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Introduction

The classical theory of linear differential equation of one complex variable near
a singular point distinguishes between a regular and an irregular singularity by
checking the vanishing of the irregularity number, which characterizes a regular
singularity (Fuchs criterion). The behaviour of the solutions of the equation
(moderate growth near the singularity) also characterizes a regular singularity, and
this leads to the local Riemann–Hilbert correspondence, characterizing a regular
singularity by “monodromy data”.

On a Riemann surfaceX , the Riemann–Hilbert correspondence for meromorphic
connections with regular singularities on a discrete setD (first case), or more gener-
ally for regular holonomic D-modules with singularities atD (second case), induces
an equivalence of the corresponding category with the category of “monodromy
data”, which can be presented

� Either quiver-theoretically as the data of local monodromies and connection ma-
trices (first case), together with the so-called canonical and variation morphisms
(second case).

� Or sheaf-theoretically as the category of locally constant sheaves of finite
dimensional C-vector spaces on X� D X X D (first case) or perverse sheaves
with singularities at D (second case).

While the first presentation is suited to describing moduli spaces, for instance,
the second one is suited to sheaf-theoretic operations on such objects. Each of
these objects can be defined over subfields k of C, giving rise to a k-structure
on the meromorphic connection with regular singularities, or regular holonomic
D-module.

When the irregularity number is nonzero, finer numerical invariants are in-
troduced, encoded in the Newton polygon of the equation at the singular point.
Moreover, such a Riemann–Hilbert correspondence with both aspects also exists.
The first one is the most popular, with Stokes data, consisting of Stokes matrices,
instead of local monodromy data. An extensive literature exists on this subject, for
which classical references are [93, 96] and a more recent one is [94]. The second
aspect, initiated by P. Deligne [17] (case of meromorphic connections) and [19]

ix
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(holonomic D-modules), has also been developed by B. Malgrange [52, 55] and
D. Babbitt and V.S. Varadarajan [2]. Moreover, the Poincaré duality has been
expressed by integrals on “rapid decay cycles” by various authors [10, 33].

In higher dimensions, such a dichotomy (regular/irregular singularity) also exists
for meromorphic bundles with flat connection (respectively holonomic D-modules).
The work of P. Deligne [15] has provided a notion of meromorphic connection with
regular singularities, and a Riemann–Hilbert correspondence has been obtained by
P. Deligne in such a case and by M. Kashiwara on the one hand and Z. Mebkhout on
the other hand in the case of holonomic D-modules with regular singularities. The
target category for this correspondence is that of C-perverse sheaves. Moreover, the
Fuchs criterion has been generalized by Z. Mebkhout: the irregularity number is
now replaced by the irregularity complex, which is also a perverse sheaf.

When the irregularity perverse sheaf is not zero, it can be refined, giving rise to
Newton polygons on strata of a stratification adapted to the characteristic variety of
the holonomic D-module (see [44]).

These lectures will be mainly concerned with the second aspect of the Riemann–
Hilbert correspondence for meromorphic connections or holonomic D-modules,
and the main keyword will be the Stokes phenomenon in higher dimension.
Their purpose is to develop the original idea of P. Deligne and B. Malgrange
and make it enter the frame of perverse sheaves, so that it can be extended
to arbitrary dimensions. This has been motivated by recent beautiful results of
T. Mochizuki [67, 70], who has rediscovered it and shown the powerfulness of this
point of view in higher dimension.

This approach is intended to provide a global understanding of the Stokes phe-
nomenon. While in dimension one the polar divisor of a meromorphic connection
consists of isolated points and the Stokes phenomenon describes the behaviour of
solutions in various sectorial domains around these points, in dimension > 2 the
divisor is no more discrete and the sectorial domains extend in some way all along
the divisor. Moreover, questions like pull-back and push-forward by holomorphic
maps lead to single out the sheaf-theoretic approach to the Stokes phenomenon.
Above the usual complex geometry of the underlying complex manifold with its
divisor lives a “wild complex geometry” governing the Stokes phenomenon.

One of the sought applications of this sheaf-theoretic approach, named Stokes-
perverse sheaf, is to answer a question that S. Bloch asked me some years ago:
to define a sheaf-theoretical Fourier transform over Q (say) taking into account
the Stokes data. Note that the unpublished manuscript [7] gave an answer to this
question (see also the recent work [69] of T. Mochizuki). The need of such an
extension to dimension bigger than one also shows up in [21, p. 116].1

One of the main problems in the “perverse” approach is to understand on which
spaces the sheaves are to be defined. In dimension one, Deligne replaces first
a Riemann surface by its real oriented blow-up space at the singularities of the
meromorphic connection, getting a surface with boundary, and endows the extended

1Deligne writes: “On aimerait dire (mais ceci nous obligerait à quitter la dimension 1): : :.”
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local system of horizontal sections of the connection with a “Stokes filtration” on
the boundary. This is a filtration indexed by an ordered local system. We propose to
regard such objects as sheaves on the étalé space of the ordered local system (using
the notion of étalé space as in [26]). In order to obtain a perfect correspondence with
holonomic D-modules, Deligne fills the boundary with discs together with perverse
sheaves on them, corresponding to the formal part of the meromorphic connection.
The gluing at the boundary between the Stokes-filtered local system and the perverse
sheaf is defined through grading the Stokes filtration.

The road is therefore a priori well paved and the program can be clearly
drafted:

1. To define the notion of Stokes-constructible sheaf on a manifold and a t-structure
in its derived category, in order to recover the category of Stokes-perverse
sheaves on a complex manifold as the heart of this t-structure.

2. To exhibit a Riemann–Hilbert correspondence RH between holonomic
D-modules and Stokes-perverse sheaves and to prove that it is an equivalence of
categories.

3. To define the direct image functor in the derived category of Stokes-constructible
sheaves and prove the compatibility of RH when taking direct images of
holonomic D-modules.

An answer to the latter question would give a way to compute Stokes data of the
asymptotic behaviour of integrals of multivalued functions which satisfy themselves
a holonomic system of differential equations.

While we realize the first two points of the program in dimension one, by making
a little more explicit the contents of [17, 19], we do not go to the end in dimension
bigger than one, as we only treat the Stokes-perverse counterpart of meromorphic
connections, not holonomic D-modules. The reason is that some new phenomena
appear, which were invisible in dimension one.

In order to make them visible, let us consider a complex manifold X endowed
with a divisor D. In dimension one, the topological space to be considered is
the oriented real blow-up space eX of X along D, and meromorphic connections
on X with poles on D are in one-to-one correspondence with local systems on
X X D whose extension to eX is equipped with a Stokes filtration along @eX . If
dimX > 2, in order to remain in the realm of local systems, a simplification of the
underlying geometric situation seems unavoidable in general, so that we treat the
case of a divisor with normal crossings (with all components smooth), and a generic
assumption has also to be made on the connection, called goodness. Variants of this
genericity condition have occurred in asymptotic analysis (e.g. in [48]) or when
considering the extension of the Levelt–Turrittin theorem to many variables (e.g.
in [57]). We define the notion of good stratified I-covering of @eD. To any good
meromorphic connection and to any good Stokes-filtered local system is associated
in a natural way such a good stratified I-covering, and the categories to be put
into Riemann–Hilbert correspondence are those subcategories of objects having an
associated stratified I-covering contained in a fixed good one.
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This approach remains non-intrinsic, that is, while the category of meromorphic
connections with poles along an arbitrary divisor is well defined, we are able
to define a Stokes-topological counterpart only with the goodness property. This
is an obstacle to define intrinsically a category of Stokes-perverse sheaves. This
should be overcome together with the fact that such a category should be stable by
direct images, as defined in Chap. 1 for pre-I-filtrations. Nevertheless, this makes
it difficult to use this sheaf-theoretic Stokes theory to obtain certain properties of a
meromorphic connection when the polar divisor has arbitrary singularities, or when
it has normal crossings but the goodness assumption is not fulfilled. For instance,
while the perversity of the irregularity sheaf (a result due to Z. Mebkhout) is easy in
the good case along a divisor with normal crossings, we do not have an analogous
proof without these assumptions.

Therefore, our approach still remains non-complete with respect to the program
above, but already gives strong evidence of its feasibility.

Compared to the approach of T. Mochizuki in [67, 70], which is nicely surveyed
in [68], we regard a Stokes-filtered object as an abstract “topological” object, while
Mochizuki introduces the Stokes filtration as a filtration of a flat vector bundle. In the
recent preprint [69], T. Mochizuki has developed the notion of a Betti structure on
a holonomic D-module and proved many functorial properties. Viewing the Betti
structure as living inside a pre-existing object (a holonomic D-module) makes it
a little easier to analyse its functorial properties, since the functorial properties
of holonomic D-modules are already understood. On the other hand, this gives a
strong evidence of the existence of a category of Stokes-perverse sheaves with good
functorial properties.

In Chap. 1, we develop the notion of Stokes filtration in a general framework
under the names of pre-I-filtration and I-filtration, with respect to an ordered sheaf
of abelian group I. The sheaf I for the Stokes filtration in dimension one consists
of polar parts of multivalued meromorphic functions of one variable, as originally
introduced by Deligne. Its étalé space is Hausdorff, which makes the understanding
of a filtration simpler with respect to taking the associated graded sheaf. This chapter
may be skipped in a first reading or may serve as a reference for various notions
considered starting from Chap. 4.

Part one, starting at Chap. 2, is mainly concerned with dimension one, although
Chap. 7 anticipates some results in dimension two, according to the footnote on
page x.

In Chap. 2, we essentially redo more concretely the same work as in Chap. 1,
in the context of Stokes-filtered local systems on a circle. We prove abelianity of
the category in Chap. 3, a fact which follows from the Riemann–Hilbert correspon-
dence, but is proved here directly over any base field k. In doing so, we introduce the
level structure, which was a basic tool in the higher dimensional analogue developed
by T. Mochizuki [70], and which was previously considered together with the notion
of multisummability [3, 45, 61, 94].

In Chaps. 4 and 5, we develop the notion of a Stokes-perverse sheaf, mainly by
following P. Deligne [17, 19] and B. Malgrange [55, Chap. IV.3], and prove the
Riemann–Hilbert correspondence. We make explicit the behaviour with respect to
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duality, at least at the level of Stokes-filtered local systems, and the main tools are
explained in Chap. 4.

Chapter 6 gives two analytic applications of the Riemann–Hilbert correspon-
dence in dimension one. Firstly, the Hermitian dual of a holonomic D-module (i.e.,
the conjugate module of the module of distribution solutions of the original one)
on a Riemann surface is shown to be holonomic. Secondly, the local structure of
distributions solutions of a holonomic system is analysed.

Chapter 7 presents another application, with a hint of the theory in dimension
two, by computing the Stokes filtration of the Laplace transform of a regular
holonomic D-module on the affine line. We introduce the topological Laplace
transformation, and we make precise the relation with duality, of D-modules on the
one hand, Poincaré-Verdier on the other hand, and their relations. For this chapter,
we use tools in dimension 2 which are fully developed in the next chapter.

In Part two we start analysing the Stokes filtration in dimension > 2. Chapter 8
defines the real blow-up space along a family of divisors and the relations between
various real blow-up spaces. We pay attention to the global existence of these spaces.
The basic sheaf on such real blow-up spaces is the sheaf of holomorphic functions
with moderate growth along the divisor. It leads to the moderate de Rham complex
of a meromorphic connection. We give some examples of such de Rham complexes,
showing how non-goodness can produce higher dimensional cohomology sheaves.

