.
We denote by &% the sheaf of C* functions on X and by &}, its sheaf-theoretic

restriction to 9X. We can then define the subsheaf é(]radx“‘D of C*° functions with rapid

decay and the quotient sheaf is that of C*° formal functions along 93X . We note that
a local section of My (&}y5) (matrices of size d with entries in &};) is a section of
GLq (&yx) if and only if its image in My (&],5/ cf"gde ) belongs to GL4 (&]y5/ cf"gde :
indeed, given a matrix in My (&), the image in &j,5/ éjrad)?D of its determinant is
the determinant of its image in My (&};5/ é”lradxp); use now that the values of a local

section of &}, at the points of 39X are also the values of its image in Eox/ é”lrad)?D.

Lemma 12.3. We have H' ((Sl)[, GijdD (é‘]ay)) = Id, where we have set as above

GLY' P (&) := 1d +My (5"2&9 .

Proof. Since a matrix in My (&],y) whose image in My (&];5/ éolgdxp) is the identity

is invertible, we have an exact sequence of groups

Id — GL{' " (&) — GLa(&s7) — GLa(&x/ &5 ) — 1d.

'Whose correction is available at http://www.math.polytechnique.fr/~sabbah/sabbah_ast_263 _err.
pdf.
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We first show that

H'((S)",GLa (&) — H((S)'. GLa(Eax/E15%))
is onto. Locally, a section of the right-hand term can be lifted. Using a partition of
unity, we lift it globally as a section of My (&j;5), and by the remark above, it is a
section of GLy (&]y%).
It remains thus to show that

H'((8) GLa(Ea) — H' (8" GLa G/ £55)

is injective, and since g‘fadXP C h ~~-tg<§‘ 3% it is enough to show a similar assertion

for the restriction map
H'((SY)',GL4(&3)) — H'((S)'.GL4(&5)),

where &5 = &/t -+ tab)yx is the sheaf of C* functions on 3X.

Using the interpretation of an element of H' as giving an isomorphism class of
vector bundle, we are reduced to showing that, given a C* vector bundle in the
neighbourhood of (S')¢ whose restriction to (S') is trivializable, it is trivializable
in some (possibly smaller) neighbourhood of (S')*. For that purpose, it is enough to
prove that any global section of the restriction can be lifted to a global section of the
original bundle in some neighbourhood of (S')¢, because a lift of a basis of global
sections will remain a basis of sections in some neighbourhood of (S')¢. Now, such
a lifting property for a global section can be done locally on (S')* and glued with a
partition of unity. O

Let « be a class in H'((S")", GLY'” (#3)) represented by a cocycle (a;;)

on some open cover % = (U;) of (S')!. According to the previous lemma,
H'(%.GLY'"(&,5)) = 1d for any open cover % of (S') (see [2, Proposi-
tion I1.1.2.1]), and therefore o;; = ,31-_1,3]-, where f; is a section over U; of
GL7” (&o5).

The operator 0 is well-defined on 5‘3‘}9. We set

yi =0Bi - B

Then y; = y; on U; N U; and the y; glue together as a matrix y of 1-forms with

entries in é”)rfl P =w. <?|3ng, and of type (0, 1). Moreover, the y; (hence y) satisfy

Wi+yinyi=0

because this equality is already satisfied away from 39X . For y, this equality is read
on X.
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Lemma 12.4. There exists a neighbourhood of 0 € X on which the equation 5g0 =
—@ -y has a solution ¢ which is a section of GL4(&).

Proof. This is Theorem 1 in [49, Chap. X]. O

Then for each i one has 5(@,3,-) = 0, so that ¢f; is a section on U; of GL,(#;5)
and o;; = (Bi)~" - (¢B;), in other words, the image of o in H' (%, GL4 (%Y)) is
the identity. O

12.4 The Higher Dimensional Hukuhara—Turrittin Theorem

We keep the setting of Sect. 11.2.

Theorem 12.5. Let .# be a meromorphic connection with poles along D. Assume
that # has a punctual good formal decomposition near the origin (see Defini-
tion 11.4(2)) with set of exponential factors @ C Oxo(xD)/Ox. Then, for any
0, € w=(0), the decomposition (11.4 x) can be lifted as a decomposition

Dge & w M=z @ (@(5¢®%¢)0),

w10y w10y pEP

where each %, is a meromorphic connection with poles along D, and regular
singularity along D.

We have implicitly used Theorem 11.7 to ensure that dcCoO x0(xD)/Ox . We
will also use the existence of a good lattice near the origin (Proposition 11.19).

Remark 12.6. This theorem has already been used in Lemma 10.5 when D is
smooth, referring to Sibuya [91, 92] for its proof. In order to handle the case with
normal crossings, an asymptotic theory similar to that developed by H. Majima [48]
is needed. Notice also that previous approaches to this asymptotic theory can be
found in [25]. Here, we will use the arguments given in [70, Chap. 20].

When dim X = 2, this theorem is proved in [81] (see Theorem 2.1.1 in loc. cit.)
by using Majima’s arguments. However, the proof of loc. cit. does not seem
to extend in arbitrary dimension. Here, we give an alternative proof, due to T.
Mochizuki [70]. The new idea in this proof, compared to that of [81] in dimension
two, is the use of the existence of a good lattice. See also [29, Appendix] for a
similar explanation of this proof.

Corollary 12.7. Under the assumptions of Theorem 12.5, if moreover each ¢ € @
is purely monomial (see Definition 9.8), that is, if ® U {0} is also good, then
DR™M? 7 is a sheaf.

Proof. According to Theorem 12.5, it is enough to prove the result for .Z =
&Y ® #,, where ¢ is purely monomial, since the statement is local on 0X. The
proof is then similar to that indicated for Proposition 8.17. O
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Proof of Theorem 12.5. According to Proposition 11.19, there exists a good lattice
(F, V) for ./ near the origin. We will therefore prove a statement similar to that of
Theorem 12.5 where we start with a good lattice (F, V), that we can assume to be
non-resonant, according to Corollary 11.24 (this will be used in the end of the proof
of Lemma 12.13).

The proof is by induction on #®. If # = 1, we can assume that @ = {0} by
twisting. Then the isomorphism of Theorem 12.5 already exists for &-coefficients:
indeed, by Proposition 11.19, there exists a good lattice of . lifting a good lattice
of ///6; the latter being logarithmic, so is the former.

We now assume that #@ > 2, so that m(®) # 0. We will use the notation
of Sect.11.4. More specifically, we let K C L be the minimal subset such
that @ C Oxo(D(K))/Ox and we set D’ = D(K). We consider the formal
decomposition (11.26 *) indexed by the set C C C of Remark 11.25, which contains
at least two distinct elements, where the connection satisfies (11.27 ). The inductive
step is given by the following proposition.

Proposition 12.8. There exist good lattices (F¢, V.)cec near the origin in X such
that, setting w' : X' = X (Djex) = X,

1. Op o ®oyo(Fe,Ve) = (I:"\C, @,) (see (11.26 %)) for each ¢ € C.
2. For each 0! € w@'71(0), the decomposition (11.26 x) locally lifts as an
isomorphism
A9 (F, V) =~ GBC 5160 O(Fe, Ve). (12.8 %)
ce
Since X' is dominated by X, (12.8 ) lifts to X, and the inductive assumption
can be applied to get the analogue of Theorem 12.5 for good lattices, and hence
Theorem 12.5 itself. O

Proof of Proposition 12.8. In order to simplify notation during the proof, we will
use the notation X instead of X’ and 6, instead of 6!, since we will not use the
original notation X during the proof. Correspondmgly, we will set D = D(K)
(instead of D’) and denote by D” the remaining components D(L ~ K), since they
will play no essential role.

The proof will be achieved in two steps:

o We first construct, for each 6,, a lifting of (11.26 ) for some (Ff", Vf") locally
defined near 6,; this uses sectorial asymptotic analysis.

e We then glue the various constructions to show that they come from some
good lattice (F,, V,); in order to do so, one would like to consider an open
cover % of @ ~!(0) such that the previous lifting exists on each open set U;, and
consider the change of liftings on the intersections U; N U;; if #K = 1, so that
w1 (0) = S, one can choose an open cover with empty triple intersections, so
that we get in that way a cocycle in H'(w~'(0), GL? (<3)) and we can use
the Malgrange—Sibuya theorem to construct (F,, V.); however, if #K > 2, these
changes of liftings do not clearly form a cocycle, since the cocycle condition is
not trivial to check; instead, it can be proved that the Stokes filtration at the level
> £ (where £ is the predecessor of m (@) as in the proof of Proposition 9.21)
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is globally defined, and is locally split; then the graded object of the Stokes
filtration is a locally free .«7f-module of finite rank, globally defined on @ ~!(0),
which will be proved to be of the form &7y ® @~ (F,, V.) for some good lattice
(Fe, Vo).

Step one: existence of (F%,V%) for each §, € w~'(0) Let us consider the
decomposition (11.26 x) for (F, V). It induces a decomposition

dp ® (FV)=@@ (75 ® (Fe, Vo).

w10y ceC —log

Let us now fix 8, € w~'(0) and a basis € of A 4, Ow—16y (F, V) compatible
with this decomposition. If & is any Oy o-basis of F, it defines a basis € of
T4 w16y (F, V). Let P e GLy4 (475 4, ) be the change of basis, so that e =
2. P. According to (12.1), there exists P € GLy (5 4,) be such that Tp(P) = P.
Let us sete = & - P, so that the basis e induces the basis € on %5’90 ®p—1g, F.In
this basis, the matrix of V% can be written as

diag(dg. Id +17¢2%).cc + 29, (12.9)

where, for each c € C, ¢, is a fixed element of &, .Qf" isa o yﬁo-lift of S/Z\C
defined in Remark 11.27, and 29 has entries in < r)%go, according to the ex-
act sequence (12.1). We will show that there is a base change with entries in
GLfidD (5 4,) after which the matrix of V% is block-diagonal with blocks indexed

by C. This will be done in four steps:

« One first finds a base change in GLY? (5 p,) so that, for some i such that
m; > 0, the component 2¢) of £2 on dt; /; is block-diagonal.

* One then shows that the matrix §2 is then triangular with respect to the order <, .

e One then block-diagonalizes all the components 2 by a base change in
GL,(O(S x V)), where S is a small open poly-sector in the variables #;cg
and V' is a neighbourhood of #;¢x = 0. If K = L, the proof is straightforward.
However, if K # L, one has take care of the residues along the components D;
fori e L~ K.

» By considering the relative differential equation (relative to #;cx) satisfied by the
previous base change, one shows that it belongs to GLfid b (P54,

Let us index C by {1,...,r}, and write the matrix of V% in block-diagonal terms
(8208)ap=1....r» so that Tp(§2,8) = O for o # B, and Tp (£20e) = de., Id 417t §ca-
Our final goal is to obtain a base change Id +Q = Id +(Qug)¢p=1..., Where Q
has entries in ,0/3?06, Que = 1Idand Tp(Qup) = 0 for @ # B, which splits £2, that
is, such that dQ + 2(Id+Q) = (Id+Q)£2’ with £2’ block-diagonal and of the
form (12.9). This amounts to finding Q as above such that, for « # S,

anﬂ = _Qaﬁ + (Qaﬂgﬁﬂ - -Qaa roﬁ) - Z -Qay Qyﬁ + ro,ﬂ(Qe .Q), (12-10)
y#ao.p
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where 2, 4(0,82) = Qa,ﬂ(z}/#ﬂ .ngyQ),ﬂ) is a quadratic expression in Q
with coefficients having entries in .;z%;?deD . However, we will not solve directly the
system (12.10).

First step. Since m — £ > 0, there exists i € K such that m; — ¢; > 0. Assume

for simplicity that i = 1, and sett’ = (t2,...,#,). Then each ¢, can be written
as 17" (uu(t') + t1ve(t)) with uy(0) = ¢, and both uy, v, holomorphic. Let us
set 110y,¢,, = t™ (ufxl)(t’) + tlvfxl)(t)), with ufxl)(O) = —mjcy. Let us also set

ufjg)(t’) = u/(;)(l’) — ufxl)(t/), so that uf)él;(O) = mi(cq — c,g) # 0 for @ # f. The
component of (12.10) on dt, /; reads

10, 0% = =25 + 17" () Qs + 1" HL(1)(Q4)

+24(04,23), (12.10),

where the index # means that we only consider non-diagonal blocks, L(¢) is a linear

operator with entries in @y , on the space of matrices like Q £, and 2" has rapid
decay along D. The existence of a solution with rapid decay to (12.10); is given by
[70, Proposition 20.1.1]. We fix such a solution Q with Q,, = Id for all «.

Let us set ¢/ = e - (Id+Q) and let us denote by F% = @, F% the

corresponding decomposition of F%. Then this decomposition is Vfl ”atl -horizontal,

and the matrix (that we still denote by) §2 of V% in the basis e’ has the same form
as above, with the supplementary property that [2;/13) =0fora # B.

Second step. As in the proof of Lemma 11.21, set t; = ¢;0,, for j € L and
7; = d;; for j ¢ L and let us denote by 2U) the matrix of Vf]{’ in the basis e’.
The integrability property of V% implies that [V, V] = 0, which reads, setting
Yap = Peg — Peq fora # B,

0o, QY = eley) - elel)

. ‘ (12.11)
= 110, (Yup) - 200 + 17" 0 L(1)(21).

for some linear operator L(¢) as above.
We will now use the order <, on 7™ C as defined by (9.9), and we forget the
factor =™ to simplify the notation.

Lemma 12.12. For each n € C, the subsheaves

9() p— 9
F$9071 T @ Fc ’
ceC
0$907]+c

are left invariant by the connection V%.
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Proof. Ttisenough to consider those 7 such that —n € C. It amounts then to proving
that the only solution of the linear equation (12.11) is zero if —c, £, —cpg or

equivalently if Re(¥,5) % 0 on some neighbourhood of 6,. Such a solution £2 ;2) ,if
it exists, is defined on a domain

SxV={ul<2p]icKyx]]168—e.60 +e[xV
i€EK

for some p, & > 0, and some neighbourhood V' of 0 in the variables ¢;, i ¢ K. Note
that cg £, c, means that arg(cg — co) — ) icx m,-@,ﬁ’) € [-m/2, /2] mod 27, so
that we can find a sub-polysector S’ with the same radius as S such that, on §' x V,
we have arg(cg — ¢o) — Y ;e mi0® € | — m/2,/2[ mod 27, and then, up to
shrinking the radius, Re(y,s) > & > 0. Restricting to |t;| > p/2 fori € K and
i # 1, we find that such an inequality holds on an open set S; x U’, where S| is
an open sector with respect to #; and U’ is an open set in the variables ¢’. Then,
on S; x U’, we can apply the estimate of [70, Corollary 20.3.7], showing that, if
nonzero, .Q;jg) should have exponential growth when #; — 0. This contradicts the
rapid decay property. O

Third step. The matrix §2 = (£24p) of the connection V% can now be assumed
to have the same form as in (12.9) together with the property that 2,5 = 0 if
Co #,, cp- The index set {I,...,r} of C can be written as a disjoint union of
maximal subsets A which are totally ordered with respect to <, . We have 2,5 = 0
if o and B do not belong to the same subset A. On the other hand, the integrability of
V% = d+ £2 implies the integrability of each graded connection gr, V% = d+244:
the integrability of d + £2 implies 244 + Y B £248 N §2g4 = 0; but only one of both
§24p and $2g, can be nonzero if o« # .

Lemma 12.13. There exists a base change P = (Pyg) € GLEJdD(szgﬁo) which
transforms d + §2 to d + gr £2.

Proof. We search for P which is block-diagonal with respect to the partition by
subsets A of {1, ..., r}, and we will consider the A-block (Pyg)u gea, Where we fix
Pyy = 1Id and P,g = 0 for o < B (for the sake of simplicity, we will denote by
< the order on A induced by <, on C). Our final goal will therefore be to look for

Py (@ > f) with entries in /% 7 satisfying

dPup = Poppp — LaaPop — Y Ry Prp. (12.13 %)

B<y<a

We will search for (Pyg)apesa as a product of terms (kPaﬂ) for k € N* so
that each P satisfies ¥P,, = Id and kPaﬂ = 0ifa < Bora > B and
#y e A| B <y < a} # k. We will assume that, after the succession of base
changes /P for j < k the matrix ¥£2 of V% is as above and moreover k.Qalg =0
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ifo > Band#{y € A | B <y < a} < k. Then (12.13 %) for *P reads, if
#Hlyed|p<y<al=k:

d¥Pup = *Pop* 2pp —* Q0a"Pup —* Qup. (12.13 %)

We will start by showing the existence of a holomorphic solution of (12.13 *); on a
domain S x V as defined in the proof of Lemma 12.12.