Chapter 9 takes up Chaps. 2 and 3 and introduces the goodness assumption. The
construction of the sheaf I is given with some care, to make it global along the
divisor.

The first approach to the Riemann–Hilbert correspondence in dimension > 2 is
given in Chap. 10, along a smooth divisor. It can be regarded as obtained by putting
a (good) parameter in Chap. 5. The main new argument is the local constancy of
the Stokes sheaf (Stokes matrices can be chosen locally constant with respect to the
parameter).

Chapter 11 analyses the formal properties of good meromorphic connections,
following T. Mochizuki [70]. In Chap. 12, we give a proof of the analogue in
higher dimension of the Hukuhara–Turrittin theorem, which asymptotically lifts a
formal decomposition of the connection. We mainly follow T. Mochizuki’s proof,
for which a short account has already been given by M. Hien in [29, Appendix].
We then consider the general case of the Riemann–Hilbert correspondence for
good meromorphic connections, and we take this opportunity to answer a question
of Kashiwara by proving that the Hermitian dual of a holonomic D-module is
holonomic (see Chap. 6 in dimension one).

In Chap. 13, we address the question of push-forward and we make explicit a
calculation of the Stokes filtration of an exponentially twisted Gauss–Manin system
(such a system has already been analysed by C. Roucairol [76–78]). However,
the method is dependent on the simple geometric situation, so can hardly be
extended directly to the general case, a proof of which has been recently given by
T. Mochizuki.

Lastly, Chaps. 14 and 15 are concerned with the nearby cycle functor. In
Chap. 14, we first recall the definition of the moderate nearby cycle functor for
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holonomic D-modules via the Kashiwara–Malgrange V -filtration, and we review
the definition of the irregular nearby cycle functor, due to Deligne. We give a
new proof of the preservation of holonomy in a local analytic setting (the proof
of Deligne [18] concerns the algebraic setting) when the ambient manifold has
dimension two.

In Chap. 15, we give a definition of the nearby cycle functor relative to a
holomorphic function for a Stokes-filtered local system and compare it with the
notion of moderate nearby cycles of a holonomic D-module of Chap. 14 through
the Riemann–Hilbert correspondence. We restrict our study to the case of a
meromorphic connection with poles along a divisor with normal crossings and a
holomorphic function whose zero set is equal to this divisor.

Acknowledgements I thank A. Beilinson and the University of Chicago where part of this work
was achieved and T. Monteiro Fernandes and O. Neto in Lisbon (University of Lisbon, CAUL and
CMAF) for giving me the opportunity to lecture on it in January 2009, as well as the audience
of these lectures (whose content corresponds approximately to the present first seven lectures) for
many interesting questions and remarks. Many discussions with S. Bloch, H. Esnault, C. Hertling,
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T. Mochizuki for letting me know his ongoing work on the subject, which strengthens the approach
given here. Discussions with him have always been very enlightening. Two referees have provided
many interesting suggestions for improving the manuscript and to correct some errors. Needless
to say, this work owes much to P. Deligne and B. Malgrange and to D. Bertrand who asked me
to help him when editing the volume [22], giving me the opportunity of being more familiar with
its contents. This research was supported by the grant ANR-08-BLAN-0317-01 of the Agence
nationale de la recherche.



Chapter 2
Stokes-Filtered Local Systems in Dimension One

Abstract We consider Stokes filtrations on local systems on S1. We review some
of the definitions of the previous chapter in this case and make explicit the
supplementary properties coming from this particular case. This chapter can be read
independently of Chap. 1.

2.1 Introduction

The notion of a (pre-)Stokes filtration is a special case of the notion of a (pre-)
I-filtration defined in Chap. 1 with a suitable sheaf I on the topological space
Y D S1. We have chosen to present this notion independently of the general results
of the previous chapter, since many properties are simpler to explain in this case
(see Proposition 2.7). Nevertheless, we make precise the relation with the previous
chapter when we introduce new definitions. We moreover start with the non-ramified
Stokes filtrations, to make easier the manipulation of such objects, and we also call
it a I1-filtration, in accordance with the previous chapter. The (possibly ramified)
Stokes filtrations are introduced in Sect. 2.4, where we define the sheaf I with its
order. They correspond to the I-filtrations of the previous chapter.

We also make precise the relation with the approach by Stokes data in the case
of Stokes filtrations of simple exponential type.

References are [2, 17, 52] and [55, Chap. IV].

2.2 Non-ramified Stokes-Filtered Local Systems

Let k be a field. In this section, we consider local systems of finite dimensional
k-vector spaces on S1. Recall (see Example 1.4) that we consider S1 equipped
with the constant sheaf I1 with fibre P D C.fxg/=Cfxg consisting of polar parts of

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 2, © Springer-Verlag Berlin Heidelberg 2013
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Laurent series, and the order depends on the point ei� D x=jxj 2 S1 as follows. Let
� 2 P and let us set � D un.x/x�n with n > 1 and un.0/ ¤ 0 if � ¤ 0. Then

� 6
�
0 ” � D 0 or arg un.0/� n� 2 .�=2; 3�=2/ mod 2�; (1.4 �)

and � <
�
0 , .� 6

�
0 and � ¤ 0/ (see (1.4 ��)). The order is supposed to be

compatible with addition, namely, ' 6
�
 , ' �  6

�
0 and similarly for <

�
. Let

us rephrase Definition 1.27 in this setting.

Definition 2.1. A non-ramified pre-Stokes filtration on a local system L of finite
dimensional k-vector spaces on S1 consists of the data of a family of subsheaves
L6' indexed by P such that, for any � 2 S1, ' 6

�
 ) L6';� � L6 ;� .

Let us set, for any ' 2 P and any � 2 S1,

L<';� D
X

 <
�
'

L6 ;� : (2.2)

This defines a subsheaf L<' of L6' , and we set gr' L D L6'=L<' . Note that
the étalé space Iét

1 is Hausdorff (see Example 1.1(1)) and the previous definition is
in accordance with Definition 1.34.

Notation 2.3. We rephrase here Notation 1.3 in the present setting. Let '; 2 P.
Recall that we denote by S1 6' � S1 the subset of S1 consisting of the � for which
 6

�
'. Similarly, S1 <' � S1 is the subset of S1 consisting of the � for which

 <
�
'. Both subsets are a finite union of open intervals. They are equal if ' ¤  .

Otherwise, S1'6' D S1 and S1'<' D ¿.
Given a sheaf F on S1, we will denote by ˇ 6'F the sheaf obtained by

restricting F to the open set S1 6' and extending it by 0 as a sheaf on S1 (for
any open set Z � S1, this operation is denoted FZ in [39]). A similar definition
holds for ˇ <'F .

Definition 2.4 ((Graded) Stokes filtration). Given a finite set ˚ � P, a Stokes-
graded local system with ˚ as set of exponential factors consists of the data of local
systems (that we denote by) gr' L on S1 (' 2 ˚). Then the graded non-ramified
Stokes filtration on gr L WD L

 2˚ gr L is given by

.gr L /6' D L
 2˚

ˇ 6' gr L :

We then also have

.gr L /<' D L
 2˚

ˇ <' gr L :

A non-ramified k-Stokes filtration on L is a pre-Stokes filtration which is locally
on S1 isomorphic to a graded Stokes filtration. It is denoted by L

�
.
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For a Stokes-filtered local system .L ;L
�
/, each sheaf gr' L is a (possibly zero)

local system on S1. By definition, for every ' and every �o 2 S1, we have on some
neighbourhood nb.�o/ of �o,

L<'jnb.�o/ ' L
 2˚

ˇ <' gr Ljnb.�o/;

L6'jnb.�o/ ' L<'jnb.�o/ ˚ gr' Ljnb.�o/ D L
 2˚

ˇ 6' gr Ljnb.�o/;

Ljnb.�o ' L
 2˚

gr Ljnb.�o/

(2.5)

in a way compatible with the natural inclusions.

Exercise 2.6. Show that the category of Stokes-filtered local systems has direct
sums, and that any Stokes-graded local system is the direct sum of Stokes-graded
local systems, each of which has exactly one exponential factor.

One can make more explicit the definition of a non-ramified Stokes-filtered local
system.

Proposition 2.7. Giving a non-ramified Stokes-filtered local system .L ;L
�
/ is

equivalent to giving, for each ' 2 P, a R-constructible subsheaf L6' � L subject
to the following conditions:

1. For any � 2 S1, the germs L6';� form an exhaustive increasing filtration of L� .
2. Defining L<' , and therefore gr' L , from the family L6 as in (2.2), the sheaf

gr' L is a local system of finite dimensional k-vector spaces on S1.
3. For any � 2 S1 and any ' 2 P, dim L6';� D P

 6
�
' dim gr L� .

We note that when Proposition 2.7(2) is satisfied, Proposition 2.7(3) is equiva-
lent to

30. For any � 2 S1 and any ' 2 P, dim L<';� D P
 <

�
' dim gr L� .

Proof of Proposition 2.7. The point is to get the local gradedness property from the
dimension property of Proposition 2.7(3). Since the local filtrations are exhaustive,
the dimension property implies that the local systems L and

L
' gr' L are locally

isomorphic, hence for each �o, there exists a finite family ˚�o � P such that
gr' L�o ¤ 0 ) ' 2 ˚�o . Since gr' L is a local system, it is zero if and only
if it is zero near some �o. We conclude that the set ˚�o � P is independent of �o,
and we simply denote it by ˚ . We thus have gr' L ¤ 0 ) ' 2 ˚ .

Lemma 2.8. Let F be a R-constructible sheaf of k-vector spaces on S1. For any
�o 2 S1, let I be an open interval containing �o such that FjIXf�og is a local system
of finite dimensional k-vector spaces. Then H1.I;F / D 0.

Proof. Let � W I X f�og ,! I be the inclusion. We have an exact sequence 0 !
�Š�

�1F ! F ! G ! 0, where G is supported at �o. It is therefore enough to
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prove the result for �Š��1F . This reduces to the property that, if i W .a; b/ ,! .a; b�

is the inclusion (with a; b 2 R, a < b), then H1..a; b�; iŠk/ D 0, which is clear by
Poincaré duality. ut

Let us fix �o 2 S1. Since L< is R-constructible for any  , there exists an
open interval nb.�o/ of S1 containing �o such that, for any  2 ˚ , L< is a
local system on nb.�o/ X f�og. Then, for any such  , H1.nb.�o/;L< / D 0,
according to the previous lemma and, as gr L is a constant local system on
nb.�o/, we can lift a basis of global sections of gr Ljnb.�o/ as a family of sections
of L6 ;jnb.�o/. This defines a morphism

L
 gr Ljnb.�o/ ! Ljnb.�o/ sendingL

 6
�
' gr L� to L6';� for any � 2 nb.�o/ and any '. Let us show, by induction on

#f 2 ˚ j  6
�
'g, that it sends

L
 6

�
' gr L� onto L6';� for any � 2 nb.�o/ and

any ': indeed, the assertion is clear by the dimension property if this number is zero;
by the inductive assumption and according to (2.2), it sends

L
 <

�
' gr L� onto

L<';� for any � 2 nb.�o/; since L6' D L<' C image gr' L in L , the assertion
follows. As both spaces

L
 6

�
' gr L� and L6';� have the same dimension, due to

Proposition 2.7(3), this morphism is an isomorphism. ut
The finite subset ˚ � P such that gr' L ¤ 0 ) ' 2 ˚ is called the set of

exponential factors of the non-ramified Stokes filtration. The following proposition
is easily checked, showing more precisely exhaustivity.

Proposition 2.9. Let L
�

be a non-ramified k-Stokes filtration on L . Then, for any
� 2 S1, and any ' 2 P,

� If ' <
�
˚ , then L6';� D 0.

� If ˚ <
�
', then L<';� D L6';� D L� . ut

Remark 2.10. One can also remark that the category of Stokes-filtered local
systems with set of exponential factors contained in ˚ is equivalent to the category
of ˚-filtered local systems, where we regard ˚ as a constant sheaf on S1, equipped
with the ordered induced by the order of I1 (constant sheaf with fibre P).

Examples 2.11. 1. (Twist) Let � 2 Px and let .L ;L
�
/ be a (pre-)Stokes-filtered

local system. The twisted local system .L ;L
�
/Œ�� is defined by L Œ��6' D

L6'��. In the Stokes-filtered case, the set of exponential factors ˚Œ�� is equal to
˚ C �. This is analogous to Definition 1.9.

2. The graded Stokes filtration with ˚ D f0g (see Example 1.35) on the constant
sheaf kS1 is defined by kS1;6' WD ˇ06'kS1 for any ', so that kS1;60 D kS1 ,
kS1;<0 D 0, and, for any ' ¤ 0, kS1;6' D kS1;<' has germ equal to k� at
� 2 S1 iff 0 6

�
', and has germ equal to 0 otherwise.

3. Let L
�

be any non-ramified Stokes filtration with set of exponential factors ˚
reduced to one element �. According to Proposition 2.9, we have L<� D 0,
and L6� D gr� L D L is a local system on S1. The non-ramified Stokes
filtration is then described as in Example 2.11(2) above, that is, L6' D ˇ�6'L .
If we denote by L

�
this Stokes filtration of L then, using the twist operation
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Example 2.11(1), the twisted Stokes filtration L Œ���
�

is nothing but the graded
Stokes filtration on L , defined as in Example 2.11(2).

4. Assume that #˚ D 2 or, equivalently (by twisting, see above), that ˚ D f0; 'og
with 'o ¤ 0. If the order of the pole of 'o is n, then there are 2n Stokes directions
(see Example 1.4) dividing the circle in 2n intervals. Given such an open interval,
then 0 and 'o are comparable (in the same way) at any � in the interval, and
the comparison changes alternatively on the intervals. Assume that 0 <

�
'o.

Then, according to Propositions 2.9 and 2.7(3), L6'o;� D L� and L<0;� D 0.
Moreover, when restricted to the open interval containing � , L60 D L<'o is
a local system of rank equal to rk gr0 L . On the other intervals, the roles of 0
and 'o are exchanged.

Let now � be a Stokes direction for .0; 'o/. As 'o and 0 are not compa-
rable at � , Proposition 2.7(30) implies that L<'o;� D L<0;� D 0 and, using '
such that 0; 'o <�

', we find, by exhaustivity, L� D L6'o;� ˚ L60;� . This
decomposition reads as an isomorphism L� ' gr'o L� ˚ gr0 L� . It extends
on a neighbourhood nb.�/ of � in S1 (we can take for nb.�/ the union of the
two adjacent intervals considered above ending at �) in a unique way as an
isomorphism of local systems Ljnb.�/ ' .gr'o L ˚ gr0 L /jnb.�/.

In order to end the description, we will show that the equality L6' D L<'

for ' 62 f0; 'og can be deduced from the data of the corresponding sheaves for
' 2 f0; 'og. Let us fix � 2 S1. Assume first 0 <

�
'o (and argue similarly if

'o <�
0).

� If ' is neither comparable to 'o nor to 0, then Proposition 2.7(3) shows that
L6';� D 0

� If ' is comparable to 'o but not to 0

– If 'o <�
', then L6';� D L�

– If ' <
�
'o, then L6';� � L<'o;� D L60;� , hence Proposition 2.7(3)

implies L6';� D 0

� If ' is comparable to 0 but not to 'o, the result is similar
� If ' is comparable to both 'o and 0, then

– If 0 <
�
'o <�

', L6';� D L�

– If 0 <
�
' <

�
'o, then L6';� D L60;�

– If ' <
�
0 <

�
'o, then L6';� D 0

If 'o and 0 are not comparable at � , then one argues similarly to determine L6';� .

Definition 2.12. A morphism � W .L ;L
�
/ ! .L 0;L 0

�
/ of non-ramified k-Stokes-

filtered local systems is a morphism of local systems L ! L 0 on S1 such that,
for any ' 2 P, �.L6'/ � L 0

6' . According to (2.2), a morphism also satisfies
�.L<'/ � L 0

<' . A morphism � is said to be strict if, for any ', �.L6'/ D
�.L / \ L 0

6' .

Definition 2.13. Given two non-ramified k-Stokes-filtered local systems .L ;L
�
/

and .L 0;L 0
�
/,
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� The direct sum .L ;L
�
/ ˚ .L 0;L 0

�
/ has local system L ˚ L 0 and filtration

.L ˚ L 0/6' D L6' ˚ L 0
6' .

� Hom.L ;L 0/6� is the subsheaf of Hom.L ;L 0/ consisting of local mor-
phisms L ! L 0 sending L6' into L 0

6'C� for any '.
� The dual .L ;L

�
/_ is hence defined as .Hom.L ;kS1/;Hom.L ;kS1/�

/,
where kS1 is equipped with the graded Stokes filtration of Example 2.11(2).

� .L ˝ L 0/6� D P
' L6' ˝ L 0

6��' � L ˝ L 0.

In particular, a morphism of non-ramified Stokes-filtered local systems is a global
section of Hom.L ;L 0/60.

Proposition 2.14. Given two non-ramified k-Stokes filtrations L
�
;L 0

�
of L ;L 0,

L
�

˚ L 0
�
, Hom.L ;L 0/

�
, .L _/

�
and .L ˝ L 0/

�
are non-ramified k-Stokes

filtrations of the corresponding local systems and Hom.L ;L 0/
�

' .L 0_ ˝ L /
�
.

Moreover,

1. Hom.L ;L 0/<� is the subsheaf of Hom.L ;L 0/ consisting of local mor-
phisms L ! L 0 sending L6' into L 0

<'C� fo any '.

2. .L _/6' D .L<�'/? and .L _/<' D .L6�'/? for any ', so that
gr' L _ D .gr�' L /_ (here, .L<�'/?, resp. .L6�'/?, consists of local
morphisms L ! kS1 sending L<�' , resp. L6�' , to zero).

3. .L ˝ L 0/<� D P
' L6' ˝ L 0

<��' D P
' L<' ˝ L 0

6��' .

Proof. For the first assertion, let us consider the case of Hom for instance.
Using a local decomposition of L ;L 0 given by the Stokes filtration condi-
tion, we find that a section of Hom.L ;L 0/� is decomposed as a section ofL

'; Hom.gr' L ; gr L 0/� , and that it belongs to Hom.L ;L 0/6�;� if and only
if its components .';  / are zero whenever  � ' 66

�
�. The assertion is then clear,

as well as the characterization of Hom.L ;L 0/<�.
As a consequence, a local section of .L _/6' has to send L<�' to zero for any '.

The converse is also clear by using the local decomposition of .L ;L
�
/, as well as

the other assertions for L _.
The assertion on the tensor product is then routine. ut

Remark 2.15. One easily gets the behaviour of the set of exponential factors with
respect to such operations. For instance, the direct sum corresponds to .˚;˚ 0/ 7!
˚ [˚ 0, the dual to ˚ 7! �˚ and the tensor product to .˚;˚ 0/ 7! ˚ C ˚ 0.

Poincaré–Verdier duality. For a sheaf F on S1, its Poincaré–Verdier dual DF is
R HomC.F ;kS1Œ1�/ and we denote by D0F D R HomC.F ;kS1/ the shifted
complex. We clearly have D0L D HomC.L ;kS1/ DW L _.

Lemma 2.16 (Poincaré duality). For any ' 2P, the complexes D0.L6'/ and
D0.L =L6'/ are sheaves. Moreover, the two subsheaves .L _/6' and
D0.L =L<�'/ of L _ coincide.

Proof. The assertions are local on S1, so we can assume that .L ;L
�
/ is split

with respect to the Stokes filtration, and therefore that .L ;L
�
/ has only one
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exponential factor �, that is, L6' D ˇ�6'L (see Example 2.11(3). Let us denote
by ˛ <' the functor which is the composition of the restriction to the open set S1 <'
(see Notation 2.3) and the maximal extension to S1, and similarly with 6. We have
an exact sequence

0 �! ˇ�<'L �! L �! ˛'6�L �! 0

which identifies ˛'6�L to L =L<' , and a similar one with ˇ�6' and ˛'<�. On the
other hand, D0.ˇ�6'L / D ˛�6'L

_ and D0.˛'6�L / D ˇ'6�L
_. The dual of the

previous exact sequence, when we replace ' with �', is then

0 �! ˇ�'6�L
_ �! L _ �! ˛�<�'L _ �! 0;

also written as

0 �! ˇ��6'L _ �! L _ �! ˛'<��L _ �! 0;

showing that D0.L =L<�'/ D .L _/6' . ut

2.3 Pull-Back and Push-Forward

Let f W X 0 ! X be a holomorphic map from the disc X 0 (with coordinate x0) to the
disc X with coordinate x. We assume that both discs are small enough so that f is
ramified at x0 D 0 only. We now denote by S1x0 and S1x the circles of directions in the
spaces of polar coordinates eX 0 and eX respectively. Then f induces ef W S1x0 ! S1x ,
which is the composition of the multiplication byN (the index of ramification of f )
and a translation (the argument of f .N/.0/). Similarly, Px and Px0 denote the polar
parts in the variables x and x0 respectively.

Remark 2.17. Let � 2 Px and set f �� D � ı f 2 Px0 . For any � 0 2 S1
x0 , set

� D ef .� 0/. Then we have

f �� 6
� 0
0 ” � 6

�
0 and f �� <

� 0
0 ” � <

�
0:

(This is easily seen using the definition in terms of moderate growth in Example 1.4,
since ef W eX 0 ! eX is a finite covering.)

Definition 2.18 (Pull-back). Let L be a local system on S1x and let L
�

be a
non-ramified k-pre-Stokes filtration of L . For any ' 0 2 Px0 and any � 0 2 S1

x0 ,
let us set

. ef CL /6'0;� 0 WD
X

 2Px
f � 6

� 0
'0

L6 ; ef .� 0/ � L ef .� 0/ D . ef �1L /� 0 :
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Then . ef CL /
�

is a non-ramified pre-Stokes filtration on ef �1L , called the pull-back
of L

�
by f . We denote by ef C.L ;L

�
/ the pull-back pre-Stokes-filtered local

system, in order to remember that the indexing set has changed (see Definition 1.33).