We first consider the case where K = L. Let us consider the connection
Vg on the space of matrices R of the size of kPa,g having matrix R — dR +
(*Q24q R — R*Q4p). Due to the integrability of d + ¥4, and d + *$2gg, this
connection is integrable. We claim that Vg * $24p) = 0. Indeed, the integrability
of d + %2 implies d* 2,5 4+ 3_, ¥ $24, A*$2,5 = 0, and the property of * 2 implies
that all terms in the sum are zero except maybe those for y = o and y = .

Since Vg is integrable on S x V and since Vyp(*245) = 0, the equation
Vos“Pop = —* 245 has a holomorphic solution “Pyg in an open domain S x V, as
wanted.

We now consider the case where K L. We denote by V" the subset of V
defined by #; = O forall i € L ~ K. We consider the connection ¥ V% on the space
of block-triangular matrices (kPa,g)a,g given by (12.13 %), where we do not assume
for the moment that ¥P,, = Id. It is written as

VO ((CPap)ap = d*Pap + * Qoo Pap — "Pap* 2pp (+  2ag"Ppp).

where the last term only exists if « # f. This connection is integrable, has
logarithmic poles along D; fori € L ~ K (see the proof of Corollary 11.24) and
no other pole in § x V. The residue endomorphism R; along D; is given by

Ri ((kPaﬂ))ocﬁ = kRi,aakPocﬁ - kPa/SkRi,ﬁﬂ ( + kRi,ocﬁkPﬁﬂ)v

where kR,;a,g is the residue of k.Qaﬂ along D;. The eigenvalues of R; are the
differences between eigenvalues of ¥ R; ., and *R;, g for oo, B varying in A. Since
the original (F, V) satisfies the non-resonance property by assumption, and since
the connection with matrix 2 has been obtained by holomorphic base changes
from the original £2, it also satisfies the non-resonance condition. As a consequence,
the only integral eigenvalue of R; is zero.

Since the connections d + %2 and d + gr¥ 2 are logarithmic and their residues
satisfy the non-resonance condition, there exist local frames in which these
connections have constant matrix and the residues also satisfy the non-resonance
condition. Then the following holds on S x V":

o The sheaf #Z := (");c, g Ker R; is a vector bundle.

o Itis equipped with the residual integrable connection induced by V%,

o The matrix (*Ppq = Idyy, kPalg =0 (¢ # P)) is a section of Z.

o There exists a horizontal section of % (with respect to the residual connection)
such that ¥P,, = Id for each « € A. In order to get this point, we consider
the horizontal section of the residual connection which takes the value
(*Pyq = 1d,%P,g =0 (a # B)) at some point of S x V”. The ¥P,, component
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of this section is a horizontal section of the residual connection d + ¥ 2/ kP, —
kPao* $2!",. Since Idy is clearly horizontal, it coincides with £ Pyq.

« Any horizontal section of # extends in a unique way as a K V%-horizontal
section on S x nb(V”): this follows from the computation in a basis where the
matrix of the residual connection is constant and the fact that the only integral
eigenvalue of R; is zero.

o Arguing as above, the kp,o component of this section is Idyg .

In conclusion, we have found a global solution of (12.13 %), as wanted.

Fourth step: End of the proof of Lemma 12.13 'We now denote by £2’ the component
of §£2 on the dt; /#; with i € K, and we denote correspondingly by V/, B the relative
differential. Then, for a solution (kPaﬂ of (12.13 %); we have V;ﬂkPalg = _*k .Q;ﬂ.
Let us now fix a domain S x V' small enough so that Re(¥/o5) <8 < 0in § x V' if
o # Band cp <, cy. We can then use [70, Lemma 20.3.1], which shows that any
holomorphic solution Pyg on S x V satisfies lim,/|—o *Pys = 0 and, together with
a Cauchy argument, that the same holds for all derivatives of kPa,g, so that kPaﬂ has

entries in @740 ]
X.6,

Step two: globalization of the local (F, C‘%', Vfﬂ) Let us first start with a uniqueness
statement.

Lemma 12.14. The subsheaves Fz‘; , obtained through Q satisfying (12.10), do
not depend on the choice of Q. ’

Proof. Let P = (P4) be a base change between two bases in which the matrices

2, 82" of V% are of the form considered in Step one, with .Qo(tl) = .Q;(ﬂl) for o # B.
Then, for a # B, Pyp is a solution of

1
1101, Pop = $23) Pup — Pap23) -

This equation has a form similar to that of (12.11) and the same proof as for
Lemma 12.12 shows that P,g = 0 if —c¢, y{% —cg, that is, P preserves the

f
subsheaves Fs(; - O
0

The subsheaves (Fi‘; V%) as constructed above are uniquely determined,

and thus can be glued as subsheaves (FS_CF,:VV). Setting as usual IA’;_C =
Z—c’s—c F<_., which is also left in’\LaIiant by V, we consider the quotient sheaf
(F,, V,) (that we should denote by F_.; see Remark 5.6(3) for the gglation with
the Stokes filtration). By the local computation of Lemma 12.13, F, is locally
isomorphic to FCO" , hence is &7 -locally free, and the local isomorphisms induces an
isomorphism//l\ D Ay ®(E, FVVC) ~ Ay @yt o5 w‘l(l/’;, 60). It is then enough to
prove that Fo~dof T Pw—16y w:l F, for some locally free O'x-module F,. Indeed,
this would imply that F,, = @ F, is equipped with an integrable connection V, :=
w*fﬁc, and A := w, (;X\) would induce an isomorphism &5 ®(F., V) =~ (E, /VSC).

—c?
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Let % = (U;) be an open cover of w~'(0) with a trivialization of F. on
each U;. This defines a cocycle (fij) of GL;(a/%) with respect to %/. Then
Tp(fij) is a cocycle of GL;(%75) with respect to % defining the pull-back
A5 @16, w F. It follows that Tp(fij) = g2, with & € I'(Uy, GL4(5)).
According to the exact sequence (12.1), up to refining the covering, one can lift
each g; as an element g; € I'(U;,GL;(%5)), and the cocycle h;; = g; f,-jg;l
satisfies Tp(h;;) = 1. According to Malgrange-Sibuya’s theorem 12.2, (h;;) is a
coboundary of GL;(<75), and therefore so is ( f;;), showing that F,. is globally
trivial in the neighbourhood of @ ~!(0). O

12.5 The Riemann-Hilbert Correspondence

Since the arguments of Sect.10.3 apply exactly in the same way here, Defi-
nition 10.4 will be used below for the Riemann-Hilbert functor. Similarly to
Lemma 10.5 we have:

Lemma 12.15. [If ./ is a good meromorphic connection with poles along D (see
Definition 11.9) with associated stratified J-covering X, then RH(Z) = (¥, %<)
is a good Stokes-filtered local system on £’ (see Definition 9.18) with associated
stratified J-covering X, that we denote by (£, Z.).

Proof. Same proof as for Lemma 10.5, if we use Theorem 12.5 instead of the
Hukuhara—Turrittin—Sibuya theorem. O

The main result of this chapter is the following theorem, which is the direct
generalization of Proposition 5.12 to higher dimensions, under the goodness
assumption.

Theorem 12.16. Let Sbea good stratified J-covering with respect to the (pull-
back to 0X (D) of the) natural stratification of D. The Riemann—Hilbert functor
induces an equivalence between the category of germs of good meromorphic
connections along D with stratified J-covering (see Remark 11.12) contained in X
and the category of good Stokes-filtered C-local systems on X with stratified
J-covering (see Definition 9.18) contained in X.

The Riemann—Hilbert correspondence: local theory. We go back to the local setting
and the notation of Sect. 12.2. In particular, X = A’ x A"~¢ and we may shrink X
when necessary. We also set D = {¢;---¢y = O}, and @ : X = X(D) - X
denotes the real blowing-up of the components of D (see Sect.8.2), so that in
particular w~'(0) ~ (S")!. Let @ C Oy o(xD)/Cx, be a good finite set of
exponential factors (see Definition 9.12). We will prove the theorem for germs at 0
of good meromorphic connections and germs along @ ~' (0) of good Stokes-filtered
local systems.

As in the cases treated before (Sects. 5.4 and 10.6), we will use the corresponding
generalization of the Hukuhara—Turrittin theorem, which is Theorem 12.5. This
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gives the analogue of Lemma 10.9. It then remains to show the analogue of
Lemma 5.13 (compatibility with 5#0om) to conclude the proof of the full faithfulness
of the Riemann—Hilbert functor. The proof is done similarly, and the goodness
condition for @ U @’ makes easy to show the property that (taking notation of the
proof of Lemma 5.13) e‘/’_‘/’/uw,w has moderate growth in some neighbourhood of
0, € w~'(0)if andonly if ¢ <, ¢'.

For the essential surjectivity, let us consider a Stokes-filtered local system
(&, %) on 3X whose associated J-covering over @ ~!(0; x A”~Y) is trivial and
contained in @ x A"~ (in particular, we consider the non-ramified case).

Proposition 12.17. Under these assumptions, there exists a germ at 0 € X of good
meromorphic connection # (in the sense of Definition 11.9) such that, for any
local section ¢ of J, DR(e‘/’%‘;‘YOdD Qw '\ M) ~ L, in a way compatible with
the filtration.

Proof of Proposition 12.17. The proof of Proposition 12.17 will proceed by induc-
tion on the pairs (£, m(®)) (see Remark 9.13(5) for the definition of m(®)) through
the level structure, where £ denotes the codimension of the stratum of D to which
belongs the origin.

For each £ > 1, the case m = 0 corresponds (up to a twist, see Remark 9.13(5)),
to the case where the Stokes filtration is trivial, and in such a case the regular
meromorphic connection associated with the local system .Z fulfills the conditions
of Proposition 12.17.

We fix £ and m = m(®P) and we assume that Proposition 12.17 holds
for any Stokes-filtered local system (%’,.%)) with associated J-covering over
w10, x A"Y) contained in @' x A"~¢, with a good @' C Oy o(xD)/Ox
satisfying m(®’) < m (with respect to the partial order of N%), and also for any
pair (¢’,m’) with £’ < £, and we will prove it for the pair (£, m). We will therefore
assume that m > 0 (in N%). We also fix some element ¢, € @ and we denote by
£, = £ =€ N’ the submaximum of ® — ¢,. By twisting we may assume for
simplicity that ¢, = 0.

Let (£,.%,) be a good Stokes-filtered local system on (S')¢ with set of
exponential factors contained in @. According to Proposition 9.23 (applied with
€ = {,,) and to Remark 9.13(6), this Stokes-filtered local system induces a Stokes-
filtered local system (£, ZJe},) of level = £, such that each ( gl L (81, .,2”).)
is a Stokes-filtered local system to which we can apply the inductive assumption.

If [p]e € ®(£) = image(® — P¢ (L)), it takes the form ¢z~ mod (t~*C[t]) for
some ¢ € C.

By induction, we get germs of meromorphic connections .#. (¢ € C) corres-
ponding to (gr[cﬁm] L (griep-my, £ )e). Bach .. is good (by the inductive
assumption) and its set of exponential factors is contained in the set of ¢ € @
of the form ¢ = ¢t mod (¢t ¢ C[t]).

We will now construct . from .#; := @.cc 4., by considering the Stokes-
filtered local system (£, ZJe, ) of level = £, whose corresponding graded object is
the Stokes-filtered local system (gr, .2, (gr, -Z).) graded at the level > £.
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Lemma 12.18. We have a natural isomorphism
EndPAP () ~ End(gr, L) <o

Proof. Since by definition .7 DR‘j“é‘l’d Dty ~ (gry &, (gry L)), the assertion is
proved as in Lemma 10.19, using the compatibility of the Riemann—Hilbert functor

with #0om mentioned above. O

The case where m; > 0 foralli = 1,...,4.

Lemma 12.19. In this case, the isomorphism of Lemma 12.18 induces an inclusion

&nd(gry L)<y 0 C Endg® (My).

*le

Proof. Recall that the left-hand side consists of those endomorphisms A which
satisfy gr,;, A = 0 for each ¢. Note that the condition ¢ <js, ¥ near 6 € (S e
implies that the m-dominant part of ¢ and ¥ are distinct, and so, by our assumption
on m, ¢ — ¥ has a pole along each component of D and ¢ < v near 6, so
e~V has rapid decay. This applies to the (¢, ) components of A, expressed as
in Lemma 5.13. O

Let us finish the proof of Proposition 12.17 in this case. According to
Remark 9.24, given the Stokes-filtered local system (gr, .7, (gr, -Z).) graded
at the level > £, the Stokes-filtered local system (£,.%,) determines (and is
determined by) a class y in the pointed set H' ((S N Aur=1e%(gr, f)), hence a
class y in H'((S"), Aut'sP (#4y)), after Lemma 12.19.

The germ .#, is a free Oy (* D)-module with connection V,. With respect to
some basis of .#;, the class y becomes a class in H'((S")*,GL} ”(#5)). By
the Malgrange—Sibuya Theorem 12.2, this class is a coboundary of GL;(<7%) on
(S"*. Let (U;) be an open cover of (S')* on which this coboundary is defined by
sections g; € I'(U;. GLy(o%5)) with g = g € GLy(Op ) for all i. On U; we
twist the connection on .#; by setting V; = g;'V, g;. Since g; gj_1 = y;; is Ve-flat
on U;NUj, the V; glue together to define a new connection V on the free Oy o(x D)-
module ./, that we now denote by (., V). By construction, .22 DR} P (.7) is
the Stokes-filtered local system determined by (gr, -Z, (gr, -£).) and the class y,
hence is isomorphic to (., %,).

The case where m; =0 for some i =1,...,£. In this case, (.Z,.%,) is partially
regular along D and we shall use the equivalence of Proposition 9.37. We set
L=L"U L"” with m; =0 if and only if i € L”, and we have & C
Oxo(xD(L"))/Oxo. By Proposition 9.37, giving (£, %,) is equivalent to
giving a Stokes-filtered local system (£, %)) on dX’ together with commuting
automorphisms Ty, k € L”. By induction on ¥, there exists a free Oy o(xD(L’))-
module .2’ with flat connection V' whose associated Stokes-filtered local system is
(&', Z)). Moreover, there exist commuting endomorphisms Cj of (£', %))
such that exp(—27iCy) = Ty (represent the local system .Z’ as a vector
space V' equipped with automorphisms 7/, j € L’; then Ty are automorphisms
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of V' which commute with the T; , and any choice Cy such that —27iCy is a
logarithm of 7} also commutes with T; and defines an endomorphism of .#’;
similarly, this endomorphism is filtered with respect to the Stokes filtration .%Z)).
By the full faithfulness of the Riemann—Hilbert correspondence, the commuting
endomorphisms Cy of (¢, %£!) define commuting endomorphisms Cy of (.#’, V’).
The free Oxo(xD)-module .# := .#'(x*D") can be equipped with the flat
connection V := V' + 37, ., » Cy dtx / tx. Then one checks that the Stokes-filtered
local system associated to (.#, V) on X is isomorphic to (.Z, 4,). O

Proof of Theorem 12.16 for germs. It now remains to treat the local reconstruction
(Proposition 12.17) in the ramified case. The data of a possibly ramified (.Z, .Z,)
is equivalent to that of a non-ramified one on a covering (S l)fi which is stable with
respect to the Galois action of the covering. The same property holds for germs of
meromorphic connections. By the full faithfulness of the Riemann—Hilbert functor,
the Galois action on a Stokes-filtered local system is lifted in a unique way as a
Galois action on the reconstructed connection after ramification, giving rise to a
meromorphic connection before ramification, whose associated Stokes-filtered local
system is isomorphic to (.Z, .Z.). O

Proof of Theorem 12.16 in the global setting. Due to the local full faithfulness of
the Riemann—Hilbert functor, one gets at the same time the global full faithfulness
and the global essential surjectivity by lifting in a unique way the local gluing
morphisms, which remain therefore gluing morphisms (i.e., the cocycle condition
remains satisfied after lifting). O

12.6 Application to Hermitian Duality of Holonomic
2-Modules

The Riemann—Hilbert correspondence for good meromorphic connections, as stated
in Theorem 12.16, together with the fundamental results of K. Kedlaya and
T. Mochizuki, allows one to give a complete answer to a question asked by
M. Kashiwara in [36], namely, to prove that the Hermitian dual Cy.# of a
holonomic Zx-module is still holonomic. This application has also been considered
in [72].

Recall the notation of Chap. 6, but now in arbitrary dimension. We now denote by
Py the sheaf of holomorphic linear differential operators on a complex manifold X
and by Dby the sheaf of distributions on the underlying C * manifold, which is
a left Zx ®c Zy-module. The Hermitian dual Cx.# of .4 is the Px-module
f%ﬁom%(%, @bx).

Theorem 12.20. If .# is holonomic, then so is Cx.#, and for k > 0 we have
Ext, (M, Dbyx) = 0.
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Sketch of the proof. It is done in many steps, and is very similar to that in dimension
one (see Theorem 6.4), except for the goodness property, which is now essential:

1.

One first reduces (see [36] see also [81]) to the case where .# is a meromorphic
bundle with connection along a divisor D, and to proving that

CyP. = Homg (M ,Dby(xD)) is a meromorphic bundle with
connection.
. éz‘xt"%(///, Dby (xD)) = 0 fork > 0.

. The problem is local on X and one can apply the resolution of singularities in

the neighbourhood of a point of D to assume that D has normal crossings. The
problem remains local, and one can apply the result of K. Kedlaya [42] (when
dim X = 2, one refers to [41]; in the algebraic setting and dim X = 2, one can
use [67,70] for dim X > 3, see Remark 11.11) to reduce to the case where .Z is a
good meromorphic bundle with connection. This reduction is of course essential.
The question remains local, so we can also assume that it has no ramification.

. As in dimension one, one reduces to proving a similar result on the real blow-up

space X (D), by replacing .# with .4 = ,Q/mOdD Qu—igy @ ' and DpedP
with © b‘;"d P Now, Theorem 12.5 asserts that M s of good Hukuhara—Turrittin
type (a definition analogous to Definition 6.1, supplemented of the goodness

assumption). Recall that an important point here is the existence of a good lattice
proved in [72], see Remark 11.20.

. One now proves as in [81, Proposition I1.3.2.6] the vanishing of the &Ext* for

k > 0, and that C ;(l“’d D(#)is alocally free sz)»‘(l“’d D _module with flat connection
of Hukuhara—Turrittin type.

. We can now repeat the arguments of Proposition 6.2 and Corollary 6.3, by

using Theorem 12.16 instead of Theorem 5.8, to prove that C¢ mod b (/// ) =
.Q%)‘(“OdD ®p—16, @ 1A for some meromorphic bundle with connectlon N,
and thus 4 = CP4P . O

12.7 Comments

The proof of Theorem 12.5 presented here is due to T. Mochizuki [70]. In dimension
two, a proof was given in [81], relying on the work of H. Majima [48] (see also [79]).
The new approach of T. Mochizuki simplifies and generalizes previous proofs in
many ways:

The use of good lattices brings a lot of facilities.

While Majima tried to solve integrable systems of quasi-linear differential
equations of a certain kind, T. Mochizuki only uses the solution of a quasi-linear
differential equation (12.10); and uses much more the properties of the linear
differential system for which an normal form is search.
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» Searching for a solution of an integrable quasi-linear system was motivated by the
idea of finding a solution of (12.10) in one step. Going step by step with respect
to the level structure and using the filtration like in Lemma 12.12 takes more into
account the Stokes structure intrinsically attached to a flat meromorphic bundle.

The other results of this chapter have also been obtained in [70,72], although the
language of J-filtrations is not explicitly used.



Chapter 13
Push-Forward of Stokes-Filtered Local Systems

Abstract In this chapter, we consider the direct image functor for Stokes-filtered
local systems. We experiment the compatibility of the Riemann—Hilbert correspon-
dence with direct image on a simple but not trivial example. Compared with the
computations in Chap. 7, we go one step further.

13.1 Introduction

We have introduced in Chap. 1 the notion of push-forward of a pre-J-filtration.
For a Stokes-filtered local system, one expects that, through the Riemann—Hilbert
correspondence, it corresponds to the direct image of meromorphic connections
considered as Z-modules. In order to simplify the problem, we will consider pairs
(X, D) where D = |J;¢; D; is a divisor with normal crossings and smooth
components, and morphisms 7 between such spaces preserve the divisors so that
they can be lifted as morphisms 7 between the corresponding real blow-up space.
Two different questions arise:

 Given a meromorphic connection .7 with poles on a divisor D in X, to
prove that the direct image by the lifting 7@ : X(Djes) — X'(D),c;/) of
a proper morphism 7 : (X, D) — (X', D’) of the complex DR™? (%) is
equal to DR™47? /(71+/// ), where 4. is the direct image complex of .# as
a Yx(xD)-module. One can also ask the same question for the rapid decay
complex. A positive answer would then be an analogue, at the level of real
blow-up spaces, of the compatibility of the irregularity complex, as defined by
Mebkhout (see [63—65]), with respect to proper direct images.

* On the other hand, if we are given a good Stokes-filtered local system on
X(Djey), we are tempted to prove that its direct image as a pre-.#-filtered sheaf
is also a possibly good Stokes-filtered local system.

In the case where 7 is a proper modification, the first question has been answered
by Proposition 8.9.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 195
DOI 10.1007/978-3-642-31695-1_13, © Springer-Verlag Berlin Heidelberg 2013
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The second question is directly linked to the first one only in the case of
good Stokes-filtered local systems, through the Riemann—Hilbert correspondence
of Chap. 12.

We have solved the first question in the special case of Theorem 7.6, by solving
the second one first. We will redo a similar exercise in Sect. 13.6 below by a
topological argument, which uses nevertheless an estimate of the exponential factors
due to C. Roucairol.

Recently, T. Mochizuki has solved the first question directly (see Sect. 13.4),
and this allows one to solve the second one by using the Riemann-Hilbert
correspondence, at least for k-Stokes-filtered local systems when k is a subfield
of C. However, some questions for Stokes-filtered local systems remain open.

13.2 Preliminaries

Let 7 : X — X’ be a holomorphic map between complex manifolds X and X’. We
assume that X and X’ are equipped with normal crossing divisors D and D’ with
smooth components D ¢, and D’ Jrer and that

1. D =x"Y(D).

2. 7: X ~D — X'~ D’issmooth.
Let w X(DJGJ) — X (resp. w’ X (D’,EJ,) — X’) be the real blowmg -up of

the components D¢y in X (resp. D', ,, in X'). There exists a lifting 7 : XX
of 7 (see Sect. 8.2) such that the following diagram commutes:

Notice that X = 7' (3X").

Remark 13.1 (Direct i images of local systems). We set X* = X ~ D, X™* =
X'~ D', and we denote by j (resp. 7 the inclusion X* < X (resp. X™* < X)
and by 7 (resp.7’) the inclusion X — X (resp. 0X X — X' ). We assume here that

7 is proper.

Let .Z* be a local system on X *. Then, since 7 : X* — X’* is smooth and
proper, ¢ each R¥m, 7% (k = 0) 1s a local system on X" and, after Corollary 8.3,
L =T F* and £* = 7 R¥m, . F* (k = 0) are local systems on 9X and

X’ respectively. We claim that

Vk=>0, R'7.¥ =% (13.1 %)
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Indeed, we have
=T 'R7.j+F* (7 proper)
=7"'R7«Rj..Z* (Corollary 8.3)

=77'Rj Rm.7*.

Using Corollary 8.3 once more, we get (13.1 %) by taking the k-th cohomology of
both terms.

In particular, let us consider the case where, in (2) above, 7 is an isomorphism,
thatis, # : X — X’ is a proper modlﬁcatlon (as in Proposition 8.9). We then
identify X ~ D with X’ ~ D/, so that ;' = T o J, and F'* := m,.Z* with .Z*.
Then (13.1 %) reads

R7. % =9, (13.1 %)

where &' = £ =71 .7*.

Definition 13.2 (Stokes-filtered local system on (X, D)). Let (X, D) and X be
as above and J ¢ as in Definition 9.4, and let . %< be a pre-J g-filtration, i.e., an object
of Mod(kj« <). We say that Z< is a Stokes-filtered local system on (X, D) if the
following holds:

1. F* := j ' Z<is alocal system of finite dimensional k-vector spaces on X ™.

2. /< has no subsheaf supported on 93X, that is, the natural morphism77.%< —
TU7..Z* is injective. _

3. This inclusion is a Stokes filtration (£, %) of & :=T"'j,.F*.

We say that Z< is good if the Stokes-filtered local system (£, .%,) is good
(see Definition 9.18).

This definition is similar to Definition 4.3, but we do not consider constructible
objects .7 *, only local systems. We also denote by the same letters 7, j J the natural
inclusions either in X or in J¢, hoping that this abuse produces no confusion.
We will also denote by (%, J.) such a Stokes-filtered local system, in order to
emphasize the local system .7 := j F*on X.

13.3 Adjunction

Let (F', %)) be a Stokes-filtered local system on (X', D’) and let & : (X, D) —
(X', D’) be a holomorphic map as in Sect. 13.2. The diagram of morphisms (as in
Sect. 9.6)

a* ~1 T
Jg«—7mn Iy — Ig
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allows us to consider the pull-back functor 7+ as in Lemma 1.48. It is easy to check

that goodness is preserved by pull-back. Below, we will make this property more
precise. We will also use the direct image functor 7 : D°(k gé <) —> Db(kjel <)
X xXr=

of Definition 1.22.

Proposition 13.3. Assume that © : (X,D) — (X', D’) satisfies the condi-
tions (1) and (2) in Sect. 13.2 and is proper, and let (F', F]) be a good Stokes-
filtered local system on (X', D’). Then mwynt FL ~ R7kg® FL (where the
tensor product is taken in the sense of Remark 1.17) in Db(kja,s) In particu-
lar, each %k(ﬂ 71"1?2) is a good Stokes-filtered local system, isomorphic to
Rkn*kX ® FL (where the tensor product is taken in the sense of Remark 1.11).

If moreover 1 is a proper modification, then 7'[+]T+</\ ~ FL.

The last assertions are a straightforward consequence of Remark 13.1.

Proof. Let us consider the diagram (1.19) with g, = x*. The point is to prove
that the natural adjunction morphism 7~ .7, — s l(qﬂ 7 1.7")< (notation of
Definition 1.33, where we denote by 7 both maps X — X’ and Xx g/ Je‘ — I is
an isomorphism. This is clear on X*, so it is enough to check this on 8X and since
the question is local, we can assume that FLis graded Let X C 9% be the stratified
J- coverlng attached to ,lety € X and set y/ = 7(y) € aX'. X’. The subset
Ey C TJ;‘, is good, that i 1s, is 1dent1ﬁed with a good subset @4 of Oy: o (xD’ )/ﬁXd 0
after a local ramification of the germ (X, 0) around the germ (D', 0). According
to the definition of (¢, 7 '.%")<, we are thus reduced to proving that, for any two
germs ¢/, Y, € fy/, we have 7*(¢,) <, 7*(¥,) only if ¢,» <, ¥,/. Since we do
not assume that 7 is open, we cannot use the general argument of Proposition 9.30,
but we can use Lemma 9.34, since ¢,» — v,/ is purely monomial when considered
in ﬁX; o D)/ﬁX;,O, by the goodness assumption.
It is then enough to remark that ¢,, < , ¥, if and only if, for any y; € 3X’ 4
above y’, we have ¢,y < v,/ at y/;, when qb, Y are considered as elements of @y .
O

13.4 Recent Advances on Push-Forward and Open Questions

The following result, generalizing Proposition 8.9, has recently been obtained by
T. Mochizuki. We keep the notation of Sect. 13.2 and we denote by DR™? /7 the
moderate de Rham complex as defined in Sect. 8.4.

Theorem 13.4. Let &7 : (X,D) — (X’',D’) be a proper morphism between
complex manifolds satisfying the conditions (1) and (2) in Sect. 13.2. Let ./ be
a meromorphic connection with poles along D at most. Let wy # the direct image
of A (as a Dx (xD)-module). Then

DR™ 2 (. #) ~ R, DR™2 (_z).
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We have given an independent proof of this theorem in the special case of
Theorem 7.6, and we will consider similarly another example in Theorem 13.11
below. On the other hand, Theorem 13.4 opens the way, with the help of the
Riemann-Hilbert correspondence Theorem 12.16, to the analysis of push-forward
of good Stokes-filtered local systems.

Assume moreover that ./ is good (see Definition 11.9) and that each % 7 .#
is also good (the latter property is automatically satisfied if dim X’ = 1, as in the
case of the example of Sect. 13.5 below). Let (%, .%,) denote the Stokes-filtered

local system associated with .# through the Riemann—Hilbert functor DR‘U‘L?dD .

Corollary 13.5. Under these assumptions, the natural morphism R*%. F<y —
R¥%,.F is injective for each k.

Sketch of proof. According to Theorem 13.4, one identifies the left-hand term with
DR™4D" 52k (. #), which has cohomology in degree zero at most, according to
Corollary 12.7, and this cohomology is a subsheaf of the right-hand term. O

Up to twisting .# by & for some section @' of Ox/(xD’), a similar result
holds for F <+, over the domain where ¢’ is defined (one can also choose a
ramified ¢’). We can regard this result as a kind of E;-degeneracy result for the
Stokes filtration.

Questions 13.6. We keep the previous assumptions.

1. Give a “topological proof” of Corollary 13.5.

2. Let ¥ be the stratified covering associated to the good meromorphic con-
nection . or, equivalently, to its associated Stokes-filtered local system.
Considering the direct image diagram (9.36) (in the case X’ # X), prove that
the stratified covering associated to each 7" ks, is contained in 7 (g~ 1(2 )).

3. Given a good stratified covering 3 of 9X, does the condition that n(q_l(Z‘))
is a good stratified covering of d.X X' imply that any Stokes-filtered local system
(F, F<) with associated stratified covering contained in X' has a good direct im-
age? Similar question (probably easier) for a good meromorphic connection . .

13.5 An Example of Push-Forward Computation

Let A be an open disc with coordinate ¢ and let Al be the affine line with
coordinate x. Let S C Al x A be a complex curve with finitely many branches, all
distinct from A! x {0}. We will assume that A is small enough so that any irreducible
component of the closure S of S in P! x A cuts P! x {0} and is smooth away from
P! x {0}. We denote by p : P! x A — A the projection and by y the coordinate 1/x
at oo on Al (Fig. 13.1).

Let f(x,t) be a multivalued solution on (A! x A) ~ S of a system of differential
equations which is holonomic and has regular singularities along S U ({oo} x A).
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Fig. 13.1 The curve S and the projection p

A natural question' is to compute the sectorial asymptotic expansions of integrals

of the form
I(t) = | f(x,t)e*dx, (13.7)

Yt

where y; is a suitable family of cycles of the fibre Al x {t} parametrized by . As
noticed in [30], the computation of the formal expansions of such integrals may be
translated in an algebraic problem. In order to state it, we will refer to the literature
for the basic notions of holonomic Z-module and regularity (see e.g. [11,38,62,65]).
Let M be a holonomic Z,[x](d,)-module with regular singularities
(included along x = o0) whose singular support consists of S and possibly
Al x {0}. Away from S U (P' x {0}), M is a holomorphic bundle with flat
connection. By working in the analytic category with respect to P!, we also
regard M as a holonomic Zpi,-module with regular singularities, and we have
Opixa(¥00) ®g,, M = M, where oo stands for the divisor {co} x A in P! x A.
Let us set & = (04[x],d + dx). The Ox[x](d.)-module & ®p,xj M has
an irregular singularity along x = oo. The direct image p (& Qp,n M) is
a complex which satisfies #‘py (EX@M) = 0 if £ # —1,0. Moreover,
A pi (& ® M) is supported at the origin of A: Indeed, if A is small enough,
the restriction to A* of S 'p (6 ® M) is a vector bundle, whose fibre at
t = t, # 0 can be computed as Ker[Vy, : (&*® M,) — (& ® M,,)], where
M, = M/(t —t,)M. Note that M, is a regular holonomic C[x](d,)-module,
and that the kernel is also Ker[(Vy, + 1d) : M,, — M, ]. It is well-known that

'T cannot resist to quote [90]: “Definition. Physics is a part of mathematics devoted to the
calculation of integrals of the form | g(x)e/™) dx. Different branches of physics are distinguished
by the range of the variable x and by the names used for f(x), g(x) and for the integral [...]".
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this kernel is O for a regular holonomic M,, (this can be checked directly on
cyclic C[x](d,)-modules and the general case follows by also considering modules
supported on points). Therefore, the only interesting module is

N :=#p (EX@M). (13.8)

Information on the Levelt-Turrittin decomposition of N has been given in
[76-78], leading to a good estimation of the possible form of the asymptotic
expansions of the integrals (13.7). The next step aims at giving a more precise
description of the behaviour of the sectorial asymptotic expansions.

Problem 13.9. To compute the Stokes filtration of N at the origin of A in terms of
the analytic de Rham complex DR* M.