Proposition 2.19 (Pull-back). The pull-back ef C.L ;L
�
/ has the following

properties:

1. For any ' 0 2 Px0 and any � 0 2 S1x0 ,

. ef CL /<'0;� 0 D
X

 2Px
f � <

� 0
'0

ef �1.L6 ; ef .� 0//:

2. For any ' 2 Px,

. ef CL /6f �' D ef �1.L6'/;

. ef CL /<f �' D ef �1.L<'/

and

grf �'.
ef CL / D ef �1.gr' L /:

3. In particular, if ef C.L ;L
�
) is a non-ramified Stokes-filtered local system for

some f , then for any ' 2 Px , gr' L is a local system on S1x .
4. Let L ;L 0 be two local systems on S1x equipped with non-ramified pre-Stokes

filtrations and let � W L ! L 0 be a morphism of local systems such that,
for some f , ef �1� W ef �1L ! ef �1L 0 is compatible with the non-ramified
pre-Stokes filtrations . ef CL /

�
; . ef CL 0/

�
. Then � is compatible with the non-

ramified pre-Stokes filtrations L
�
;L 0

�
.

5. Assume now that L
�

is a non-ramified k-Stokes filtration (i.e., is locally graded)
and let ˚ be its set of exponential factors. Then . ef CL /

�
is a non-ramified

k-Stokes filtration on ef �1L and, for any ' 0 2 Px0 , gr'0
ef CL ¤ 0 )

' 0 2f �˚ .
6. The pull-back of non-ramified Stokes filtrations is compatible with Hom, duality

and tensor product.

Proof. By definition,

. ef CL /<'0 ;� 0 D
X

 0<
� 0
'0

. ef CL /6 0;� 0 D
X

 0<
� 0
'0

X

 2Px
f � 6

� 0
 0

L6 ; ef .� 0/;

and this is the RHS in Proposition 2.19(1).
The first two lines of Proposition 2.19(2) are a direct consequence of

Remark 2.17, and the third one is a consequence of the previous ones.
Then Proposition 2.19(3) follows, as each gr'0. ef CL / is a local system on S1x0 .
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Proposition 2.19(4) follows from the first line in Propositions 2.19(2) and 2.19(5)
from third line and from the local gradedness condition. Then, Proposition 2.19(6)
is clear. ut
Remark 2.20. In order to make clear the correspondence with the notion intro-
duced in Definition 1.33 and considered in Lemma 1.40, note that the sheaf I1 is the
constant sheaf on S1x with fibre Px, ef �1I1 is the constant sheaf on S1

x0 with fibre Px
and I0

1 is the constant sheaf on S1
x0 with fibre Px0 . The map qf is f � W Px ! Px0 .

Exercise 2.21 (Push forward). Let L 0 be a local system on S1x0 equipped with a
non-ramified pre-Stokes filtration L 0

�
. Show that

1. ef�L 0 is naturally equipped with a non-ramified pre-Stokes filtration defined by
. ef�L 0/6' D ef�.L 0

6f �'/.
2. Assume moreover that L 0

�
is a non-ramified Stokes filtration and let ˚ 0 � Px0

be its set of exponential factors; if there exists a finite subset ˚ � Px such that
˚ 0 D f �˚ , then the push-forward pre-Stokes filtration . ef�L 0/

�
is a Stokes

filtration.

2.4 Stokes Filtrations on Local Systems

We now define the general notion of a (possibly ramified) Stokes filtration on a local
system L on S1.

Let d be a nonzero integer and let �d W Xd ! X be a holomorphic function
from a disc Xd (coordinate x0) to the disc X (coordinate x). For simplicity, we will
assume that the coordinates are chosen so that �d .x0/ D x0d .

Definition 2.22 ((Pre-)Stokes filtration). Let L be a local system on S1x .
A k-(pre-)Stokes filtration (ramified of order 6 d ) on L consists of a non-ramified
(pre-)Stokes filtration on L 0 WD ��1

d L such that, for any automorphism 	

Xd

�d ���
��

��
��

�

	
�� Xd

�d����
��
��
��

X

and any ' 0 2 Px0 , we have L 0
6	�'0 D e	�1L 0

6'0 in L 0 D e	�1L 0. Similarly, a
morphism of (pre-)k-Stokes-filtered local systems is a morphism of local systems
which becomes a morphism of non-ramified Stokes-filtered local systems after
ramification.

We will make precise the relation with the notion of a I-filtration of Chap. 1 by
defining first the sheaf I.
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The sheaf I on S1. Let d be a positive integer. We denote by Id the local system
on S1x whose fibre at � D 0 is Px0 and whose monodromy is given by Px0 3
' 0.x0/ 7! ' 0.e2�i=dx0/. If we denote by e�d W S1

x0 ! S1x , � 0 7! d � � 0 the associated
map, the sheaf e��1

d Id is the constant sheaf on S1
x0 with fibre Px0 . One also says

that Id is obtained by descent by �d from I1.x
0/. In particular, Id is a sheaf of

ordered abelian groups on S1x , and the constant sheaf I1 with fibre Px is a subsheaf
of ordered abelian groups. A germ at �o of section of Id consists of a pair .' 0; � 0

o/,
with ' 0 2 Px0 and � 0

o such that d � � 0
o D �o mod 2� , or equivalently of the vector

..' 0.x0/; � 0
o/; .'

0.
x0/; � 0
o C 2�=d/; : : : /. Then .' 0; � 0

o/ 6
�o
0 means ' 0 6

� 0

o
0, or

equivalently ' 0.
kx0/ 6
� 0

oC2k�=d
0 for all k.

We will then denote by I the sheaf
S
d>1 Id .

Remark 2.23. Let us give another description of the sheaf Id which will be useful
in higher dimensions. We use the notation of Example 1.4. Let us denote by j@
and j@;d the natural inclusions X� ,! eX and X�

d ,! eXd , and by e�d W eXd ! eX the
lifting of �d . The natural inclusion OX� ,! �d;�OX�

d
induces an injective morphism

j@;�OX� ,! j@;��d;�OX�

d
D e�d;�j@;d;�OX�

d
, that we regard as the inclusion of a

subsheaf.
Let us denote by .j@;�OX�/lb the subsheaf of j@;�OX� consisting of functions

which are locally bounded on eX . We have .j@;�OX�/lb D e�d;�.j@;d;�OX�

d
/lb \

j@;�OX� since e�d is proper.
Let us set eI1 D $�1OX.�0/, that we consider as a subsheaf of j@;�OX� . We

have $�1OX D eI1 \ .j@;�OX�/lb in j@;�OX� (a meromorphic function which is
bounded in some sector is bounded everywhere, hence is holomorphic). Therefore,
I1 WD $�1.OX.�0/=OX/ is also equal to eI1=eI1 \ .j@;�OX�/lb.

Similarly, we can first define eId as the subsheaf of C-vector spaces of j@;�OX�

which is the intersection of e�d;�$�1
d OXd .�0/ and j@;�OX� in e�d;�j@;d;�OX�

d
. We

then set Id D eId=eId \ .j@;�OX�/lb, which is a subsheaf of j@;�OX�=.j@;�OX�/lb.
We have Id � Id 0 if d divides d 0.

As we already noticed, I1 D $�1.OX.�0/=OX/. More generally, let us show
that e��1

d Id D $�1
d .OXd .�0/=OXd /. We will start by showing that e��1

d
eId D

$�1
d OXd .�0/.
Let us first note that ��1

d OX� D OX�

d
since �d is a covering, and e��1

d j@;�OX� D
j@;d;���1

d OX� since e�d is a covering. Hence, e��1
d j@;�OX� D j@;d;�OX�

d
.

It follows that e��1
d

eId is equal to the intersection of e��1
d e�d;�Œ$�1

d OXd .�0/� (since
eIeXd ;1 D $�1

d OXd .�0/) and j@;d;�OX�

d
in e��1

d e�d;�Œj@;d;�OX�

d
�. This is $�1

d OXd .�0/.
Indeed, a germ in e��1

d e�d;�Œ$�1
d OXd .�0/� at � 0 consists of a d -uple of germs in

OXd .�0/ at 0. This d -uple belongs to j@;d;�OX�

d ;�
0 iff the restrictions to X�

d of
the terms of the d -uple coincide. Then all the terms of the d -uple are equal. The
argument for Id is similar.

Let us express these results in terms of étalé spaces. We first note that, since I1 is a
constant sheaf, the étalé space Iét

1 is a trivial covering of S1x . The previous argument
shows that the fibre product S1x0 �S1x

Iét
d is identified with Iét

x0;1, hence is a trivial
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Fig. 2.1 Example with
n D 2. The set S1�60 is the
union of the open intervals in
full line

covering of S1x0 . It follows that, since e�d W S1x0 �S1x
Iét
d ! Iét

d is a finite covering of
degree d , that Iét

d ! S1x is a covering.
The following property will also be useful: there is a one-to-one correspondence

between finite sets ˚d of Px0 and finite coverings ė � Iét
d . Indeed, given such a ė,

its pull-back ė
d by e�d is a covering of S1x0 contained in the trivial covering e��1

d Iét
d ,

hence is trivial, and is determined by its fibre ˚d � Px0 . Conversely, given such
˚d , it defines a trivial covering ė

d of S1x0 contained in e��1
d Iét

d . Let ė be its image
in Iét

d . Because the composed map ė
d ! S1

x0 ! S1x is a covering, so are both
maps ė

d ! ė and ė ! S1x . Moreover, the degree of ė ! S1x is equal to that

of ė
d ! S1x0 , that is, #˚d . Lastly, the pull-back of ė by e�d is a covering of S1x0

contained in S1x0 �S1x
Iét
d , hence is a trivial covering, of degree #˚d , and containing

ė
d , so is equal to ė

d .

Order. The sheaf j@;�OX� is naturally ordered by defining .j@;�OX�/60 as
the subsheaf of j@;�OX� whose sections have an exponential with moderate
growth along S1x . Similarly, j@;d;�OX�

d
is ordered. In this way, eI inherits an

order: eI60 D I \ .j@;�OX�/60. This order is not altered by adding a local
section of .j@;�OX�/lb, and thus defines an order on I. For each d , we also
have eId;60 D e�d;�

�
.$�1

d OXd .�0/
�

60/ \ j@;�OX� and we also conclude that
e��1
d .Id;60/ D �

$�1
d .OXd .�0/=OXd /

�
60.

To any ' 0 2 Px0 one associates a finite covering ė
'0 D S1x0 � Iét of S1x as above.

Then˙'0 \ Iét
60 is as in Fig. 2.1 (where the circle is S1x0).

Remark 2.24. The sheaf of ordered abelian groups I satisfies the property (1.41 �).
The direction ) is clear. For the other direction, assume that � 66

�
0. We will prove

that there exists �� such that 0 <
�
�� and  � 6<

�
�� . If  � D un.x/=xn with n 2 Q

�C
and arg un.0/�n� 2 Œ��=2; �=2� mod 2� , then we take � ¤ 0 having a pole order
strictly less than n and a dominant coefficient such that 0 <

�
�� . Then the order

relation between 0 and  � is the same as the order relation between 0 and  � � �� .
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Note that this argument does not hold on a subsheaf Id with d fixed.

One can rephrase the definition of a (pre-)Stokes filtration by using the terminol-
ogy of Chap. 1.