13.6 The Topological Computation of the Stokes Filtration:
Leaky Pipes

We keep the notation above. Let @ : A = A be the real blowing-up of the origin
and set ! = w~1(0). On A, we consider the sheaf 27249, and similarly, on P! x A,

we consider the sheaf Mpmiﬁ) where 0 now denotes the divisor P! x {0}. We denote
by 7: P! x A — A the projection.
We will consider the moderate de Rham complex DR™(£* @ M):

V+4dx
mod 0 mod 0 1
0 %PIXA —1® M — %PIXA _ ® (‘QIP’IXA ® M)
Oplscp Oplscp
V+d'<

—— Y ® (2, ®M) — 0.

—1
@ Oply 5

This is a complex on P! x A.

On the one hand, it is known that the complex DR™® N has cohomol-
ogy in degree 0 at most (see Theorem 5.3). On the other hand, the complex
DR™40(£¥ ® M) only depends on the localized module Opi4[1/1] R4 M.

Plxa

Lemma 13.10. There is a functorial morphism

A (DR™ N) — "' Rp DR™(&* @ M), (13.10<0)
which is injective.
Proof. This is completely similar to Lemma 7.4. O

Theorem 13.11. The morphism of Lemma 13.10 is an isomorphism.
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Fig. 13.2 The divisor D is given by the thick lines. The vertical thick line is the strict transform of
{t = 0}, the horizontal line is the strict transform of {x = oo} and the other thin lines are the strict

transforms of the S;. Each dot is the center of a chart with coordinates (ug,vi) (k = 1,...,n) with

toe = u;vy and yoe = uffl vf = vy +(toe)* ™. The chart centered at the last dot has coordinates

/ 4 J—— —_ Ny — )/ n
(u,,v))andtoe =u,,yoe=u,v, =V, (toe)

The topological proof will be similar to that of Theorem 7.6, in the sense that it
will involve a better topological understanding of the right-hand side in terms
of DR*™ M, that is, a solution to Problem 13.9, but the geometric situation is a
little more complicated and uses more complex blowing-ups. This theorem gives
a topological computation of the < 0 part of the Stokes filtration attached to N.
Since we know, by [78], what are the possible exponential factors ¢(x) of N at the
origin, one can perturb the computation below by replacing & we &*~%%) in order
to compute the < ¢ part of the Stokes filtration. We will not make precise this latter
computation.

Proof. We can assume that M = 04[1/t] ®4, M, as the computation of DR™?
only uses the localized module (on P' x A or on A). From the injectivity in
Lemma 13.10, and as the theorem clearly holds away from [¢| = 0, it is enough
to check that the germs at € S! = 9A of both terms of (13.10<() have the same
dimension. It is then enough to prove the theorem after a ramification with respect
to ¢ (coordinate of A), so that we are reduced to assuming that, in the neighbourhood
of P! x {0}, the irreducible components of the singular support S of M are smooth
and transverse to P! x {0}.

We can also localize M along its singular support S. The kernel and cokernel of
the localization morphism are supported on S, and the desired assertion is easy to
check for these modules. We can therefore assume that M is a meromorphic bundle
along S with a flat connection having regular singularities. In particular, M is a
locally free @14 4 (*S)-module of finite rank (see [81, Proposition 1.1.2.1]).

Lete : X — P' x A be a sequence of point blowing-ups over (0o, 0), with
exceptional divisor £ := e_l(O, 00), such that the strict transform of S intersects
the pull-back of (P! x {0}) U ({oo} x A) only at smooth points of this pull-back.
We can choose for e a sequence of n blowing-ups of the successive intersection
points of the exceptional divisor with the strict transform of {oo} x A. We set D =
e '(P' x {0}), D' = e [(P! x {0}) U ({o0} x A)]. This is illustrated on Fig. 13.2.

Lemma 13.12. The pull-back connection e™ (& " ® M) is good except possibly at
the intersection points of the strict transform of S with D’.
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Proof. Indeed, e™ M has regular singularities along its polar locus, and eT&* =
&'/7°¢ is purely monomial (see Definition 9.8). At the intersection points of S
with D’, the polar locus S U D’ is not assumed to be a normal crossing divisor,
which explains the restriction in the lemma. Of course, blowing up these points
sufficiently enough would lead to a good meromorphic connection, but we try to
avoid these supplementary blowing-ups. O

Let X (D’) be the real blow-up space of the irreducible components of D’ (this
notation is chosen to shorten the notation 1ntr0duced in Sect. 8.2, which should be
{oo} X A) thl,sm,does not correspond to the real blow-up space of the divisor D’ )

We denote by Jz%Xm(‘g,)D the corresponding sheaf of functions (see Sect.8.3). The

morphism e lifts to a morphism @: X (D’) — P! x A and we have

DR™(6* @ M) ~ R DRE [e™ (67 ® M)].
Indeed, this follows from Proposition 8.9 and from the isomorphism
eret(6*® M) = £ ® M, which is a consequence of our assumption that M is
localized along P! x {0}.

Let us set F<p = DR‘;‘(’dD,D) et (& ® M)]5%p’)- The proof of the theorem

reduces to proving that, for any 6 € S! = A,
dim #°(DR™° N)y = dim H'((p 02) "' (0), F<o). (13.13)

Indeed, if we denote by %< ¢ the sheaf-theoretic restriction of %< to X (D")g :=
(P 0@)~1(0), then, as p o € is proper, we get

[R' P+ DR™(&™ & M)]y ~ H'(X(D')g, o).

Let us describe the inverse image by poe : X(D’) — Aoff € JA = S'. At
a crossing point of index k (k = 1,...,n), X(D’) is the product (S' x R4)?, with
coordinates (a, |uk|, Br, |vk|), and arg(t oe) = 0 is written oy + Br = 6. At the
crossing point with coordinates (u),, v, ), we have coordinates (c;,, [u,|, B/, |v,|) and
arg(t o e) = 6 is written o, = 6. More globally, BX(D Yo := (p o€)~'(0) looks
like a leaky pipe (see Fig. 13 3, which has to be seen as lying above Fig. 13.2), where
the punctures (small black dots on the pipe for the visible ones, small circles for the
ones which are behind) correspond to the intersection with the strict transforms of
the Sl‘ .

First step: hypercohomology of F<o..

Lemma 13.14. Away from the punctures, the complex F<o9 has cohomology in
degree 0 at most.

Proof. This is Corollary 12.7. O
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Considering the growth of the functions e!/% "k or e!/%'"i, one obtains that,
away from the punctures, the sheaf %< is locally constant on a semi-open leaky
half-pipe as in Fig. 13.4, which is topologically like in Fig. 13.5. Moreover, %< ¢
is extended by 0 at the dashed boundary.

Let us denote by S; (i € I') the components of S which contain the point (0, c0)
and by § j (j € J) the components which do not. Denoting as above by y the
coordinate on P! at co given by y = 1/x, the local equation of each component S;
near (0, 00) takes the form w;(t)y = t%, with wu; holomorphic and u;(0) # 0.
Let us set ¢;(t) = w;(¢t)/t% mod C{¢}. The punctures in the non-vertical part of
Fig. 13.4 or in the right part of Fig. 13.5 correspond to the components S; (i € I)
for which ¢; <,0. We denote by Iy C I the corresponding subset of 7.

On the other hand, the punctures on the vertical part of Fig. 13.4 or on the left
part of Fig. 13.5 correspond to the components §j (Jjeld).
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Lemma 13.15. Near the punctures, <o (1] is a perverse sheaf. It is zero if the
puncture does not belong to the half-pipe of Fig. 13.4, and the dimension of its
vanishing cycle space at the puncture is equal to the number of curves S; (i € Iy
ori € J) going through this puncture, multiplied by the rank of M .

Proof. One checks that, blowing up the puncture and then taking the real blow-up
space of the components of the new normal crossing divisor, and then restricting to
arg?t = 6, amounts to change an neighbourhood of the puncture in Fig. 13.5 (say)
with a disc where the puncture has been replaced by as many punctures as distinct
tangent lines of the curves S; going through the original puncture, and the new sheaf
F <o remains locally constant away from the new punctures. By an easy induction,
one reduces to the case where only one S; goes through each puncture, and then the
result is easy. O

Corollary 13.16. We have

dim H* (X (D)o, F<og) = rk# 1
kM -#(J Ul ifk =1.

Proof. According to Lemma 13.15, this follows from Lemma 7.13. O

End of the proof. According to [77], the possible exponential factors of N (defined
by (13.8)) are the ¢; with i € I. Denoting by ¢; DR M the local system on S; of
vanishing cycles of DR M along the function f; (¢, y) = u;(t)y —t%, we have

dim #°(DR"N)y = Y rk¢ DR M.
i‘(pi<90

As M 1is assumed to be a meromorphic bundle, we have rtk ¢; DR M = rk M, so the
previous formula reads

dim #° (DR N)g = rk M - #1,.
We now use
dim #°(DR™° N), = dim #°(DR™° N)g + dim v, N,

where Y™ N denote the moderate nearby cycles of N (computed with the
Kashiwara—Malgrange V -filtration, see [55], see Chap. 14). Arguing as in [77], we
compute them as the direct image of Y™ (£* ® M) by P! x {0} — {0}. By
the same argument, this is computed as the direct image of ¥™de™ (&% @ M).
Arguing as in [81, Lemma II1.4.5.10(2)], this is supported on the vertical part
of D. Still using the argument of [81, Lemma I11.4.5.10], this is finally the direct
image of Y™ (M) ® &*, whose dimension is that of the rank of the Fourier

transform of ¥™4 (M), regarded as a C[x](d,)-module, that is, the dimension of
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the vanishing cycles of ™4 (M) (see [55] for such a formula, compare also with
Proposition 7.11).

Let us compute this dimension at a point x, # oo. Since M is assumed to be
a meromorphic connection, one checks that dim ¢—,, ™% (M) is the number of
components of S going through x,. The sum ZXO dim ¢y —y, Y™ (M) is then equal
to #J, by definition of J.

Summarizing, we get

dimy™ N =1k M -#J.

This concludes the proof of (13.10«). O



Chapter 14
Irregular Nearby Cycles

Abstract In this chapter, we review Deligne’s definition of irregular nearby cycles
for holonomic Z-modules and recall Deligne’s finiteness theorem in the algebraic
case. We give a new proof of this theorem when the support of the holonomic
2-module has dimension two, which holds in the complex analytic setting and
which makes more precise the non-vanishing nearby cycles.

14.1 Introduction

The moderate nearby cycle functor (along a hypersurface) for holonomic Z-
modules has proved to be a very useful tool, as a replacement for the restriction
functor to the hypersurface, since the latter may produce many cohomology Z-
modules, and the former is a endofunctor of the category of holonomic Z-module.
The compatibility with direct images of Z-modules allows one making explicit
computations. This functor has been instrumental, for instance, in [76-78] for
computing the formal decomposition of direct images, as used in Chap. 13.

Unfortunately, this functor may be useless for some holonomic Z-modules and,
in order to circumvent this bad behaviour, an enrichment of it has been proposed by
P. Deligne in [18], under the name of the irregular nearby cycle functor.

The purpose of this chapter, which is a long introduction to Chap. 15, is to recall
the definition and the behaviour of the moderate nearby cycle functor for holonomic
Z-modules, and that of the irregular nearby cycle functor. We will also give a new
proof of the property that the functor w‘l?el preserves holonomy: this is the main
result of [18], which holds in arbitrary dimension and in the algebraic setting, while
our proof holds in dimension two and in a local analytic setting. In order to do so,
we use the reduction theorem of Kedlaya [41] (analytic case) and Mochizuki [67]
(algebraic case).

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 207
DOI 10.1007/978-3-642-31695-1_14, © Springer-Verlag Berlin Heidelberg 2013
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14.2 Moderate Nearby Cycles of Holonomic Z-Modules

Restriction and de Rham complex of holonomic 2-modules. We refer to the book
[38] and to the introductory article [65] for the basic results we need concerning
holonomic Z-modules. Let X be a complex manifold and let Z be a closed analytic
subset. We denote by iz : Z < X the closed inclusionand by jz : X ~Z — X
the complementary open inclusion. We will denote by iz 4i ; the functor of local
algebraic cohomology, denoted by RIjz in [38] and Ralgl’z in [65], and by
Jjz+ j; the localization functor denoted by RIjx<z) in [38] and Re(xZ) in [65].
There is a distinguished triangle in D®(Zy) (see [38, Theorem 3.29(2)]):

.. . +1
zz,+z;///—>///—>jz,+];///—>

By a theorem of Kashiwara [35], these functors preserve the bounded derived
category Dgol(.@;() of complexes of Zy-modules with holonomic cohomology. If Z
is an hypersurface and .# is a holonomic Zx-module, then so is jz + jZ+ M =
Ox(%xZ) Q@¢y A, and iz,+i;‘//l has holonomic cohomology in degrees 0 and 1.
We denote by D the duality (contravariant) functor, from Dfoh(@X) to itself. It also
preserves Dﬁol(@;(). In particular, D.# is a holonomic Zx-module if .# is so. We
also have a functorial isomorphism Id — D o D. We then set

iz4ih = D(iz+if)D.  jzijf =D(z4j)D.

Let 05 denote the formalization of Oy along Z, ie., 05 = Liﬂlk Ox/ f§ , where
F7 is the ideal of Z in X.

Proposition 14.1 (see [65, Corollary 2.7-2]). There is a canonical functorial
isomorphism in D®(Zx):

R SHoma,(iz1i)e Ox) ~ R Homay (s, 03). O
Corollary 14.2. There is a canonical functorial isomorphism in Dgol(.@;():

DR(iz ti.#) ~ DR(O; ® ).
X

Recall that the de Rham functor DR : D} (Zx) — D’(Cy) is the functor
M +— R FHomg,(Ox, #), and that for a single holonomic Zx-module, DR .#
can be represented as the de Rham complex

0 M > QL @t —> -
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Proof. Proposition 14.1 applied to D .# gives an isomorphism
R Homay(D(iz iy M), Ox) ~ R Homa (DM, O).

On the one hand, since iz i ;/// has Zx-coherent cohomology (being
holonomic), we have a canonical isomorphism from the left-hand term to
R tomg, (O, izﬁ+i;//l), according to [38, (3.14)] and to the canonical
isomorphism D Oy ~ Oy.

On the other hand, if we set 75 = 05 @y YIx and M5 = O; Qo M, We
have, since 0 is Ox-flat,

R jfom_@x(D///, ﬁf) =~ R%OMQZ(D%Q, ﬁf)

and applying the previous argument in D?oh(@Z)’ the latter term is isomorphic to

R%OM@Z(ﬁz,jfz). |

Moderate nearby cycles for holonomic 2-modules. Let f : X — S = C be
a holomorphic function and let .# be a holonomic Zx-module. We will recall
(see e.g. [46,66]) the construction of the Zx-module w;“’d/// supported on D :=
f710).

Let ¢t be the coordinate on S = C. For any nonzero complex number A
and any integer k = 0, denote by .4, the rank k& + 1 free Os(*0)-module
@I;:O Os(%0)e, ;, equipped with the Zg-action defined by 10, (eq, ;) = aey; +
eq,j—1, for some choice o € C such that A = exp(2mi«), with the convention
that e, ; = 0 for j < 0. Then .43 is equipped with a Zs-linear nilpotent
endomorphism N, defined by Ne, ; = e, -1, and a natural Zs-linear inclusion
g : Mk <> M k+1- There is a canonical isomorphism between the previous data
corresponding to « and those corresponding to o + £ for £ € Z by sending ey ¢ ;
totley .

Let us consider the pull-back meromorphic bundle with connection f .45
on X. Given a holonomic Zy-module .#, the Py-module .Z,; :=
fT Mk ®ey A remains holonomic, and is equipped with a nilpotent endo-
morphism N. The Zy-modules 7/ (iD,+iL///l,k) (j = 0,1) are also holonomic
and supported on D. Moreover, the inductive system [#7 (i D,+i£//1,k)]k is locally
stationary, and does not depend on the choice of « up to a canonical isomorphism.

We denote its limit by w’;‘i’d A . 1t is equipped with a nilpotent endomorphism

induced by N. Lastly, the inductive system (i D,+i}g///l,k) has limit zero (and
the other s/ are zero since D is a divisor).

Remark 14.3. It follows from a theorem of Kashiwara (of Bernstein in the
mod

algebraic setting) that each y79°.# is Zx-holonomic.
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Corollary 14.4. Let f.h : X — C be holomorphic functions and set g = e" f.
Then (Y5t \N) = (y'75¢ A N).