Lemma 2.25. A (pre-)Stokes filtration on L is a (pre-) I-filtration on L , with I

defined above. It is ramified of order 6 d if the support of gr L is contained in
Iét
d . ut

Remarks 2.26. 1. The condition in Definition 2.22 can be restated by saying that,
for any 	 , the Stokes-filtered local system .L 0;L 0

�
/ and its pull-back by e	

coincide (owing to the natural identification L 0 D e	�1L 0).
2. Given a (possibly ramified) Stokes-filtration on a local system L , and given a

section ' 2 � .U; I/ on some open set of S1, the subsheaf L6' � LjU is well-
defined, as well as L<' , and gr' L is a local system on U . If ' is a section
of I all over S1, then it is non-ramified, i.e., it is a section of I1, and L6';L<'

are subsheaves of L . From the point of view of Definition 2.22, if the non-
ramified Stokes filtration exists on L 0 D e��1

d L , one can restrict the set of
indices to Px � Px0 . Then, for ' 2 Px , L 0

6��

d '
is invariant by the automorphisms

of L 0 induced by the automorphisms e	 , hence is the pull-back of a subsheaf
L6' of L , and similarly for L<' and gr' L . This defines a non-ramified pre-
Stokes filtration on L for which the graded sheaves are local systems (but the
dimension property 2.7(3) may not be satisfied). Note also that a morphism of
Stokes-filtered local systems is compatible with this pre-Stokes filtration. Hence
the category of Stokes filtrations on L is a subcategory of the category of non-
ramified pre-Stokes filtrations on L .

Notice however that the non-ramified Stokes-filtered local system
. ef �1L ; . ef �1L /

�
/ is not (in general) equal to the pull-back ef C.L ;L

�
/

where L
�

is this pre-Stokes filtration.
3. We will still denote by L

�
a (possibly ramified) Stokes filtration on L and by

.L ;L
�
/ a (possibly ramified) Stokes-filtered local system, although the previous

remark makes it clear that we do not understand L
�

as a family of subsheaves of
L on S1.

4. The “set of exponential factors of the Stokes-filtered local system” is now
replaced by a subset ė � Iét such that the projection to @eX is a finite covering.
It corresponds to a finite subset ˚d � Px0 for a suitable ramified covering �d
(see the last part of Remark 2.23), which is the set of exponential factors of the
non-ramified Stokes filtration of e��1

d L .
5. The category of Stokes-filtered local systems .L ;L

�
/ with associated covering

contained in ė is equivalent to the category of ėsh-filtered local systems
(see Remark 2.10).

6. Proposition 2.14 holds for k-Stokes filtrations.
7. Lemma 2.16 holds for k-Stokes filtrations, that is, the family D0.L =L<�'/ of

local subsheaves of L _ indexed by local sections of I forms a Stokes filtration
of L _.
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8. The category of non-ramified k-Stokes-filtered local systems on S1x is a full
subcategory of that of k-Stokes-filtered local systems. Indeed, given a non-
ramified Stokes-filtered local system on S1x , one extends it as a ramified
Stokes-filtered local system of order d from Iét

1 to Iét
d using a formula analogous

to that of Proposition 2.19(1).
9. If the set ˚d of exponential factors of e�d .L ;L

�
/ takes the form ��

d˚ for some
finite subset ˚ � Px (equivalently, the finite covering ė of @eX is trivial,
see Remark 2.26(4)), then the Stokes filtration is non-ramified.

2.5 Extension of Scalars

Let .L ;L
�
/ be a k-Stokes-filtered local system and let k0 be an extension of k.

Then .k0 ˝k L ;k0 ˝k L
�
/ is a k0- Stokes-filtered local system defined over k0.

The following properties are satisfied for any local section ' of I:

� .k0 ˝k L /<' D k0 ˝k L<' , and gr'.k
0 ˝k L / D k0 ˝ gr' L , so the set of

exponential factors of .k0 ˝k L ;k0 ˝k L
�
/ is equal to that of .L ;L

�
/.

� L6' D .k0 ˝k L6'/\ L in k0 ˝k L .

In such a case, the k0-Stokes-filtered local system .k0 ˝k L ;k0 ˝k L
�
/ is said to

be defined over k.
Conversely, let now .L ;L

�
/ be a k0-Stokes-filtered local system and let ė � I

be its covering of exponential factors. We wish to find sufficient conditions to ensure
that it comes from a k-Stokes-filtered local system by extension of scalars.

Proposition 2.27. Assume that the local system L is defined over k, that is, L D
k0 ˝ Lk for some k-local system Lk (regarded as a subsheaf of L ), and that, for
any local section ' of ė,

L6' D k0
k̋
.Lk \ L6'/;

where the intersection is taken in L . Then .L ;L
�
/ is a k0-Stokes-filtered local

system defined over k.

Proof. It is not difficult to reduce to the non-ramified case, so we will assume
below that I D I1 and replace ė by ˚ � Px . We set, for any local section  
of Px , Lk;6 WD Lk \ L6 , so that the condition reads L6' D k0 ˝k Lk;6' for
' 2˚ . This defines a pre-I-filtration of Lk, and we will show that this is indeed a
I-filtration.

1. We start with a general property of Stokes-filtered local systems. Let .L ;L
�
/

and ˚ be as above, and let  2 Px . Set � D ˚ [ f g and denote by St.�; �/
the (finite) set of Stokes directions of pairs '; � 2 � . The sheaves L6 and
L< can be described as triples consisting of their restrictions to the open set



36 2 Stokes-Filtered Local Systems in Dimension One

S1 X St.�; �/, the closed set St.�; �/, and a gluing map from the latter to the
restriction to this closed set of the push-forward of the former. We will make this
description explicit.

On any connected component I of S1 X St.�; �/, the set � is totally ordered,
and there exists ' D '.I;  / 2 ˚ such that L6 jI D L6'jI . Similarly, there
exists � D �.I;  / 2 ˚ such that L< jI D L<�jI .

Let us fix �o 2 St.�; �/ and denote by I1; I2 the two connected components
of S1 X St.�; �/ containing �o in their closure, with corresponding inclusions
ji W Ii ,! S1, i D 1; 2. We also denote by io W f�og ,! S1 the closed inclusion
and set 'i WD '.Ii ;  /, i D 1; 2 (resp. �i WD �.Ii ;  /).

We claim that, in the neighbourhood of �o (and more precisely, on
I1 [ I2 [ f�og), the sheaf L6 is described by the data L6 jIi D L6'i jIi ,
i D 1; 2, L6 ;�o D i�1o j1;�L6'1jI1 \ i�1o j2;�L6'2jI2 , where the intersection
is taken in i�1o j1;�L D i�1o j2;�L D L�o , and the gluing map is the natural
inclusion map of the intersection into each of its components. A similar
statement holds for L< . This easily follows from the local description
L6 D L

'2˚ ˇ'6 gr' L , and similarly for L< .
2. We now claim that Lk;6 WD Lk \ L6 satisfies k0 ˝ Lk;6 D L6 . This

is by assumption on S1 X St.�; �/, according to the previous description, and
it remains to check this at any �o 2 St.�; �/. The previous description gives
i�1o Lk;6 D i�1o j1;�Lk;6'1jI1 \ i�1o j2;�Lk;6'2jI2 and the result follows easily
(by considering a suitable basis of Lk;�o for instance).

3. Let us now define Lk;< as
P

 02Px ˇ 0< Lk; 0 , as in (2.2). Then the previous
description also shows that Lk;< D Lk \ L< and that L< D k0 ˝k Lk;< .

4. As a consequence, we obtain that gr L D k0 ˝k gr Lk for any , from which
the proposition follows. ut

Remark 2.28. The condition considered in the proposition is that considered
in [40] in order to define a k-structure on a Stokes-filtered local system defined
over k0 (e.g. k D Q and k0 D C). This proposition shows that there is no difference
with the notion of Stokes-filtered k-local system.

2.6 Stokes-Filtered Local Systems and Stokes Data

In this section, we make explicit the relationship between Stokes filtrations and the
more conventional approach with Stokes data in the simple case of a Stokes-filtered
local system of exponential type.

Stokes-filtered local systems of exponential type.

Definition 2.29 (see [40, 55]). We say that a Stokes-filtered local system .L ;L
�
/

is of exponential type if it is non-ramified and its exponential factors have a pole of
order one at most.
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In such a case, we can replace P with C � x�1, and thus with C, and for each
� 2 S1, the partial order 6

�
on C is compatible with addition and satisfies

c 6
�
0 ” c D 0 or arg c � � 2 .�=2; 3�=2/ mod 2�:

We will use notation of Sect. 2.2 by replacing ' D c=x 2 P with c 2 C. For each
pair c ¤ c0 2 C, there are exactly two values of � mod 2� , say �c;c0 and � 0

c;c0 , such
that c and c0 are not comparable at � . We have � 0

c;c0 D �c;c0 C� . These are the Stokes
directions of the pair .c; c0/. For any � in one component of S1 X f�c;c0 ; � 0

c;c0g, we
have c <

�
c0, and the reverse inequality for any � in the other component.

Stokes data. These are linear data which provide a description of Stokes-filtered
local system. Given a finite set C � C and given �o 2 S1 which is not a Stokes
direction of any pair c ¤ c0 2 C , �o defines a total ordering on C , that we write
c1 <�o

c2 <�o
� � � <

�o
cn.

Definition 2.30. LetC be a finite subset of C totally ordered by �o. The category of
Stokes data of type .C; �o/ has objects consisting of two families of k-vector spaces
.Gc;1; Gc;2/c2C and a diagram of morphisms

L
c2C Gc;1

S
��

S 0
��

L
c2C Gc;2 (2.30 �)

such that, for the numbering C D fc1; : : : ; cng given by �o,

1. S D .Sij /i;jD1;:::;n is block-upper triangular, i.e., Sij W Gci ;1 ! Gcj ;2 is zero
unless i 6 j , and Sii is invertible (so dimGci ;1 D dimGci ;2, and S itself is
invertible).

2. S 0 D .S 0
ij /i;jD1;:::;n is block-lower triangular, i.e., S 0

ij W Gci ;1 ! Gcj ;2 is zero
unless i > j , and S 0

i i is invertible (so S 0 itself is invertible).

A morphism of Stokes data consists of morphisms of k-vector spaces �c;` W
Gc;` ! G0

c;`, c 2 C , ` D 1; 2 which are compatible with the diagrams (2.30 �).

Fixing bases in the spaces Gc;`, c 2 C , ` D 1; 2, allows one to present Stokes
data by matrices .˙;˙ 0/ where ˙ D .˙ij /i;jD1;:::;n (resp. ˙ 0 D .˙ 0

ij /i;jD1;:::;n) is
block-lower (resp. -upper) triangular and each ˙ii (resp.˙ 0

i i ) is invertible.
The following is a translation of a classical result (see [52] and the references

given therein, see also [27] for applications):

Proposition 2.31. There is a natural functor from the category of Stokes-filtered
local systems with exponential factors contained in C and the category of Stokes
data of type .C; �o/, which is an equivalence of categories. ut
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The proof of this proposition, that we will not reproduce here, mainly uses
Theorem 3.5 of the next chapter, and more precisely Lemma 3.12 to define the
functor.

Duality. Let .L ;L
�
/ be a Stokes-filtered local system. Recall (see Definition 2.13)

the dual local system L _ comes equipped with a Stokes filtration .L _/
�

defined by

.L _/6c D .L<�c/?;

where the orthogonality is relative to duality. In particular, grc.L
_/ D .gr�c L /_.

Similarly, given Stokes data ..Gc;1; Gc;2/c2C ; S; S 0/ of type .C; �0/, let us denote
by tS the adjoint of S by duality. Define Stokes data ..Gc;1; Gc;2/c2C ; S; S 0/_ of type
.�C; �o/ by the formula G_�c;i D .Gc;i /

_ (i D 1; 2) and S_ D tS�1, S 0_ D tS 0�1,
so that the diagram (2.30 �) becomes

Lr
iD1.Gci ;1/_

tS�1
��

tS 0�1
��

Lr
iD1.Gci ;2/_ (2.30 �)_

Then the equivalence of Proposition 2.31 is compatible with duality (see [27]).