Proof. Tt is enough to produce for each k an isomorphism gt .45 x = [t M
compatible with the inclusions ¢, and N. Note that f*.4; ; is a free Ox[1/f]-
module with basis 1 ® e, ; (j = 0,..., k) that we denote by “ f*(log )< /k!”, and
similarly for g. The base change with matrix

1 h ... ... K/k

0 1 h :
eah. 0

Co . h

0 ... ... 0 1

transforms the previous basis for f to that for g, and induces an isomorphism of
Px-modules. O

Corollary 14.5. With the previous notation, we have in restriction to each compact
set K of D, an isomorphism (a priori depending on K)

DR Y9 7 ~ lim DR(O5 ® 4.1 k-
k

Proof. The inductive limit above is meaningful, as it is defined in the
category of complexes, but we will not try to give a meaning to the
inductive limit of DR(i D,+ig«%)k,k)- On the other hand, the inductive limits of

DR (jf J(ip+i ]T)/// A,k)) are well-defined and commute with taking cohomology of
these complexes.
The distinguished triangle

. . . +1
HOip 1ify k) —> ipipy My —> HNipipytop)-1] —
induces a distinguished triangle in D°(Cy):
DR #ip 4 i} 1) — DRip i}ty — DRI (ip iyt i)[—1] —

and, together with the isomorphism DR iD,+ij)//lA,k ~ DR(O5 ® ). k), we get a
morphism

DR S (ip 1i}. M 1) — DR(O5 ® M) 1),
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and thus a morphism

DR #(ip 4i}y My 1) —> DR(O ® M) o00) = lim DR(&p ® 4. ).
k

When restricted to the compact set K C D, this morphism is an isomorphism
for k big enough: indeed, because the inductive limit of 7 (i D,+i£///x,k) is zero,
each cohomology sheaf of l'i)nk DR %l(iD,+i£//[Lk) is zero; one uses then that

f%ﬂo(iD,_Fi]T)///M) — f%ﬂo(iD,_Fi]T)///M_H) is an isomorphism when restricted to K,
when k is big enough. O

Moderate nearby cycles and V -filtration. We recall here the computation of
w%’d/// by using the V-filtration, according to Kashiwara and Malgrange. Let
iy © X < X x § denote the inclusion of the graph of f, and let ¢ denote a
local coordinate on S in the neighbourhood of the origin. The sheaf of differential
operators Pxxs is equipped with a decreasing filtration V*Zyx«s indexed by Z,
characterized by the following properties:

o VEDyxs -V Dxxs C VEH Dy, with equality if k, £ > 0.
o V'%xxs = Dxxss(tdy).

t*VO Dy xs ifk =0,
<

o VEDy s =
) VEH Dys + 0, VA Dyrs ifk

The Py xs-module i s ./ is holonomic and it admits a unique decreasing filtration
V*(i +.#) indexed by Z, which is good with respect to the filtration V*Zx s, and
such that, for each k € Z, the endomorphism induced by 79, on grf, (i s+ .#) has a
minimal polynomial whose roots have a real part belonging to [k, k + 1). Moreover,
given a compact subset K of f~!(0), there exists a finite set A C [0,1) @ iR C C
such that, near each point of K, the roots are contained in A + k.

Fora € A, letus set A = exp(—2mi«) and

Yea(ip+A) = lim Ker [0, — )" 2 gt (i g tl) —> &1l i p4 )]
N

Then, for each A, we have a canonical isomorphism of Zy-modules v, (i 4 #) =~
w;‘;‘i’d A, such that the action of N on the right-hand term corresponds to that of

td; — o on the left-hand term. As a consequence, W?ﬁd/// is zero on K except

maybe for A in the finite subset exp(—2mid) C C*. We will set w‘;“’d/// =
D, ccx w;fi’d A . 1t is equipped with a semi-simple endomorphism induced by the

o]

multiplication by A on w;‘kd A and a unipotent one, induced by exp(—2miN).

Remark 14.6. By the finiteness result above and according to Remark 14.3,
w;“’d/// is Yx-holonomic.
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Let us notice that 1//‘}53"1 (M) = W?fd (f T A50® .#). We conclude that, locally

on D, there exists a finite number of A € C* such that w;};‘fd (ftMo® . #) # 0.
One can check the vanishing of 1//“)5}{"j in the following way.

Proposition 14.7. We have Y70 .4/ = 0 if and only if jpsjy-# — jp+jp-H
is an isomorphism.

Sketch of proof. Since jD,TjBL/// = jD,TjBL (jD,+j5L///), we can assume that
M= jp+] f{ A . We will consider the moderate vanishing cycle functor q&%’d M.
Then the variation morphism ¢_‘}}§’d M — w%’d A is an isomorphism (see loc. cit.).
Hence, ¥ r1.# = 0 if and only if the canonical morphism 1//‘}}{"1 M — ¢?‘l’d//l is
an isomorphism, because the composition can o var is known to be nilpotent. On the
other hand, jp+Jj ; M — A has kernel and cokernel supported on f = 0, so it is
an isomorphism if and only if the natural morphism ¢?‘l’d (Up+J ;‘ M) — qb_‘}}j’d M
is an isomorphism. The proof consists then in identifying the latter morphism to
the canonical morphism w%’d M — ¢?‘l’d A up to isomorphism, by using that the
canonical morphism for jp ; j 3’ A is an isomorphism. O

Proposition 14.8 (Behaviour by powers). Let m be a nonzero integer. Then for
any A one has a natural isomorphism (Iﬂ?ﬁ%%,N) ~ (w;‘i’,i///, N/m). In
particular, 1//‘}1,2‘1 M and 1,//‘1510‘j A have the same support.

Proof. See [83, Proposition 3.3.13] or simply compute (t")" .45 «. O

Proposition 14.9 (Behaviour by ramification). For ¢ € N*, let us denote by
pq : C — C the ramification t; — t = 14, as well as the induced morphism
X xC — X xC. Let A be a holonomic Dx-module. Then wg“’d (p;' (ir+ M) and

mod (j .+ ) have the same support.

Proof. There is an explicit expression of meof (,o;' (is4+.#)) in terms of various
n .

wt‘f‘ﬁd (i f+#) (see [88, Remark 2.3.3]), which immediately gives the result. O

Proposition 14.10 (Behaviour by formalization). Denote by O, the formaliza-
tion of Ox at x, € X. Then

(O & Y ipstl N) = Y4 (Og @ M).N).

X.x0 X, X0

Proof. The second term is computed via the theory of the V-filtration on the
ring P of differential operators with coefficients in g . By uniqueness of
the V-filtration, we have V¥ (i ;4 (05, ® oy, M) = Og Qoy.,, V(i jqtl) for
each k (as the right-hand term is shown to satisfy the characteristic properties of
the left-hand term). Since 0%, is flat over O, this equality extends to the graded
objects. O
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Proposition 14.11 (Behaviour by proper push-forward). Let7 : X' — X bea
proper morphism and let A" be a holonomic Dxr-module. Then there is a functorial

isomorphism % ™ ' > w‘f‘.“’d A5y M for each k € T.

Sfom®

Proof. See e.g. [66, Theorem 4.8.1 p. 226], [43]. O

We will use this proposition in the case where 7 is a proper modification
which is an isomorphism out of f = 0, .# is a holonomic Zy-module on

which f is invertible, and .’ = ™. .#[1/f o 7). In such a case, 7T+W,9§fl, M =

HOm 1//‘}510‘j M~ 1//m°d A . More precisely, the following proposition, which is
a straightforward consequence of Proposition refprop:psiimdir, will be important
for us.

Proposition 14.12 (Compatibility with push-forward by a proper modification).
Let m : X' — X be a proper modification which is an isomorphism above X ~ D,
and let us set g = f o mw. Then, for each j € Z, for any holonomic .# such
that # = A (xD) and for any finite dimensional C({t})-vector space N with
connection,

Ty gt N @t M) = Y (SN ® M),

14.3 Irregular Nearby Cycles (After Deligne)

By a formally irreducible C({t })-vector space with connection .4~ we mean a C({t })-
vector space of the form p, 4 (& 1@ ), where

o Py =1l = tg is a ramification of order g = 1 (here, 7, is a ramified variable
of order ¢ with respect to ¢; the notation is taken from [67]).

e 7 is a ramified one-variable polar part, that we write as Zke(@i i/ t*, where
the sum is finite; for the smallest common denominator ¢ of the indices k for
which n¢ # 0, we set 7@ = Y 249 (we will say that 79 obtained in this
way is t-irreducible; for ' € 1;'C[z;'], being t-irreducible is equivalent to
n9(Lty) # n(ty)@ for any gth root of unity ¢ # 1).

o 7 is arank-one C({t})-vector space with a connection having a regular singular-
ity, that is, isomorphic to .4} o for some A € C*.

By the Levelt—Turrittin theorem in one variable, .4 is formally irreducible if and
only if C((?)) ®cg:y 4 is irreducible as a C((¢))-vector space with connection.

Definition 14.13 (Irregular nearby cycles). For a holonomic Zy-module .#, the
irregular nearby cycle functor .# +— w'}?el/// is defined as

YR = @ YT M) (14.13 %)

JV form.
irred.
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Let us note that 1//11361/// only depends on the localized module .Z(xD).
In dimension one, the theorem of Levelt—Turrittin for .# (*D) can be restated
by saying that giving the formalized module C((?)) @) -# (*D) is equivalent
to giving wael//l , which is a finite dimensional graded vector space (the grading
indices being the formally irreducible .4"’s) equipped with an automorphism.

One can also use the following expression for 1//11361/// by using the notion of

t-irreducibility introduced above, i.e., if py + &1 is irreducible. Then,

VA= D D V(e ). (14.14)

7@t —irred. AEC*

Theorem 14.15 (Deligne [18]). Assume that X, f, S are algebraic. Then, if A is
Dy -holonomic, W?el//l is holonomic (i.e., the sum (14.14) is finite). O

14.4 Another Proof of the Finiteness Theorem
in Dimension Two

We will revisit Theorem 14.15 from a different perspective, as suggested in [88,
Remark 2.1.5]. Moreover, we will work in the local analytic setting, but only when
dim Supp.# = 2. Notice also that the same proof would be valid in the algebraic
setting.

Theorem 14.16. Let f : X — S be a holomorphic function and let A
be a holonomic Dx-module whose support has dimension two. Then waell/// is
holonomic.

Proof. We will work in the neighbourhood of a compact set K ¢ H = f~1(0).
It is enough to prove the theorem for those .# such that Oy (xH) Qg M = M .
Moreover, by a standard “dl'(;%vissage”, we can reduce to one of the following two
cases:

1. . is supported on a curve C and f : C — S is finite.
2. dim X = 2, .4 is a meromorphic bundle with a flat connection, whose poles are
contained in a hypersurface (a curve) D containing H .

The first case easily reduces to the Levelt—Turrittin theorem, by using the
normalization of the curve. We will only consider the second case. According to
Proposition 14.12, one can work on a suitable blow-up space X’ of X, obtained
by successively blowing up points over points in K. Let ¢ : X’ — X be the
corresponding projective modification. Then one can replace .# with e*.#, K
with e™'(K) and f with f o e. One can therefore assume that D is a divisor with
normal crossing, and thus H also. Moreover, according to Kedlaya’s theorem (see
[41]), one can assume that .# has a good formal structure at each point of K. As
in the proof of Theorem 14.15, the point is to prove that, except for a finite number
ramified polar parts 77, we have ¢3¢ (ftp,+E" @ .M) = 0.
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We first consider the question in the neighbourhood of each point of K, and we
distinguish two cases:

(a) A smooth pointon D.
(b) A crossing point of D.

According to Proposition 14.10, we can replace .# by its formalization (along
D in Case (a) and at the given point in Case (b)). Moreover, it is enough to prove
the theorem after a fixed ramification around the components of D: this follows
from Proposition 14.9 for a ramification around components of H, which is enough
for Cases (a) and (b) if H = D; if H D, one considers the supplementary
ramification as a finite morphism and one applies Proposition 14.11. We can
therefore assume that .# has a good formal decomposition at the given point, and,
by replacing it with the formal module, that it takes the form &* ® %, where Z
has regular singularities along D and w € & (xD)/0. According to (14.14), it is
enough to prove in each case the following statement.

Proposition 14.17. Given w € O(xD)/ 0, there exists a finite set Q C N* and,
foreach q € Q, a finite set of NV € 0,(xD,)/ 0, such that

vr, (gpffw—f},*ﬂ(‘” ® ,0;'%)0 £0.

Here, we have denoted by ¢ the ring C{x, y}, and D is defined by x = 0 (resp.
xy = 0). The function f is a monomial x™ (resp. x*y?, a = 1, b > 0). The
ramification p, is defined by (x,, y,) = (x,y) = (x1, y,) (resp. (x,y) = (x4, y{))
and fy(x,y) = xg' (resp. nyf]’).

Proof of Proposition 14.17 in Case (a). Here, we have H = D. Let us start with

some preliminary results. We choose local coordinates x, y near a chosen point on

the smooth part of D such that D = {x = 0} and f(x,y) = x" for somem > 1.
Let w € C{x, y}[1/x]/C{x, y} ~ {0}, that we will usually write as

wk(y) + -+ o (y)xF!
xk
with k=1 o(y) 20, 0;(0) =Y w7y . (14.18)

j’=0

3

Definition 14.19. We say that the point y = 0 on D is a singular point for the pair
(w, D) if
dwy/dy(0) = 0. (14.19 %)

Proposition 14.20. Let % be a nonzero germ of meromorphic connection with
regular singularities in the coordinates x,y, with poles along D = {x = 0} at
most. Let f be such that the set f = 0 is equal to D, i.e., f(x,y) = x" fora
suitable choice of the coordinates x, y as above. A necessary condition for the germ
aty = 0 of the C{y}(0,)-module w;“’d (&Y @ Z) to be nonzero is that y = 0 is
a singular point for the pair (o, D), and wi(0) = 0. In particular, the support of
w;“’d (&Y ® X) is discrete on D.
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Remark 14.21. The condition (14.19 %) (together with wy (0) = 0) is not sufficient,
however, to ensure the non-vanishing of 1//5}‘"“[ (& ® #). For example, set =
y(y + x)/xF with k = 3, f(x,y) = x and Z = Ox[1/x]. Then w satisfies
(14.19 %x). However, one can show that 1//‘}510‘j (&0 "k) = 0 in the neighbourhood
of the origin (by blowing up the origin and by using [86, Lemma 5.5(1)], see also
below, Lemma 14.22(2), together with Proposition 14.12).

Proof of Proposition 14.20. By Proposition 14.8, we are reduced to the case
f(x,y) = x. We will prove that, if the condition (14.19 *) is not fulfilled or if
w(0) # 0, then Y™ (£ ® X) is zero at y = 0.

If we(0) # 0, we apply Lemma 14.22(1) below. Otherwise, if moreover
dwy /dy(0) # O then, up to changing the coordinate y, we have w = y/x* and
we may apply Lemma 14.22(2). O

Lemma 14.22. 1. Let Z be a meromorphic connection with poles along x = 0
(and possibly y = 0) at most and regular singularities. Assume A(0,0) # 0 and
k > 0. Then ymd (gx(x,y)/xk ® XZ) = 0 in the neighbourhood of y = 0.

2. Let Z be a meromorphic connection with poles along x = 0 at most and regular
singularities. Assume k > 0. Then ™4 (é"y/xk ® #Z) = 0 in the neighbourhood
of y =0.

Remark 14.23. The assertion 14.22(2) may not hold if we assume that Z has also
poles along y = 0.

Proof. In both cases, we prove that the V-filtration is constant by proving that a
system of generators has a constant Bernstein polynomial. Since % has regular
singularities, it is a successive extension of rank-one objects of the same kind, so
one can assume that % has rank one.

1. By a change of the variable y and by using Corollary 14.4 to keep f = «x,
we can assume that A is constant. Let m be a local generator of % satisfying
(x0y —a)m = 0and d,m = 0 (if Z has no pole along y = 0) or (yd,—f)m =0
with B ¢ N (if Z has poles along y = 0). Then one checks that (1 ® m) €
EM @ % generates &7/ Y R as a 2-module, and has constant Bernstein
polynomial, as shown by the equation (1 ® m) = —x*(xd, —a)(1 ® m)/kA.

2. The vanishing at any y # 0 follows from (1). Let m be a generator of % as
above, satistying d,m = 0. The equation (1 @ m) = kay(l ® m) shows that
(1 ® m) has constant Bernstein polynomial and also that it generates &/ Q%
as a Z-module. O

For a meromorphic function w = (x‘A(x, y) 4+ y"uu(x, y))/x* we consider the
condition

A(0,0) 0, 1(0,0)£0, m=2, k={+1>1. (14.24)
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For a meromorphic function (xA(x, y) 4+ y" u(x, y))/x* yk/, we also consider the
condition

A0,0) # 0, p(0.0) # 0,

. / (14.25)
(0.m) e N2~ {(0,0)}, k=(+1=1, k' >0.