Chapter 3
Abelianity and Strictness

Abstract We prove that the category of k-Stokes-filtered local systems on S1 is
abelian. The main ingredient, together with vanishing properties of the cohomology,
is the introduction of the level structure. Abelianity is also a consequence of the
Riemann–Hilbert correspondence considered in Chap. 5, but it is instructive to prove
it over the base field k.

3.1 Introduction

The purpose of this chapter is to prove the following:

Theorem 3.1. The category of k-Stokes-filtered local systems on S1 is abelian and
every morphism is strict. Moreover, it is stable by extension in the category of pre-
Stokes-filtered sheaves.

Pre-Stokes-filtered sheaves are defined, in the setting of Chap. 2, in Definition 2.1
(non-ramified case). The possibly ramified case is obtained as in Definition 2.22.
They correspond to pre-I-filtered sheaves on S1, with I as in Sect. 2.4 (this is
checked in a way similar to the case of local systems).

Should the morphisms be graded, then the statement of the theorem would be
obvious. The global structure of morphisms is quite involved. The idea is to consider
morphisms on sufficiently big intervals of S1 (see the Comments of Sect. 3.7 for the
origin of this idea and variants). However, how big the intervals must be depends
on the order of the pole of the exponential factors, and a procedure is needed to
work on intervals of a fixed length. This procedure is obtained as an induction on
the level structure of the Stokes filtration, a notion which is introduced in Sect. 3.3
and corresponds to a filtration of the indexing set (exponential factors) with respect
to the order of the pole.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 3, © Springer-Verlag Berlin Heidelberg 2013
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3.2 Strictness and Abelianity

Let � W .L ;L
�
/ ! .L 0;L 0

�
/ be a morphism of non-ramified pre-Stokes-filtered

local systems. The strictness property should be the following:

8 ' 2 Px; �.L6'/ D L 0
6' \ �.L /: (3.2)

If a morphism � satisfies (3.2), the two naturally defined pre-Stokes filtrations on
�.L / coincide, and then the local systems Ker�, Im � and Coker� are naturally
equipped with non-ramified pre-Stokes filtrations.

However, it is not clear that, for general pre-Stokes filtrations, (3.2) for � implies
(3.2) for the pull-back e�C� (see Definition 2.18) if � is some ramification and e� is
the associated covering of S1. Nevertheless, if conversely e�C� satisfies (3.2), then
so does �, according to Proposition 2.19(2), and Ker, Im, Coker in the pre-Stokes-
filtered sense are compatible with e�C. This leads to the following definition for
non-ramified or ramified pre-Stokes-filtered local systems.

Definition 3.3 (Strictness). A morphism � W .L ;L
�
/! .L 0;L 0

�
/ between (pos-

sibly ramified) pre-Stokes-filtered local systems is said to be strict if e�C� satis-
fies (3.2) for any ramification � such that .L ;L

�
/ and .L 0;L 0

�
/ are non-ramified

pre-Stokes-filtered local systems.

Remarks 3.4.

1. The notion of strictness in the definition corresponds to that of Definition 1.28
for a pre-I-filtered sheaf, for I as in Sect. 2.4, while Condition (3.2) corresponds
to strictness for a pre-I1-filtered sheaf.

2. Let � W .L ;L
�
/! .L 0;L 0

�
/ be a morphism of non-ramified Stokes-filtered local

systems. Assume that, for every �o 2 S1, we can find local trivializations (2.5) on
some neighbourhood nb.�o/ for .L ;L

�
/ and .L 0;L 0

�
/ such that � W L�o ! L 0

�o
is block-diagonal. Then ��o is block-diagonal in the neighbourhood of �o and it
is strict near �o (i.e., (3.2) is satisfied after any ramification).

Theorem 3.1 asserts that, if .L ;L
�
/ and .L 0;L 0

�
/ are Stokes-filtered local

systems, then so are Ker�, Im � and Coker� (i.e., they also satisfy the local
gradedness property). The first part of Theorem 3.1, in the non-ramified case, is
a consequence of the following more precise result, proved in Sect. 3.4:

Theorem 3.5. Given two non-ramified Stokes-filtered local systems .L ;L
�
/ and

.L 0;L 0
�
/, there exist trivializations of them in the neighbourhood of any point

of S1 such that any morphism � between them is diagonal with respect to these
local trivializations, hence is strict (Definition 3.3). In particular, such a morphism
satisfies (3.2), and the natural pre-Stokes filtrations on the local systems Ker�, Im �

and Coker� are Stokes filtrations. Their sets of exponential factors satisfy

˚.Ker�/ � ˚; ˚.Coker�/ � ˚ 0; ˚.Im �/ � ˚ \ ˚ 0:
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Corollary 3.6. Let e� be a ramification. Then Ker, Im and Coker in the category of
non-ramified Stokes-filtered local systems are compatible with e�C. ut
Proof of the first part of Theorem 3.1. Let � W .L ;L

�
/! .L 0;L 0

�
/ be a morphism

of (possibly ramified) pre-Stokes-filtered local systems. For any � such that
e�C.L ;L

�
/ and e�C.L 0;L 0

�
/ are non-ramified Stokes-filtered local systems, then

e�C� satisfies (3.2), according to Theorem 3.5, and Ker e�C�, Im e�C� and Coker e�C�
are non-ramified Stokes-filtered local systems, which are compatible with supple-
mentary ramifications. ut

3.3 Level Structure of a Stokes-Filtered Local System

In this paragraph, we work with non-ramified Stokes-filtered local systems without
mentioning it explicitly. For every ` 2 N, we define the notion of Stokes filtration of
level > ` on L , by replacing the set of indices P by the set P.`/ WD O.�0/=x�`O .
We denote by Œ��` the map P ! P.`/. The constant sheaf I1.`/ with fibre P.`/ is
ordered as follows: for every connected open set U of S1 and Œ'�`; Œ �` 2 P.`/, we
have Œ �` 6U Œ'�` if, for some (or any) representatives '; in O.�0/, ejxj`. �'/ has
moderate growth in a neighbourhood of U in X intersected with X�. In particular,
a Stokes filtration as defined previously has level > 0.

Let us make this more explicit. Let � 2 P, � D un.x/x�n with either n D 0 (that
is, � D 0) or n > 1 and un.0/ ¤ 0. Then, in a way analogous to (1.4 �) and (1.4 ��),
we have

Œ��` 6
�
0 ” n 6 ` or arg un.0/� n� 2 .�=2; 3�=2/ mod 2�; (1.4 �`)

Œ��` <�
0 ” un.0/ ¤ 0; n > ` and (1.4 ��`)

arg un.0/� n� 2 .�=2; 3�=2/ mod 2�:

Lemma 3.7. The natural morphism I1 ! I1.`/ is compatible with the order.

Proof. According to (1.4 �) and (1.4 �`), we have � 6
�
0 ) Œ��` 6

�
0. ut

We will now introduce a reduction procedure with respect to the level. Given a
Stokes-filtered local system .L ;L

�
/ (of level > 0), we set, using Notation 2.3,

L6Œ'�` D
X

 

ˇŒ �`6Œ'�`L6 ;

where the sum is taken in L . Then

L<Œ'�` WD
X

Œ �`

ˇŒ �`<Œ'�`L6Œ �` D
X

 

ˇŒ �`<Œ'�`L6 :
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Indeed,

L<Œ'�` D
X

Œ �`

X

�

ˇŒ �`<Œ'�`ˇŒ��`6Œ'�`L6�;

and for a fixed �, the set of � 2 S1 for which there exists Œ �` satisfying Œ��` 6
�

Œ �` <�
Œ'�` is equal to the set of � such that Œ��` <�

Œ'�`. So the right-hand term
above is written

X

�

ˇŒ��`<Œ'�`L6�:

We can also pre-Stokes-filter ��1 grŒ'�` L by setting, for  2 P,

.grŒ'�` L /6 D .L6 \ L6Œ'�` C L<Œ'�` /=L<Œ'�` :

Proposition 3.8. Assume .L ;L
�
/ is a Stokes-filtered local system (of level > 0)

and let ˚ be the finite set of its exponential factors.

1. For each ` 2 N, L6Œ��` defines a Stokes-filtered local system .L ;LŒ��` / of level
> ` on L , grŒ'�` L is locally isomorphic to

L

 ; Œ �`DŒ'�` gr L , and the set of
exponential factors of .L ;LŒ��` / is ˚.`/ WD image.˚ ! P.`//.

2. For every Œ'�` 2 ˚.`/, .grŒ'�` L ; .grŒ'�` L /
�
/ is a Stokes-filtered local system

and its set of exponential factors is the pull-back of Œ'�` by ˚ ! ˚.`/.
3. Let us set

�

gr` L ; .gr` L /
�

� WD L

Œ �`2˚.`/
�

grŒ �` L ; .grŒ �` L /
�

�

:

Then .gr` L ; .gr` L /
�
/ is a Stokes-filtered local system (of level > 0) which is

locally isomorphic to .L ;L
�
/.

Proof. All the properties are local, so we can assume that .L ;L
�
/ is graded. We

have then
L6 D L

�

ˇ�6 gr� L ;

hence

L6Œ'�` D L

�

�
X

 

ˇŒ �`6Œ'�`ˇ�6 gr� L
�

;

L<Œ'�` D L

�

�
X

 

ˇŒ �`<Œ'�`ˇ�6 gr� L
�

:

For a fixed �, the set of � 2 S1 such that there exists with � 6
�
 and Œ �` 6

�
Œ'�`

(resp. Œ �` <�
Œ'�`) is the set of � such that Œ��` 6

�
Œ'�` (resp. Œ��` <�

Œ'�`), so

L6Œ'�` D L

�

ˇŒ��`6Œ'�` gr� L ; L<Œ'�` D L

�

ˇŒ��`<Œ'�` gr� L ;

which gives Proposition 3.8(1).
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Let us show Proposition 3.8(2). All sheaves entering in the definition of
.grŒ'�` L /6 , .grŒ'�` L /< and gr grŒ'�` L decompose with respect to � as above.
Given � 2 ˚ and � 2 S1, the component gr� L� occurs in L6 ;� \ L6Œ'�`;� if and
only if � 6

�
 and Œ��` 6

�
Œ'�`. Arguing similarly, we finally find that gr� L� occurs

in gr grŒ'�` L� if and only if � D  and Œ��` D Œ'�`, that is,

gr grŒ'�` L� D
(

0 if Œ �` ¤ Œ'�`;

gr L� if Œ �` D Œ'�`:

This concludes the proof of Proposition 3.8(2). Now, Proposition 3.8(3) is clear. ut
Remark 3.9. Let us explain the meaning and usefulness of this proposition. To
a Stokes-filtered local system .L ;L

�
/ is associated a partially graded Stokes-

filtered local system .gr` L ; .gr` L /
�
/. Going from .L ;L

�
/ to .gr` L ; .gr` L /

�
/

consists in

� Considering .L ;L
�
/ as indexed by P.`/ (or ˚.`/) and grading it as such

� Remembering the P-filtration on the graded object, making it a Stokes-filtered
local system as well

Conversely, let .G`;G`;�/ be a fixed Stokes-filtered local system graded at
the level `> 0, that is, the associated P.`/-filtered local system is graded. As
a consequence of the last statement of the proposition, an argument similar to
that of Proposition 1.42 implies that the pointed set of isomorphism classes
of Stokes-filtered local systems .L ;L

�
/ equipped with an isomorphism

f` W .gr` L ; .gr` L /
�
/

��! .G`;G`;�/ is in bijection with the pointed set
H1

�

S1;Aut<Œ��` 0.G`/
�

, where Aut<Œ��` 0.G`/ is the sheaf of automorphisms � of
.G`;G`;�/ such that grŒ'�` � D Id on the local system grŒ'�` G` for any ' 2 P

(equivalently, any Œ'�` in P.`/).
In particular, one can reconstruct .L ;L

�
/ from gr L either in one step, by

specifying an element of H1.S1;Aut<0 gr L /, or step by step with respect to the
level, by specifying at each step ` an element of H1

�

S1;Aut<Œ��` 0.gr` L /
�

.

3.4 Proof of Theorem 3.5

It will be done by induction, using Corollary 3.11 below for the inductive assump-
tion on gr` L of Proposition 3.8(3).

Let ˚ be a finite set in P. Assume #˚ > 2. We then set

m.˚/ D maxfm.' �  / j ' ¤  2 ˚g;

and we havem.˚/ > 0. If #˚ D 1, we setm.˚/ D 0. We also set `.˚/ D m.˚/�1
if m.˚/ > 0.
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Lemma 3.10. Assume #˚ > 2 and fix 'o 2 ˚ . Then

m.˚; 'o/ WD maxfm.' � 'o/ j ' 2 ˚g D m.˚/:

Proof. Let � be the sum of common monomials to all ' 2 ˚ . By replacing ˚ with
˚ � � we can assume that � D 0. We will show that, in such a case, m.˚/ D
maxfm.'/ j ' 2 ˚g D maxfm.' � 'o/ j ' 2 ˚g. If all ' 2 ˚ have the same order
k > 0, two of them, say '1 and '2, do not have the same dominant monomial. Then
m.˚/ D k. Therefore, the dominant monomial of a given 'o 2 ˚ differs from that
of '1 or that of '2, so one of '1 � 'o and '2 � 'o has order k, and m.˚; 'o/ D k.

Assume now that '1 has maximal order k and '2 has order< k. Thenm.˚/ D k.
Given 'o 2 ˚ , then either 'o has order k, and then '2 � 'o has order k, or 'o has
order< k, and then '1 � 'o has order k, so in any case we havem.˚; 'o/ D k. ut

Let us fix 'o 2 ˚ . In the following, we will work with ˚ � 'o. We will assume
that #˚ > 2, that is, m.˚/ > 0 (otherwise the theorem is clear), and we set
` D `.˚/ as above.

Let ' 2 ˚ � 'o. Ifm.'/ D m.˚/, then its image in .˚ � 'o/.`/ is nonzero. For
every ' 2 ˚ � 'o, the subset .˚ � 'o/Œ'�` WD f 2 ˚ � 'o j Œ �` D Œ'�`g satisfies
m..˚ � 'o/Œ'�` / 6 ` < m. Indeed, if Œ'�` D 0, then any  2 .˚ � 'o/Œ'�` can
be written as x�`u .x/ with u .x/ 2 O , and the difference of two such elements
is written x�`v.x/ with v.x/ 2 O . On the other hand, if Œ'�` ¤ 0,  is written as
' C x�`u .x/ and the same argument applies.

Corollary 3.11 (of Proposition 3.8). Let .L ;L
�
/ be a Stokes-filtered local

system, let ˚ 00 be a finite subset of P containing ˚.L ;L
�
/, set mDm.˚ 00/,

`Dm.˚ 00/ � 1, and fix 'o as above.
Then, for every Œ'�` 2 .˚ 00 � 'o/.`/, .grŒ'�` L Œ�'o�; .grŒ'�` L Œ�'o�/�

/ is a
Stokes-filtered local system andm.grŒ'�` L Œ�'o�; .grŒ'�` L Œ�'o�/�

/ 6 ` < m. ut
Lemma 3.12. Let .L ;L

�
/ be a Stokes-filtered local system and let ˚ be the set of

its exponential factors. Let I be any open interval of S1 such that, for any '; 2 ˚ ,
card.I \ St.';  // 6 1. Then the decompositions (2.5) hold on I .

Proof. It is enough to show that H1.I;L<'/ D 0 for any ' 2 ˚ . Indeed, arguing
as in the proof of Proposition 2.7, if we restrict to such a I , we can lift for any ' a
basis of global sections of gr' L as sections of L6' and get an injective morphism
gr' L ! L6' . We therefore obtain a morphism

L

'2˚ gr' L ! L sending
gr' L into L6' for each ' 2 ˚ . This is an isomorphism: indeed, as both sheaves
are local systems, it is enough to check this at some � 2 I ; considering a splitting
of L at � , the matrix of this morphism is block-triangular with respect to the order
at � and the diagonal blocks are equal to the identity.

It remains to show that this morphism induces the splitting for each L6�. For
every �, we have a natural inclusion ˇ'6�L6' ,! L6�, hence the previous
isomorphism induces a morphism

L

'2˚ ˇ'6� gr' L ! L6�, which is seen to
be an isomorphism on stalks.
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Let us now show that H1.I;L<'/ D 0. It will be easier to argue by duality, that
is, to show that H0

c .I;D
0.L<'// D 0 (see Lemma 2.16, from which we will keep

the notation). There is a local decomposition

D0.L<'/jnb.�o/ ' L

 2˚
˛ <'.gr L /_

jnb.�o/
: (3.13)

Let us set I D .�0; �nC1/ and let us denote by �1; : : : ; �n the successive Stokes
directions in I . We set Ii D .�i�1; �iC1/ for i D 1; : : : ; n. According to the
first part of the proof and to Lemma 2.8, the decomposition (3.13) holds on
each Ii and, on Ii \ IiC1, two decompositions (3.13) are related by �.i;iC1/ whose
component �.i;iC1/ ;� W ˛ <'.gr L /_

jIi\IiC1
! ˛�<'.gr� L /_

jIi\IiC1
is nonzero only

if  6Ii\IiC1
�, and is equal to Id if  D �.

Assume that s 2 H0
c .I;D

0.L<'// is nonzero. For any i D 1; : : : ; n, we denote
by si its restriction to Ii and by si; its component on ˛ <'.gr L /_

jIi for the chosen
decomposition on Ii . Therefore, si; and siC1; may differ on Ii \IiC1. Let us note,
however, that the set ˚ is totally ordered by 6Ii\IiC1

on Ii \ IiC1, and if we set
 i D minf 2 ˚ j si; ¤ 0 on Ii \ IiC1g (when defined, i.e., if si 6� 0 on
Ii \ IiC1), then we also have  i D minf 2 ˚ j siC1; ¤ 0 on Ii \ IiC1g. Indeed,
let us denote by  0

i the right-hand term.

� On the one hand, siC1; i D P

 6 i �
.i;iC1/
 ; i

.si; / D si; i on Ii \ IiC1 since

�
.i;iC1/
 ; i

D 0 if  <  i on Ii \ IiC1, and �.i;iC1/ i ; i
D Id. Therefore,  0

i 6  i on
Ii \ IiC1.

� On the other hand, if  0
i < i on Ii \ IiC1, then siC1; 0

i
D P

 6 0

i
�
.i;iC1/
 ; 0

i
.si; /

D 0, a contradiction.

Since s is compactly supported on I , its restrictions to .�0; �1/ and to .�n; �nC1/
vanish identically. In the following, we assume that s1 and sn are not identically zero
(otherwise, we just forget these Stokes directions and consider the first and last one
for which si is not identically zero). Then  1 is defined, and we have

�  1 < ' on I1 \ I2 since s1; 1 ¤ 0 on I1 \ I2
� �1 2 St. 1; '/ since s1; 1 D 0 on .�0; �1/
� ' <  1 on .�0; �1/ since �1 2 St. 1; '/
� And  1 < ' on .�1; �nC1/, as it is so on .�1; �2/ and there is no other element of

St. 1; '/ in .�1; �nC1/

It follows that s2; 1 6� 0 on I1 \ I2. Moreover, �2 62 St. 1; '/, so s2; 1 ¤ 0 on I2
(being a section of a local system on this interval). Therefore, s2 ¤ 0 on I2 \ I3,  2
is defined and (by definition)  2 6  1 on I2 \ I3, and there is a component s2; 2
on I2 which is not identically zero. In conclusion, on I2\I3, the following holds:

�  2 6  1 < '.
� s2; 2 ¤ 0.
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We claim that  2 < ' on .�2; �nC1/ (and in particular �3 … St. 2; '/):

� This is already proved if  2 D  1
� Assume therefore that  2 <  1 on I2 \ I3; then

– If s2; 2 ¤ 0 on I1 \ I2, then  1 <  2 on I1 \ I2 (by definition of  1) and so
�2 2 St. 1;  2/, hence there is no other element of St. 1;  2/ belonging to
.�2; �nC1/ and therefore also  2 < ' since  1 < ' on .�1; �nC1/

– If s2; 2 D 0 on I1 \ I2, this means that �2 2 St. 2; '/, hence there is no
other element of St. 2; '/ belonging to .�2; �nC1/, so we keep  2 < ' on
.�2; �nC1/

Continuing in the same way, we find that  n is defined, which means that sn is
not identically zero on .�n; �nC1/, a contradiction. ut
Remark 3.14. For I ¤ S1 as in Lemma 3.12, we also have H1.I;L6'/ D 0 for
any '. This follows from the exact sequence

0 D H1.I;L<'/ �! H1.I;L6'/ �! H1.I; gr' L / D 0;

where the last equality holds because gr' L is a local system.

Corollary 3.15. In the setting of Corollary 3.11, let I be any open interval of S1

such that, for any '; 2 ˚ , card.I \ St.';  // 6 1. Then

.L ;L
�
/jI ' .gr` L ; .gr` L /

�
/jI :

Proof. By Proposition 3.8(3), the set of exponential factors of .L ;L
�
/ and

.gr` L ; .gr` L /
�
/ coincide, hence I satisfies the assumption of Lemma 3.12 for

both .L ;L
�
/ and .gr` L ; .gr` L /

�
/. Therefore, when restricted to I , both are

isomorphic to the graded Stokes-filtered local system determined by gr L restricted
to I . ut
End of the proof of Theorem 3.5. Let � W .L ;L

�
/ ! .L 0;L 0

�
/ be a morphism of

Stokes-filtered local systems. The proof will be done by induction on m D m.˚ 00/,
with ˚ 00 D ˚ [ ˚ 0. The result is clear if m D 0 (so #˚ 00 D 1), as both Stokes-
filtered local systems have only one jump.

Assume now m ¤ 0. We fix 'o 2 ˚ 00 as in Corollary 3.11. It is enough to prove
the assertion for � W L Œ�'o� ! L 0Œ�'o�. We shall assume that 'o D 0 in order
to simplify the notation below. Let I be any open interval of S1 of length �=m
with no Stokes points (of ˚ 00) as end points. According to the definition ofm and `,
and to Corollary 3.15, �jI decomposes as

L

Œ �`;Œ 0 �`
�jI;Œ �` ;Œ 0 �` , with �jI;Œ �` ;Œ 0 �` W

grŒ �` LjI ! grŒ 0�`
L 0

jI , where Œ �` runs in˚.`/ and Œ 0�` in ˚ 0.`/ (otherwise, it is
zero). Each �jI;Œ �`;Œ 0 �` is a morphism of (constant) local systems, hence is constant.