The following lemma is very similar to [8§6, Lemma 5.5].

Lemma 14.26. 1. Let Z be a meromorphic connection with poles along xy = 0
at most and regular singularities, let (a,b) € N> ~ {0} and set

o = (A0, y) + Y e, ) x5V and - f(x,y) = x9yP.

a. If the numerator of w is a unit near x =y = 0and k, k' > 0.
b. Or if w satisfies (14.25).

then 1,//‘1510‘j (& ® #) = 0 in the neighbourhood of y = 0.

2. Let # be a meromorphic connection with poles along x = 0 (and possibly
y = 0) at most and regular singularities. Set o = (x‘A(x, y) + y"™u(x, y))/x*.
If o satisfies (14.24), then Y™ (£ ® #) = 0 in the neighbourhood of y = 0.

Proof. 1. Away from y = 0 we can apply Lemma 14.22(1), both for (1a) and (1b).
For (la) at y = 0, we apply an argument similar to that of [82, Lemma
I11.4.5.10] (that A is a unit instead of being constant does not cause much trouble).
Let us now consider (1b) at y = 0. We will argue by induction on the pair
(£,m) € N>~ {(0,0)}, the case (1,0) or (0, 1) being given by (1a). Let e denote
the blowing-up at the origin. It is enough to prove the assertion after blowing up
the origin, all along the exceptional divisor, for the map f o e, because we have

V) = ey o (e )

e

for any holonomic module localized along f = 0. The total space of the
blowing-up is covered by two charts:

Chart 1: (u,v) = (x = u,y = uv), Chart2: (',V)— (x = u'Vv,y = u).

We compute ¥ := w;‘gg (7% @ e* ) at the origin of each chart:

(Chart 1) Aoe +umWlwoe) uk=tHK vk if ¢ < m,
WA oe + v oe) Uk VK il > m.
woe =
(Chart 2) (VA oe+umtpoe)/u Kk il <m,
ar ,
(Loe 4wV hoe) Wk yk if € > m.

We conclude that ¥ = 0 by (1a) (first and fourth case) and by induction (second
and third case).
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It remains to show the vanishing at a general point of the exceptional divisor.
Let us work in Chart 1 for instance. The exceptional divisor # = 0 has
coordinate v and we compute ¥ in the neighbourhood of v, # 0, so that v is
a local unit. Using the formulas above for Chart 1, we obtain the vanishing of ¥
at v, according to Lemma 14.22(1) in the case £ < m, Proposition 14.20 in the
case £ = m and to (1a) in the case £ > m.

2. Away from y = 0 we can apply Lemma 14.22(1). At y = 0, we will argue
by induction on ¢, the case £ = 0 being solved by (1). We consider the
blowing-up e as above, and argue similarly. Setting f(x,y) = x, we compute
W= YRl (E9% @ e* R).

Aoe+u"Wyuoe)/uk=t ifl <m,

Chart 1)
¢ {(u‘i_m/\oe—}—vm,uoe)/uk_m if £ >m.

woe=
VAoe+u" " poe)/ Wtk ifl <m,

(Chart 2)
(moe+u= xoe) /W vk ifl>m.

We conclude that ¥ = 0 by Lemma 14.22(1) (first case), by induction (second
case), by (1b) (third case) and by (1a) (fourth case). O

End of the proof of Proposition 14.17 in Case (a) According to Proposition 14.8, it
is enough to prove the theorem when f(x, y) = x. Let & = 1 denote the valuation
of wy — wi (0) (see Notation (14.18)). It is invariant by pull-back by a ramification
x4 +> xg. The proof will be done by induction on A, the case & = 1 corresponding
to a non-singular point. Assume that y = 0 is not a singular point of @ on D. This
remains the case for pjw for any ramification p; : x4 > x = xg. Then, for any

n@ € C(x,}), y = 0is nota singular point of pgo—f* n9, where f, (x4, ) = x,.

Therefore, according to Proposition 14.20, ¥ 7, (& ppo=In? pg#)o = 0.

Let us now assume that # > 2. Let NP(w) be the Newton polygon of w (in the
given coordinate system), which is by definition the convex hull of the union of
the quadrants (/,v,(w;(»))) + (R— x R4) in R%, where v, denotes the valuation
(see Fig. 14.1). Note that (k, &) is a point with nonzero coefficient on the vertical
part of the boundary of NP(w) (it is a vertex if wx(0) = 0). It will be useful to set
o' = o — w;(0)/x*, so that (k, h) is a vertex of NP(w’). Note that, as we will have
to consider pjw — f.* n'@ for any ¢ and 79, we can shift by f*(w; (0)/t*) from
the beginning, so that it is equivalent to work with @ or @’. In the following, we
assume for simplicity that w = &', i.e., wx(0) = 0.

Firstly, the theorem (in Case (a)) holds if NP(w) is a quadrant. In such a case,
o = ju(x,y)y"/x*, where u is a local unit, and we can apply Lemma 14.26(2),
which shows that, after any ramification p,, ¥, (&P 1Y @ By = 0if 1@ £ 0
and has a pole of order < k. On the other hand, if 79’ # 0 has a pole of order > k,
then y = 0 is not a singular point of pyw — f.* n'9), and we apply Proposition 14.20.

We now assume that NP(w) is not a quadrant. We will say that the coordinate y
is adapted to w if there is no point of the form (j, 7 — 1) on d NP(w).
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Lemma 14.27. Under the previous assumption on w, there exists a coordinate y
which is adapted to .

Proof. Assume that y is not adapted to w. Let y,j — 8,/ = yok — 8,h (with
(Y0,8,) = 1) be the equation of the non-vertical edge of NP(w) having (k, k) as a
vertex. Since NP(w) is not a quadrant, we have y, # 0. Then (j,h — 1) belongs
to this edge for some j, and we thus have y,j — §,(h — 1) = y,k — 8,h, that is,
Yo(k — j) = 8,. Therefore, y, = 1 and j = k — §,. Our assumption is then that
wk—s,n—1 # 0. Let us now set y = y’ — (wx—s,.—1/h)x% and denote by NP'(w)
the Newton polygon of w in the new variables (x, y). By construction, the point
(k — 8,.h — 1) does not belong anymore to d NP'(w). Then,

o Either y,j —8,j’ = y,k — 8,h remains the equation of the non-vertical side of
NP/ (w) with vertex (k, /), and y’ is adapted to w.

« Or the slope y. /8! of the corresponding side strictly decreases, i.e., y,/8, <
1/68,; then, if y” is notadapted to w, y, = l and 8, = §,+1,s0 k=8, < k—68,—1;
since w; j» # 0 = j = 1, we must have k—3§! = 1, and this process can continue
only a finite number of times. O

We can therefore assume that the coordinate y is adapted to w, and still keep
f(x,y) = x by using Corollary 14.4. Note that adaptedness is preserved by any
ramification p,. Moreover, if y is adapted to w, it is also adapted to pyw — f.* n'9 for
any 1@ € C({1,})/C{1,}: indeed, either the biggest slope of d NP(pfw — f,*n'?) is
strictly bigger than that of d NP(p;‘ ®), and the corresponding edge does not contain
any point, except its vertices, corresponding to a monomial of p;‘a) - fq* 79, or both
slopes are equal, and the addition of f(;" 1n9 possibly changes only the point with
Jj' = 0 on this edge; since & = 2, this does not affect a possible integral point of the
form (j,h — 1).

We say that o is admissible (with respect to the given coordinate system) if
NP(w) has a vertex (£,0) with £ > 0 (and £ < k). We call this vertex the
admissibility vertex. Note that admissibility is preserved by any ramification p,. Itis
straightforward to check that there exists a finite set S C C({¢}) such that, for each
g € N* and each n?9 € C({1,}) ~ 0y S, pyo—fS n'9) is admissible. In particular, we
may assume from the beginning that @ is admissible (up to changing S). This does
not modify %, nor the adaptedness of y to w. The Newton polygon takes the form
like in Fig. 14.1.

Let us consider a toric modification e : (u,v) +— (x,y) = (@, ubV’)
with o, 8,y,6 € N, a6 — By = —1, such that ming jyenxpw) (B’ — @j) and
min; j/yenp(w) (87" — yj) are both achieved on the same vertex (j,, j,) # (£,0) of
NP(w). It follows that o« # 0 and e~!(D) has two branches. We also have j,, j! > 0
and

2 ear
c(u, vyubioyio c(u,v)
uaj() vyja - uajo _ﬂh; Vyj() _5j(;/ ’

with ¢(0,0) = w), ;; # 0. (14.28)
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Fig.
polygon of @
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14.1 The Newton !

NP (@)

By assumption of admissibility, we have 8, < aj, and §j, < v j,.

Lete : X — C? be a toric modification covered by affine charts with coordinates
(u, v) as above, such that the slope «/ 8 of each side of NP(w) occurs as an exponent
(a, B) of some chart of e. To each chart corresponds then a vertex of NP(w).
Moreover, (14.28) together with the admissibility condition implies that ¢*w has a
pole along each component of e~ (D). Away from the crossing points, there is thus
a finite number of singular points of ¢*w. Let us describe these singular points.

(a)

(b)

©

Assume o # 0 and, in the chart as in (14.28), assume that we work on the open
setv # 0sothate™' (D) = {u = 0}. If /B is not a slope of an edge of NP(w),
then e*w has the form given in (14.28) and there is no singular point on this
open smooth component of e~ (D).

If on the other hand «/f is a slope of an edge of NP(w) (and still assuming
a # 0), let us write Y, 4oy @;ry! /x/ the corresponding part of o (at
least two coefficients w; ;- are nonzero, namely those corresponding to the two
vertices (jo, ji) and (/1. j{), jo < ji, of the edge). Then, in the corresponding
chart, e*(w) has a pole of order k; along u = 0 and the singular points are
the points whose coordinate v is nonzero and 1/v is a multiple root of the
polynomial 3", 4./, @;j o’/ =% ". The height of such a singular point is its
multiplicity as a root of this polynomial. The degree of the polynomial (once
divided by the maximal power of w) is equal to y(j; — jo) — 8(j| — j;)- Since
a(ji — jo) = B(j| — j§) and By —ad = 1, this degree can be written as
(i — j)/e < hja.

Let us check that the multiplicity of each root is strictly less than 4. This is
clear if the degree is < h. On the other hand, the degree is equal to /4 if and
only if NP(w) has only one edge, with vertices (¢,0) and (k, k), and ¢ = 1,
B = (k —£)/h € N. The polynomial is written as Z’},:O wHﬁj/,j/w//. By
assumption, the coefficients of 1 and w are nonzero, while the coefficient
of w'! is zero by adaptedness. This polynomial has therefore no root of
multiplicity A.

Ifa =0, wehave B = y = land e ' (D) = {v = 0}. If 1/§ is not the slope
of the non-horizontal edge of NP(w) with vertex (£,0), then e*w = c(u, v)/v*
with ¢(u,0) € C*. Then e*w has no singular point on {v = 0}. On the other
hand, if 1/8 = 1/6, is the slope of this edge, u, € C is a singular point of
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e*w if and only if it is a multiple root of Zj/zo a)g+50j/,j/uj/. The degree of
this polynomial is < &, with equality only if kK = £ + §,h, and an argument as
above shows that the multiplicity of each root is < 4.

We now come back to the proof of the proposition in Case (a) by induction on /.
By taking n € C({¢})/C[¢] out of the finite set S introduced above, we can assume
that w— f*n is admissible for each such 7. Up to replacing @ with w—n, and S with
S —n, for a suitable 1,, we may assume that 0 ¢ S, i.e., w itself is admissible. Recall
also that the adaptedness assumption of the coordinate y with respect to w, and
hence to any p;w — fq* n'9, is still active. We can already perform (Proposition 14.9)
a ramification in order that each side of the Newton polygon of @ has a slope whose
inverse is an integer, or co. Let us then consider a proper toric modification e adapted
to NP(w) as above. Given ¢ € N*, we can lift the ramification p, : t, — ¢ = 1]
in each chart of e by p, : (ug,v,) — (u,v) = (ug,vi), and we similarly define
the finite map e, : (ug,vy) = (x4, y) = Wlvy, ulPvi%). This does not affect the
multiplicity of the possible singular points away from the center of the chart. In
such a chart, (f oe), = fyo0e,: (ug,vq) = ug‘v’q/. (We will modify the definition
of py, e, if o = 0, see (3) below.)

0. At each crossing point of e¢~!(D) (which corresponds to a vertex (j,, j.) #
(€,0) of NP(w)), e*w takes the form (14.28). On the other hand, given n =
S mi/th (with 1, # 0), we have (f oe)™'n = Y7L, n;/u*v'. Note that
(jo—Bj,,vjo—5j,) # (i, yi) foranyi = 1. We conclude from Lemma 14.26
((1a) if (@m,ym) and (aj, — Bjl,yj, — 8j.) are comparable in N2, and (1b)
if they are not comparable) that ¥ o, (e (£ 1 ® #)00) = 0if 1 # 0. A
similar argument can be used for pyo — f* n9 for any g > 1.

1. Assume thato # 0 and o/ f is not a slope of an edge of NP(w) at a vertex (j,, /)
with j/ # 0. Then the coefficient of 1/u®*=Pi¢ in e*w — (f o €)*n is a Laurent
polynomial in the variable v with at most two monomials, namely w, ;/ Vis=vio
and n;v™7 for i such that @i = «j, — Bj.. Such a polynomial cannot have a
multiple root which is nonzero. Hence e*w — (f o ¢)*n has no singular point on
{fu=0}N{v #0},and ¥ o, (et (&*~/"1® %) = 0 all along this set. The same
property holds for pjw — f* n9 forany g > 1.

2. Assume that ¢ # 0 and «/f is a slope of an edge of NP(w) at a vertex
(Jo, jo) with j, # 0 (by our assumption, B/ is an integer). Let us fix ¢ > 1.
For which 79 does the set of singular points of efprw — (f; o e))*n'?
differs from that of e;pjw on {u; = 0,v, # 0}? The order of the pole
along u, = 0 of e;‘p;‘a) is g(ojo — Bj,) and the corresponding coefficient
1S 20 i laj—Bi =ajo—Bi ;. j+/vi% ) On the other hand, if we set 7@ =

> nl(.q)tq_", the dominant term of (f; o e,)*n'? is nvg " u ™.

o Ifam > q(aj, — Bj,), ejpoj0 — (fq © e,)*n'? does not have any singular
point.

o Ifam < q(ajo — Bjy). ejpjo — (fg 0 €4)*n'? has the same singular points
as ey pyw, all of which have multiplicity < / as already proved.
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o Ifam = q(aj,—pBj)), the coefficient ofl/uz(aj"_ﬂj"/) in e;‘p;w—(f,{oeq)*n(‘”

is equal to the Laurent polynomial

| .
PO i= (2 w0 ) —mawl ny = 1/v,).
(.iNNej—=Bj’=cjo—PBi;

Set my, = j, — Bj,/a and assume m, > 0 (hence m, € N*, due to our
assumption). Then there exists a finite number of ¢ € C such that P;.(w)
has a multiple root. Moreover, the multiple roots of P, .(w) = Py (w?) are
the gth powers of those of P; ., and keep the same multiplicity. The set of all
multiple roots of all P . are therefore the possible singular points if ¢ = 1,
and the possible singular points for ¢ = 2 are obtained from the previous
ones by a ramification w, +> w = wj. Note also that the multiplicity of
such a multiple root is < h. This is seen as above by using the adaptedness
assumption.

For each multiple root w, of P ., we apply the inductive assumption to e*w —
(f oe)*(ct™™) and get a finite set S/, . By translating by (f oe)*(ct™"), we
obtain a finite set S\:/{, associated to e*w at w,. When w, varies in the finite set of
all possible singular points in C*, we obtain a finite set S*#. For every ¢ > 1 and
every n@ ¢ p¥(SUS*F), we have ¥ so, (pg+E Ve 1P @ £ @ et F) =0
all along v # 0.

3. We now consider the case where &« = 0, so that § = y = 1. The case where
1/6 is not the slope of the non-horizontal edge having (£, 0) as a vertex is treated
as in (1) above, so we only consider the case where it is equal to the slope 1/6,.
In such a chart, we have f o e(u,v) = v, and we can define the ramification p,
on the variable v only, i.e., py(u,v4) = (u,v]), and the map e, is defined by
eq(u,vg) = (vg, uvg‘g). We can then argue exactly as in (2) above, with the only
difference that the variable w, which is equal to u, can achieve the value 0. We
notice that the ramification p, does not affect the multiplicity of the possible
singular points all over the chart, including at u = 0.

Let us now denote by S the finite set S U S¢, where S¢ is the union of all S%#
as above for which o/ is a slope of NP(w) (with the previous assumptions that y
is adapted to w, w is admissible and all 8/« are integers). Let us fix ¢ € N* and
n@ ¢ py (S). We will show that ¥, ((pq,+§'7(q)) ®EY @A)y = 0. According to
Proposition 14.11, it is enough to check that

Vroe((eTpg+E71) R ETC @ et R)10) = 0.

This is a local problem on e~!(0). In each chart, we may use a ramification p, at the
level of the variables u, v (resp. the variable v if « = 0). The computation (0)—(3)
above shows that, in a given chart, ¥ fo, ((pq,+e;é”fq*”('”) RETORetR) = 0,
and this is equivalent to the desired vanishing in this chart. O
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NP (w) j NP (w) NP (w)

(€)) @ 3)

Fig. 14.2 Examples of Newton polygons of @

Proof of Proposition 14.17 in Case (b) We will need a criterion similar to that of
Proposition 14.20 ensuring the vanishing of W?"d .Letw(x, y) be any nonzero germ
at the origin of a class (modulo holomorphic functions) of a meromorphic function,
and let us denote its Newton polygon by NP(w). By definition, it is the convex hull
of the quadrants (, j)—N? for the pairs (/, j') such that the coefficient w; ;+/x/ yf/
of w is nonzero. Note that j and j’ are not both < 0.

We say that w is admissible if d NP(w) is not contained in

o A “closed semi-negative quadrant”, that is, one of the quadrants (—N) x N or
N x (—N) (e.g. as in Fig. 14.2(1) above, but not (2) or (3)), if a, b > 0.

« The “open semi-negative quadrant” N x (=N*) if » = 0 (i.e., Fig. 14.2(3) is
excluded, but Fig. 14.2(2) is accepted).

Since we are interested in @ modulo f*C(t}), we can assume from the beginning
that w is admissible. More precisely:

Lemma 14.29. Given w, there exists a finite number of ramified polar parts n such
that pyo — f* n'D is not admissible. O

Definition 14.30. Assume that o is admissible and let (a, ) € (N*)? be coprime.
The subset Sing,, 43(w, D) C C* consists of the nonzero complex numbers v, such

that there exists (y, §) € N? satisfying

1. ad — By = £1.
2. v, is a singular point of the pair (a)(vZu”‘ VuPy, {u = O})

>To

We set
Sing(w, D) = | Sing, g4(w, D).
(a.B)

Lemma 14.31. If w is admissible, the set Sing(w, D) is finite.

Proof. If © = max{aj + Bj’ | (j,j') € NP(w)} is achieved at a single vertex
(jo» j!) of INP(w) then, for each v, € C*, w(Vyu®, viuf) = Cv(,_(yj”+8j”/)/u“ +
lower order poles, with ¢ = wj, ;; # 0, (that u is = 1 follows from the assumption
of admissibility). Thus Sing, 4(w, D) = @ if («, B) is not the direction of an edge
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of d NP(w). On the other hand, each Sing,, (@, D) is finite, because the dependence
with respect to v of the coefficient ¢(v) of 1/u/* is algebraic. O

Lete : X’ — X be a smooth toric modification of a neighbourhood X of (x =
0,y = 0). We say that e is adapted to NP(w) if X’ is covered by charts with
coordinates (u,v) such that e(u,v) = (u*v",ufV?) with @8 — By = %1 and, for
each such chart, there is a unique vertex (j,, j,) of d NP(w) such that

aj, + Bj, = p:=max{aj + Bj" | (j. ') € NP(w)},
Yio +8j, = 1 :==max{yj +68;" | (j.j') € NP(w)}.

Lemma 14.32. Assume that o is admissible and e is adapted to NP(w). Then
V(& Q%) = @v{,GSing(w,D) Y roe (T (8 @A)y,

Proof. We first note that all singular points of (w, D) appear on some exceptional
component of e, due to adaptedness. Since @ is admissible, we have (u, u’) €
N2 ~ {0}. At the center of a chart corresponding to a vertex (Jj,, JJ), we have
e*w(u,v) = c(u,v)/utv" with ¢(0,0) = wj, ;s and f o e(u,v) = u®*HFbyra+sb,
Therefore, if w, u’ > 0, w;‘gj (& @ et &)y = 0, according to Lemma 14.26(1b).
If W’ = 0 and u > 0, then by admissibility we have j; =0,y =0, = § = 1 and,
by admissibility, b = 0, f(u,v) = u®, hence w‘;lgj (& ® et %)y = 0 according
to Lemma 14.22(1). The case + = 0 and p/ > 0 is obtained by inverting the roles
of a, B and y, §.

Admissibility implies that e*® has a pole along each irreducible component
of (f o e)~'(0). From Proposition 14.20 we obtain that ¥ so.(e T (6 @ %)) is
supported on Sing(w, D). The result follows from Proposition 14.12, since the set
of singular points of e*w is finite, by Lemma 14.31. O

Remark 14.33. Note that the result of Case (a) implies that there exists a finite
set of ramified polar parts 1 such that, for any n not belonging to this set, and any
singular point v, € Sing(w, D),

Vyoele (g4 8") ® 6 ® ), = 0.

The point in proving Case (b) is that the singular points of pjw — f.* 79 may
depend on 1. We will therefore take into account the variation with 7 of this set of
singular points.

Forany w # 0, letus setw’ = w—ZkeQ+ Wka kb /X" yk? We say that an edge of
NP(w') is admissible if the line which supports it cuts the open quadrant j, j* > 0.
When 7 varies among ramified polar parts, the set of p(’;a) - fq* n'9 is equal to that

of p;w/ -1 179, and any element of the latter set is admissible if 7 # 0.

Let us denote by K(w') C QF the finite set of positive rational numbers k such
that k - (a,b) belongs to a line containing an (admissible) edge of NP(w’) (see
Fig. 14.3; recall that f(x,y) = x¢y").
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~ (a.b) T T i

a,b>0

Fig. 14.3 Examples of sets K(w) - (a, b)

Lemma 14.34. There exists at most a finite number of nonzero ramified polar parts
n= Zke@j_ net® such that, if k, = max{k | g # 0} does not belong to K('),

then (gp;‘w'_f;/*mq) ® Z)y % 0.

Proof. We denote by Sing’(w’, D) the set of singular points of @’ corresponding to
admissible edges of NP(w’). Let n # 0 be as in the lemma and let ¢ be associated
with 7 as above. We claim that Sing(p; @' — f.* n9, D,) C Sing' (pj', Dy). Indeed,
let us consider an edge E of 8NP(p;‘a)’ — f(;" 1n9)). By assumption on k,, either E
is an admissible edge of 0 NP(p;‘a)’), and then the corresponding singular points of
prw’ — 0@ are those of pfw’, or it is not an edge of I NP(pFe’), and then it
supports only two monomials of ,o’q"a)’ - fq* n9), one at each vertex, one of them
being k, - (a, b). In the latter case, it produces no singular point of p;w/ — fq* n‘@,
since a Laurent polynomial with exactly two terms has only simple roots in C*.

If moreover 1 does not belong to the finite set considered in Remark 14.33,
we have ¥ o, (€+[(Pq,+5‘f;7*”w)) ® &2 ®Z]), = 0 for each v, € Sing'(’, D).

Vo

Applying now Lemma 14.32 to p;‘ o — fq* n9), we obtained the desired vanishing.

O
Let now 5 # 0 be such that k, = k,(n) € K(o').
Lemma 14.35. There exists a finite set Fy, C C such that
Sing(py ' — f,*(nk,/1*). Dy) ¢ Sing'(pjw'. Dy) = i, € Fr, .
Proof. Tt is analogous to the proof given in Part (2) of the proof of Case (a). O

Once this lemma is proved, one may apply the same argument as in Lemma 14.34
if Nk, does not belong to Fy,. For each 7y, € Fj,, the singular set Sing(p;o" —

£;n'?) does not depend on i = i, /t* + Y, . ni/t*, and one can apply the
same argument as in Lemma 14.34. O



Chapter 15
Nearby Cycles of Stokes-Filtered Local Systems

Abstract In this chapter, we define a nearby cycle functor for a good Stokes-filtered
local system on (X, D), relative to a holomorphic function whose zero set is
contained in the normal crossing divisor D. We then show that the Riemann—Hilbert
correspondence of Chap. 12 is compatible with taking nearby cycles, either in the
sense of irregular nearby cycles for meromorphic flat bundles as defined in Chap. 14,
or as defined for Stokes-filtered local systems in this chapter.

15.1 Introduction

The sheaf-theoretic definition of the nearby cycle functor by P. Deligne in [16]
has led to the definition of the moderate nearby cycle functor for holonomic
Z-modules in order that the Riemann—Hilbert correspondence for regular holo-
nomic Z-modules is compatible with both functors. Following P. Deligne, we have
extended the moderate nearby cycle functor to the irregular nearby cycle functor in
Chap. 14. Going now the way back compared to the case of holonomic Z-modules
with regular singularities, we will define a nearby cycle functor for Stokes-filtered
local systems and we will prove, in the good case, the compatibility with the
irregular nearby cycle functor via the Riemann—Hilbert correspondence of Chap. 12.

As we will see, the proof of some properties, like the compatibility with proper
push-forward, is much easier in the case of holonomic Z-modules, where we can
use the strength of the algebraic machinery, and we will give few proofs for Stokes-
filtered local systems, where the behaviour of the topology of the real blow-up
spaces with respect to complex blowing-ups is difficult to understand in general.
This is why we will mainly restrict to dimension two.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060, 227
DOI 10.1007/978-3-642-31695-1_15, © Springer-Verlag Berlin Heidelberg 2013
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15.2 Nearby Cycles Along a Function (the Good Case)

We denote by S a neighbourhood of the origin in C and we consider a holomorphic
function f : X — S such that the divisor D = f~'(0) has normal crossings with
smooth 1rreduc1ble components Dijey.

Let w : X = X(DJGJ) — X be the real blow-up space of X along the
components of D and let S be the real blow-up space of S at the origin. There is a
lifting f : X - Sof f . We have a diagram of sheaves of ordered abelian groups

=1~
I¥ A f_13§i> Js.

Because S is one-dimensional, the morphism f* is injective (see Proposition 9.30).
Let us also notice that any local section ¢ of Jyg determines a finite covering Z‘ C
jfgg of 3" indeed, this is clear if ¢ is non-ramified, i.e., is a local section of Jyz ;; if
it is ramified of order d, then one argues by using a ramified covering p; of (S, 0).
Now, if ZJ is such a covering, then its pull-back 3X x a5 E is a finite covering of
aX, and its image by the inclusion f* is a finite J;g-covering of 93X and we denote
it by ) e

Notice that D x 35S is the boundary of the real blow-up space of X along f~ 1(0)
(see Lemma 8.1) and we have a natural map (@, f) 9X — D x 3S. For x
belonging to a stratum of D of codimension £ in X, and for ¢ € S ~ S ! the fibre
(w, )~ (x,0) is a union of a finite number of copies of (S')*~!, since f is locally
monomial. The natural map f fre = D X 35 has a similar property.
Definition 15.1. Let f«p C 3395 be the covering associated to a local section ¢ of
Js5, and let T c Jg‘f be a good Jg‘f-stratiﬁed covering of 3X. We say that the pair
(f, @) is good if Tu gf*w (which is a stratified covering of 9X) is good.

Let (Z,.%.) be a J,g-filtered local system on dX. Since J,5 is not Hausdorff
over the crossing points of D, the graded sheaf gr.Z has to be taken on each stratum

of D. On the other hand, f~'J o5 is Hausdorff, since Jy5 is so (see Remark 1.1(4))
and, since q;l.Zs defines a pre- f ~!J,5-filtration of ., it is meaningful to consider

gr.Z as a subsheaf on (f_ljag)é‘ = X x I 33‘5 We will denote this sheaf as

ar/ ,2” in order to avoid any confusion. For any local section ¢ of Jy3, we denote
by grl 71, the restriction of gr/ £ 10 0X x,5 X, and we still denote by @ the
prolectlon 0X xy5 %, — D.

Proposition 15.2. Assume that (£, £,) is a Jyz-filtered local system with associ-
ated stratified covering X. Then, for any local section ¢ of I35 we have, over each
stratum of D, a surjective morphism

grjf?,_l(p L — q}l gy, L.
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=S . f
Assume moreover that the pair (X, ) is good. Then the restriction of g, £ over

each stratum of D is a local system, and gr'};tl Z is constructible on 8X X5 Z‘
with respect to the stratification obtained by pull-back from that of D.

Proof. By definition, we have (q;lf.)sf,lw = L<yry. Letusfix y € 39X and let
us set f = f(y) € 9S. The point is to show that (qf1$)<7*1<p,y C Loyrgpy. Let
Y c jgl)? be the stratified J-covering attached to (., .%,). On the one hand,

~1 g
(qf <f lo.y Z"gﬂ‘ wy—z 69 grf

V<0 Vg 1€5y

ISV
= r, %,. (15.2 %)
g n<<y
e,
Iy <o n<, [y

On the other hand,
Lefroy = @ gr, %y (15.2 %)

nex,
n<,f*¢

Since f* is compatible with the order, we have ¢ <, ¢ = f 1// , fre
and, according to the second part of Proposition 9.30 since f X > Sis open,
we moreover have f*y # f*g, thatis, f*¢ < f*¢. This gives the inclusion
(15.2 %) C (15.2 ). '

For the second part of the proposition, we will need a lemma.

Ifmma 15.3. Let n € Jygz, be such that the associated stratified covering
2, U {0} C Jét~ of 39X in some neighbourhood of y is good (i.e., after some finite
ramtﬁcatlon around D near x = w(y) py1 is purely monomial). Assume that
n <,0. Then, setting 6 = f(y) €95, the property

Y <,0€ %555, n<, fY (153 %)
holds if and only if n has poles along all the local components of D at x = w(y).

Proof. Assume first that  has poles along all the local components of D. We will
prove that, if ¥ € J;5, has a pole of order 1/d with d big enough (i.e., p;lw
has a pole of order one), and if ¥ <, 0 (such a ¥ clearly exists), then n <, f*y.
As in Proposition 9.30, one can reduce the statement to the case where 71 is non-
ramified, and so 7 is purely monomial. In local coordinates adapted to D, we have
D ={x;---x; =0} f(x1,...,x,) = xK withk € (N*)¢, n = u(xy,...,x,)/x™
for some m € N’ and u is a unit, and our assumption means that m € (N*)",
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It is then enough to choose d such that k < dm with respect to the natural partial
ordering of N, In such a case, n — f*y remains purely monomial with the same
leading term as 7.

Let us now assume that some m is zero, with j € {1,...,£}. Let ¥ be such
that ¢ <, 0. Both n and f* are purely monomial, with leading monomial x™"
and x ¥ respectively, if ¥ has leading monomial 1", r € Q7. By our assumption
on m, there exists a local modification ¢ : (X', D’) — (X, D) near x € D such
that the leading term of ¢*(n — f™*vy) is — f*¢. If we had n — f*¢ <, 0 and
¥ <,0, we would also have —e* f*y < , 0 forany y' € € '(y) and £* f *y <, 0,
a contradiction. O

Accordmg to (15 2 x) and (15.2 xx) and to the previous lemma, the kernel of
grf L~ qf gr s+, -Zy is equal to the sum of gr, &), where ) € 2 is such

that n — f*¢ has no pole along some irreducible component of D going through
x = w@(y). This condition does not depend on y, but only on the stratum of D
which x belongs to. This shows that this kernel is a local system over each stratum
of D. On the other hand, gr,«, 2 is also a local system over each stratum of D.

Therefore, so is grj}vllw Z. O

Definition 15.4 (Nearby cycles, the good case). Let (#,.%,) be a good
Stokes-filtered local system on (X, D) (see Definition 13.2) with associated
stratified J- covermg T cC US‘)?, and let ¢ be a local section of J,5 defining a finite
covering E C Jet~ of 35 ~ S'. Let us assume that the pair (g, @) is good. We
then set

Vi(Z. P =, 2.

— 7 A
W?(j’jo) - R(w7 f)* grffl(pg'

We have seen that E‘}’i (F, F,) is locally constant with respect to the pull-back

stratification of D. Since the map (, ]7) is a topological fibration when restricted
above each stratum of D with fibre homeomorphic to a finite number of copies of
(S")*~! when the stratum has codimension £, it follows that the cohomology sheaves
of w‘p (%, F,) are locally constanton D xdS for each stratum D; of D. According
to Lemma 9.38, they can be regarded as C-constructible sheaves on D (constructible
with respect to the natural stratification) equipped with an automorphism (the
monodromy around f = 0). We will denote by (w? (#, Z,), T) the corresponding

object of D?(D) equipped with its automorphism 7 (we implicitly extend the
equivalence of Lemma 9.38 to the derived category)

More precisely, let us denote by D% (D x 38" ) the full subcategory of
D®(D x BS ) whose objects are constructlble W1th respect to the natural stratification
(Dy x 8S)1. For each A € C*, we denote by L, -1 o, the local system on 39S whose
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fibre is the polynomial ring C[x] and the monodromy is the automorphism A ™!+ Uq,
where Uy, = exp(27iNgo) and N : C[x] — C[x] is defined by Noo (x¥) = x*~!
if Kk = 1 and Noo(l) = 0. We denote similarly the pull-back of L,-1 o to
D x 35, and 1by p: D X 39S — D the projection. We define the functor 1//1 from
D% (D x BS) to D®(D) by

Ya(9) = Rp«(Ly—1 o %)%).

This functor takes values in the derived category of bounded constructible
complexes on D (constructible with respect to the natural stratification). Moreover,
¥ (¥) is equipped functorially with an automorphism 7 = A - (R p« (U ® Id)).

Lemma 15.5. The functor D ccx Vo  induces an  equivalence between
Db (D x BS) and the category (D2(D), T)) whose objects are pairs of an object
of Db(D) (constructibility with respect to the natural stratification is understood)
and an automorphism T of this object. O

This lemma is a natural extension to derived categories of Lemma 9.38, if one
uses the finite determination functor of [13, Lemma 1.5]. In particular, for a given
object ¢ of D%_C(D X 3§), all ¥,¥ but a finite number are isomorphic to zero
locally on D. In the following, we will have to consider (‘/f;f; (F, F,), T) for each
A eCr.

15.3 Nearby Cycles Along a Function (Dimension Two)

We keep the setting of Sect. 15.2. Our aim is to define the nearby cycles functors
wj‘f and wj‘f for good Stokes-filtered local systems (.%,.%,) on (X, D), without
assuming that ¢ is good with respect to the stratified J-covering ¥ associated to
(F,.%,). We will restrict to the case where X has dimension two from now on.

The following proposition will be essential to define nearby cycles when the
goodness condition on ¢ is not fulfilled.

Proposition 15.6. Let us keep the assumptions of Definition 15.4 with dim X = 2,
andlet e : (X', D') — (X, D) be a proper modification, where D' = ¢~'(D) is a
divisor with normal crossings and ¢ : X' ~ D’ — X ~ D is an isomorphism. Let us
set f'= foe:(X',D")— (S,0). We have

VT, F) = ReY et (F, 7). (15.6%)

V(F. T) = R, Idag)*l/f_j‘;/ﬁ(g?, Z,). (15.6%)
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Proof. We will consider the following diagram:

Vi [Ty ———— %5
’ ~_l .
q,/ N qy qu
qe "
I 1y ——————— Iy
\ _ / 7 L 7 -
X b S

where we recall that, for a map g, g, is a notation for g*.
On the one hand, we have by definition (qf, +$)<f,_ = (et L)<y

Recall also (see Definition 1.33) that (¢7.%)< = Tr<,, (7' .%%). Therefore,

G et D, = Y. T 'Ze

n,e*n< f*e

On the other hand, E_l(q;1$)$7_1¢ = ,<s+p & ' ZL<; We thus have a natural
inclusion '8‘_1(61_1.2)<f 1, C (q_ € $)<f, 1, (as subsheaves of the pull-back of
the local system Z). We will show that this is an equality by checking this property
ateach y’ € dX'. Let us set y =¢(y’)and 6 = f(y) A computation similar to
(15.2 %) gives

(61;/18+$)$J7/—1¢!y/ = & g,9,

nex,
e ns e
(15.7)
E'@7 D)y = @7 Dy, = @ o, 4
7]6
N, f ®

so the desired equality is a consequence of Lemma 9.34 applied to n — f*¢ (due to
the assumption of goodness,  — f *¢ is purely monomial) and the map «.

We also have an inclusion '5_1(61]71.2)9771(/) C (q;}s*’f)q?,flw, by using the
same argument as for <, but we do not claim that it is an equality (the argument for
< used the goodness property of ¢ with respect to T.a property that one cannot use
for ¥ <, ¢). In any case, we conclude that there is a surjective morphism

ATYNT, T — e (T T

and we will compute the kernel in the neighbourhood of 27! (y) for each y € X,
According to Lemma 15.3 and the computation (15.7), the kernel at y' € 271(y)
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is identified with the sum of gr, ., for those 7 € fy such that *(n — f*¢) has
poles along all the components of D’ going through x’ = @w’(y’), but n — f*¢ has
no poles along some component of D going through x = @ (). We therefore only
need to consider the local case where D has two components Dy, D, and n — f*¢
has poles along D, only. Since n — f*¢ is purely monomial, ¢*(n — f*¢) has no
poles exactly along the strict transform D| of D;. Therefore, the 7-component of
the kernel of Ajz—1,) is equal to the pull-back of gr, £, on T (y)~ @' "(D}) and
is zero on 27! (y) N @w’~!(D}). This holds in some small neighbourhood of y. We
will denote by D and D', the components of D', so that2 € J'.

Lemma 15.8. Let .Z denote the constant sheaf on X' ~ w'™! (D) extended by 0

on w'~Y (D). Then R+ is zero on w ™' (Dy).

Proof. 1t is equivalent to proving that Re,Cy = C Tin,
1D}

(13.1 xx), we have Rg.Cy5z, = C,5%. By definition (see Lemma 8.2), we have a

cartesian square

since, according to

X\p, = X(D1, D) jp, —— X(D1)p, = X (D)

| |

XV(DZ)ID] Dl

and X(D2)|D1 is nothing but the real blow-up space ¢ of D; along D; N D,, that we
will denote by D, for short. We denote similarly by D’ the real blow-up space of D}

along D} N D', that we identify to X'(D’, ,ej,)‘D/ Then the map @ : X/, =

/GJ/7 \D/

X' (Dj/e(J'u{l}))lDf — X|D1 factorizes through
§|‘D“f x 1Id : 5{ XD BY(Dl) —> 51 XD BY(DI)

Note that € : D - Dy is an 1somo,\phlsm hence so is € : D — Dl We will

show that the map XlD’ — D X p, 0X (D) is an isomorphism. Assume that this is
1

proved. Then we have an equality of maps

X[ == D} xp, 0X(D)
'El le’z x 1d (15.9)
Y\Dl —— D, xp, 0X(D))

hence the left-hand map is an isomorphism too, so that RexCg = C Tp, -
1D}
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To prove the assertion is a local question on D{. There are local coordinates
(x},x5) on X" and (x;,x2) on X such that Dy is locally defined by x; = 0, D}
by x{ = 0, and e(x].x}) = (x{*x%.x}) with k.£ > 0. As in (9.28), the map
X{p = X|p, is written

1
(p] = 0,05,0],05) —> (p1 =0, pp = ph, 01 = kO] + £65,6, = 6)

and the assertion means that 9{ is uniquely determined from 6y, 6,, p>, which is
now clear. O

End of the proof of Proposition 15.6 Applying Lemma 15.8 together with the
projection formula for the proper morphism ‘€ implies that R, of this n-component
is zero. Since this holds for any n € X, we conclude that we have an isomorphism
in the neighbourhood of y:

Re. ) : Rs*'é‘_laﬁ(ﬁ,ﬁ.) — Rs*%}’i,zﬁ(ﬁ,ﬁ.),

and since y was arbitrary, this is an isomorphism all over 3X. On the other
hand, applying once more the projection formula and (13.1x%%) we have
Re.Z'YI(F, F.) = Y4 (F. Z.). This ends the proof of (15.6%).

By using the commutative diagram

SN} ¢
@', l l (@. /)

D'x 3§ —— D xdS
ex1Id

one obtains (15.6 7). O

Going back to nearby cycles, we note that Definition 15.4 cannot be used in
general, since Proposition 15.6 does not hold in general without the goodness
property of ¢, and we would expect that the property proved in this proposition to be
satisfied by nearby cycles. The idea is then to define nearby cycles w‘)@ by choosing
a modification ¢ : (X', D) — (X, D) so that ¢ becomes good with respect to
et (F, %,) and take the formulas of Proposition 15.6 as a definition. This is similar
to the notion of good cell introduced in [69]. The proposition itself is useful to prove
that this definition does not depend on the choice of ¢, provided that the goodness
property is fulfilled.

Proposition 15.10. Let us fix x € D and let n be a local section of I in some
neighbourhood of y € w~'(x). Then there exists a finite sequence of point
blowing-ups ¢ : (X', D’) — (X, D) with centers projecting to x such that £*n
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(see Proposition 9.30) is good on e~ (U), where U is some open neighbourhood
of x in X.

Proof. If n is not ramified, that is, n € Ox.(xD)/Cx., goodness means pure
monomiality, and the assertion is that of Lemma 9.11, according to the well-known
property that any proper modification of a complex surface is dominated by a
sequence of point blowing-ups.

In general, by definition of J, there exists a local ramification p; : Us; — U such
that p37 is not ramified, i.e., belongs to Oy, o(*xD)/ Oy, o. For any automorphism o
of pa, 0*pjn is also not ramified and has the same polar locus (with the same
multiplicities) as pj;n. The product of all 0*p}n when o varies in the Galois group
of pg can be written p} &, where £ belongs to Oy o(xD)/ Oy .

Note now that the product of elements of Oy, o(*D)/ Oy, o having the same
polar divisor is purely monomial if and only if each term is purely monomial.

We can apply the first part of the proof to £ and get a sequence ¢ of point
blowing-ups such that *£ is purely monomial. Let x’ € &7 '(x) and let D’ =
e~!(D). One can choose a local ramification p, in the neighbourhood of x” which
dominates U, by a generically finite map &’. We can apply the first property above
to p,e*& =[], &0 pyn to conclude that £*7 is purely monomial after the local
ramification p,’. O

Corollary 15.11. Let Y CcPbea good stratified J-covering. Then, for any local
section ¢ of Jy3, there exists, over any compact set K of D, a finite sequence of
point blowing-ups ¢ : (X', D') — (X, D) such that ¢ is good with respect to £* X
in some neighbourhood of ¢~ (K).

Definition 15.12. Let f : (X,D) — (S,0) be a proper holomorphic map to
a disc S, where D = f~!'(0) is a divisor with normal crossings and smooth

components. Let (7, Z,) be a good Stokes-filtered local system on (X, D) with
associated stratified J-covering X'. For any local section ¢ of J,5, we define

~

VI(F ., F) = REY et (F. P, (15.12 %)

where f' = foeande : (X',D') — (X, D) is any finite sequence of point
blowing-ups such that ¢ is good with respect to ¢* X', and we set, as above,

ViH(F. F) = R@. )V )(F. F0)
Remark 15.13. That the choice of ¢ is irrelevant follows from Proposition 15.6.
We could also avoid the properness assumption on f, by working on an exhaustive

sequence of compact subsets of D. Lastly, notice the formula

VT, F) = R(e,1dy5): 95,6 (F, F). (15.13 %)
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15.4 Comparison

We now go back to the setting of Sect. 15.2. Let .# be a good meromorphic bundle
with flat connection on X with poles along a divisor with normal crossings D,
with associated stratified J-covering denoted by X'. Let (., 7,) be the associated
Stokes-filtered local system on X (Djes), and let (£, Z,) denote its restriction
to aX(Djej) Let us also assume that S U {0} is good (i.e., each local section
of ¥ is purely monomial). Then the complex DR™? 7 has cohomology in
degree 0 at most, and Z<o := #°DR™ P is a subsheaf of ¥ = J#°DR.#
(see Corollary 12.7).

Let us now consider the rapid decay de Rham complex of .#. This is the complex
defined similarly to DR™? _# (see Sect.8.4) by replacing the coefficient sheaf
/24P with the sheaf /£'? as defined in Remark 8.4. This complex has already
been considered in dimension one for the full Riemann—Hilbert correspondence (see
Theorem 5.3), but not in dimension bigger than one because the grading has not
been analyzed. Our purpose (Corollary 15.16 and Remark 15.17(1)) is to compare
this grading process to the nearby cycle functor Jg applied to the Stokes-filtered
local system attached to .#, when f : X — C has zero set equal to D. We will
first prove the natural analogue of Theorem 5.3.

Proposition 15.14. For any germ .# along D of good meromorphic connec-
tion such that ¥ U {0} is also good, the complexes DR™? 7, DRY? #
and DR¥P .7 have cohomology in in_degree 0 at most. The natural morphisms
DRY? .# — DR™? 4 — DR induce inclusions #°DRP zf >
AODR™P yf <5 #DRA, and 7#°DREL 4 is equal to 7° DR 7/
A°DRP 4.

Proof. The question is local. Assume first that .# has a good decomposition. That
HFDR™D ) = 0 for k # 0 is Corollary 12.7. For DR™? ./, the similar
assertion is proved with the same arguments (see [79, Sect. 7] when dim X = 2).
The remaining part of the proposition follows easily.

In order to treat the ramified case, one uses the same argument as in the proof of
Lemma 10.9. O

Proposition 15.15. With the same assumptions as in Proposition 15.14, the sub-
sheaf (q;lfs)d) of £ is identified with 5° DR™P ./, so that there is a natural
isomorphism

HDREP = YU (T T).

Proof. Since both sheaves (q;1$§)<0 and #°DR™P ./ are subsheaves of

Lo = A°DR™P _y/, the comparison can be done locally on 3X. Working
with @/ ® .# and using Theorem 12.5, we then reduce to proving the assertion
for.# = &", where 7 is a purely monomial local section of J. It is not difficult to
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show that, in such a case,

0 if  does not have a pole
DR &1 = along each components of D,

SODR™ID 21 otherwise.

According to Lemma 15.3, s#°DR™? &7 coincides with the corresponding
(q_?l$$)<0- O

We now compare the previous construction to that of moderate nearby cycles as
recalled in Sect. 14.2.

Corollary 15.16. With the same assumptions as in Proposition 15.14, we have for
each A € C* and on each compact set K C D a functorial isomorphism of objects
of Db(D) equipped with an automorphism

W9.(F.7).T)x — ORYS 4. T).

Proof. Since .# is Oy (xD)-locally free, we can apply [81, Corollary II.1.1.19,
p. 45] to compute Rw, DR™P #, and conclude that Rw, DR®? _# is isomor-
phic to DR(05 ® .#). Let us now replace .# with ., .

We denote by Lj;-1; the local system

Ker [B,f : %‘g’do ® Mk — %‘%"do ®</Vx,k]

on 3S. This is a rank k + 1 local system with monodromy A ™! Id +Nj ., where
Ny +1 is a Jordan block of size k + 1.
Similarly, we have

]'r\'—lL)ﬁl’k _ f%ﬂODRmOdD(f—F«/VA,k),

and the 7/ vanish for j >0, according to Proposition 15.14. Moreover, it
is immediate to check that J#°DR™P(f*+.4;,) = 0, and Proposition 15.14
also implies

F'Ly-1 = AODREP (FF 450).

We conclude that there is a natural morphism of complexes

'Ly« ®DR¥P 4 —> DR A,

and one checks by a local computation on X, by using Theorem 12.5, that
this morphism is a quasi-isomorphism. Taking its inductive limit we get a
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quasi-isomorphism

Ly o ® DR#'? ./ — limDR*'? .7, 1,
k

We therefore get an isomorphism

Rw.(f7'Li-1 o %DRM M) —> li_]f)nDR(ﬁﬁ ® My 1).

According to the projection formula, the left-hand term is W?; ,(F,.Z,) and the

right-hand term, restricted to the compact set K, is identified with DR w}‘;‘i’d///
(see Corollary 14.5). The comparison of monodromies is straightforward. O

Remarks 15.17. 1. If dim X = 2, we can define (Iﬂ(} (%, F,), T) with the only
assumption that (%, .%,) is good by the procedure of Sect. 15.3. On the other
hand, w’;‘(’d commutes with direct images of Z-modules (see e.g. [66]), and DR
commutes with direct images by ¢ (since X’ and X have the same dimension,
the shifts in the de Rham complexes cancel). Therefore, in such a case, we get a
comparison isomorphism as in Corollary 15.16.

2. One can extend in a straightforward way the comparison of Corollary 15.16 to
the various w‘)‘i (%, F,) provided the pair (X, ¢) is good. If ¢ is not ramified,
the right-hand side is replaced with (DR ¢/} (.# ® &=77),T). Similarly, in
dimension two, one can relax the goodness assumption on ¢ with respect to z.
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