Let us show that �jI;Œ �`;Œ 0 �` D 0 if Œ �` ¤ Œ 0�`. We denote by PŒ �` the set of
� 2 P such that Œ��` D Œ �`. According to the proof of Corollary 3.15, �jI;Œ �`;Œ 0 �`
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itself decomposes as blocks with components �jI;�;�0 where � varies in PŒ �` and �0
in PŒ 0 �` . We will show that each such block is zero.

As in restriction to I , � is (isomorphic to) a filtered morphism gr` L ! gr` L 0,
it sends .gr` L /6' to .gr` L 0/6' for any ', that is, after the proof of Corollary 3.15,
it sends

L

Œ �`

L

�2PŒ �` ˇ�6' gr� L in
L

Œ 0 �`

L

�02PŒ 0 �`
ˇ�06' gr�0 L , so the block

�jI;�;�0 sends ˇ�6' gr� L in ˇ�06' gr�0 L . Choosing ' D � shows that �jI;�;�0 sends
gr� L in ˇ�06� gr�0 L . Now, if Œ �` ¤ Œ 0�`, we have � � �0 D x�mu.x/ with
u.0/ ¤ 0 and, I being of length �=m, contains at least one Stokes point of St.�; �0/.
Therefore �jI;�;�0 vanishes on some non-empty open subset of I , hence everywhere.

In conclusion, �jI is diagonal with respect to the Œ��`-decomposition, that is, it
coincides with the graded morphism grŒ��` �, graded with respect to the filtration
LŒ�� of level > `.

By Proposition 3.8(2) and Corollary 3.11, the inductive assumption can be
applied to grŒ��` �. By induction we conclude that � can be diagonalized (with
respect to the decomposition in the third line of (2.5)) in the neighbourhood1 of
any point of I . As this holds for any such I , this ends the proof of Theorem 3.5. ut
Corollary 3.16 (of Lemma 3.12). Let .L ;L

�
/ be a Stokes-filtered local system.

Then, for any ' 2 Px, 	 .S1;L<'/ D 0.

Proof. Let us keep the notation used above, which was introduced at the beginning
of Sect. 3.4. It is easy to reduce to the case where .L ;L

�
/ is non-ramified, that we

assume to hold below (see Remark 2.26(2) for the definition of L<' in the ramified
case).

We will argue by decreasing induction onm.˚/. Ifm.˚/ D 0, so ˚ D f'og, we
have L<' D ˇ'o<'L (see Example 2.11(2)), and the assertion is clear.

Assume now m.˚/ > 0, that is, #˚ > 2. By twisting it is enough to show
	 .S1;L<0/ D 0. We set ` D `.˚/ as above.

There is a natural inclusion L60 ,! L6Œ0�` , hence a map L60 ! grŒ0�` L
sending L60 to .grŒ0�` L /60 and L<0 to .grŒ0�` L /<0. It is enough to show that the
induced map 	 .S1;L<0/ ! 	 .S1; .grŒ0�` L /<0/ is injective. Indeed, we can apply
the inductive assumption to the Stokes-filtered local system .grŒ0�` L ; .grŒ0�` L /

�
/

to conclude that 	 .S1; .grŒ0�` L /<0/ D 0.
Let I be an interval of length �=m.˚/with no Stokes directions for˚[f0g at its

boundary. We will show that 	 .I;L<0/ ! 	 .I; .grŒ0�` L /<0/ is injective for any
such I , which is enough. By Lemma 3.12, we have L<0jI ' L

'2˚ ˇ'<0 gr' LjI ,
and the map L<0jI ! .grŒ0�` L /<0jI is the projection to the sum taken on ' 2 Œ0�`,
that is, the ' 2 ˚ having a pole of order < m.˚/. But since I contains a Stokes
direction for .'; 0/ for any ' 62 Œ0�`, we have 	 .I; ˇ'<0 gr' LjI / D 0 for any
such '. We conclude that 	 .I;L<0jI / !! 	 .I; .grŒ0�` L /<0/ is isomorphic to
the identity map from 	

�

I;
L

'2Œ0�` ˇ'<0 gr' LjI
�

to itself, by applying the same
reasoning to .grŒ0�` L ; .grŒ0�` L /

�
/. ut

1In fact, the argument shows that the diagonalization holds on I .
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Remark 3.17. The dimension of the only non-zero cohomology space
H1.S1;L<0/ is usually called the irregularity number of .L ;L

�
/.

Corollary 3.18. Let f W .L ;L
�
/ ! .L 0;L 0

�
/ be a morphism of Stokes-filtered

local systems on S1 sending L6 to L 0
<. Then f is equal to zero.

Proof. Indeed, f is a section on S1 of Hom
�

.L ;L
�
/; .L 0;L 0

�
/
�

<0
. ut

3.5 Proof of the Stability by Extension

We now prove the second part of Theorem 3.1. We consider an exact sequence

0 �! .L 0;L 0
�
/ �! .L ;L

�
/ �! .L 00;L 00

�
/ �! 0;

where .L 0;L 0
�
/; .L 00;L 00

�
/ are Stokes-filtered local systems, but no assumption is

made on .L ;L
�
/, except that .L ;L

�
/ is a pre-Stokes-filtered sheaf in the sense of

Definition 2.1 (or the ramified analogue). Firstly, the extension L of L 0 and L 00 is
clearly a local system. It is now a matter of finding a ramification � such that the pre-
Stokes filtration on e��1L is non-ramified and is a Stokes filtration. It is therefore
enough to assume that .L 0;L 0

�
/; .L 00;L 00

�
/ are non-ramified.

Let us now restrict to an interval I as in Lemma 3.12, with ˚ D ˚ 0 [ ˚ 00.
Since H1.I;L 0

6 / D 0 for any  2 P (see Remark 3.14), there is a section of
L6 ! L 00

6 . We will make these sections compatible with respect to  ,
that is, coming from a morphism of pre-Stokes-filtered local systems. Accord-
ing to the decomposition of .L 00;L 00

�
/ on I , we obtain an injective morphism

gr' L 00 ,! L6' for any ' 2 ˚ 00. By the filtration property, it defines for
any  2 P an injective morphism ˇ'6 gr' L 00 ,! L6 and then a section
L 00

6 D L

'2˚ 00 ˇ'6 gr' L 00 ! L6 of the projection L6 ! L 00
6 , which

is now a morphism of pre-Stokes filtrations. We therefore get an isomorphism
.L ;L

�
/jI ' .L 0;L 0

�
/jI ˚.L 00;L 00

�
/jI . In particular, .L ;L

�
/ is a Stokes filtration

when restricted to I .
As this holds for any such I , this proves the assertion. ut

3.6 More on the Level Structure

It will be useful to understand the level structure in an intrinsic way when the Stokes-
filtered local system is possibly ramified. We will therefore use the presentation and
the notation of Remark 2.23.

Let ` be any non-negative rational number. We define the subsheaf .ej�OX�/.`/ �
ej�OX� as the subsheaf of germs ' such that x`' is a local section of .ej�OX�/lb, for
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some (or any) local determination of x`. We have, for any ` 6 `0,

.ej�OX�/lb D .ej�OX�/.0/ � .ej�OX�/.`/ � .ej�OX�/.`0/ � ej�OX� :

We set I1.`/ D eI1=eI1 \ .ej�OX�/.`/. We have a natural morphism I1 D I1.0/ !
I1.`/ which is compatible with the order (same proof as for Lemma 3.7). We have a
commutative diagram

Iét
1

q`
��

� ���
��

��
��

��
I1.`/

ét

�`
��

S1

The map q` is étale and onto. If ˙ � Iét
1 is a finite covering of S1 (via �), then

˙.`/ WD q`.˙/ is a finite covering of S1 (via �`), and q` W ˙ ! ˙.`/ is also a
finite covering. Moreover, since q` W Iét

1j˙.`/ ! ˙.`/ is étale, it corresponds to a
sheaf of ordered abelian groups I1;˙.`/ on ˙.`/, and ˙ can be regarded as a finite
covering of˙.`/ contained in .I1;˙.`//ét.

Proposition 3.19 (Intrinsic version of Proposition 3.8). Let .L ;L
�
/ be a (pos-

sibly ramified) Stokes-filtered local system on S1 (in particular we have a subsheaf
L6 of ��1L ) and let ˙ � Iét

1 be the support of gr L . For ` 2 QC,

1. The subsheaf Tr6q` .L6; ��1
` L / of��1

` L (see Lemma 1.31) defines a pre-I1.`/-
filtration of L which is in fact a I1.`/-filtration, that we denote by .L ;LŒ��` /.

2. The sheaf grŒ��` L is supported on˙.`/ WD q`.˙/ and is a local system on˙.`/.
3. The sheaf L6 induces a pre-I1;˙.`/-filtration on q�1

` grŒ��` L , which is a I1;˙.`/-
filtration denoted by .grŒ��` L ; .grŒ��` L /

�
/, and gr.grŒ��` L / is a local system on

˙; this local system has the same rank as the local system gr L .

Conversely, let L6 � ��1L be a pre-I1-filtration of L . Let us assume that
Tr6q` .L6; ��1

` L / is a I1.`/-filtration of L and let us denote by ˙.`/ the support
of grŒ��` L . Let us also assume that the pre-I1;˙.`/-filtration induced by L6 on the
local system grŒ��` L (on ˙.`/) is a I1;˙.`/-filtration, and let us denote by ˙ the
support of gr.grŒ��` L /. Then L6 is a I1-filtration of L and gr L is supported on
˙ and has the same rank as gr.grŒ��` L /. ut

3.7 Comments

The notion of level structure has been implicitly present for a long time in the theory
of meromorphic differential equations (see [4, 32]). It appeared as the “dévissage
Gevrey” in [75]. Later, it has been an important tool for the construction of the
moduli space of meromorphic connections [2], as emphasized in [20], and has
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been strongly related to the multisummation property of solutions of differential
equations (see e.g. [61] and the references given therein). Note also that the basic
vanishing property proved during the proof of Lemma 3.12 is already present in [20]
and explained in the one-slope case in [52, Sect. 5], see also [61, Lemma 4.3]. It is
related to the Watson lemma (see loc. cit.). It is also related to the existence of
asymptotic solutions of a differential equation in “large” Stokes sectors, see e.g. [4]
and in particular Sect. B for historical references.

This level structure is not a filtration of the filtered local system. It is the structure
induced by a suitable filtration of the indexing sheaf I. A visually similar structure
appears in knot theory when considering iterated torus knots, for instance the
knots obtained from a singularity of an irreducible germ of complex plane curve.
The algebraic structure related to the level structure is the “dévissage” by Gevrey
exponents or the multi-summability property. Similarly, the algebraic structure
related to iterated torus knots of singularities of plane curves are the Puiseux
approximations.



Chapter 4
Stokes-Perverse Sheaves on Riemann Surfaces

Abstract In this chapter, we introduce the global notion of Stokes-perverse sheaves
on a Riemann surface. The Riemann–Hilbert correspondence of the next chapter
will be an equivalence between holonomic D-modules on the Riemann surface and
Stokes-perverse sheaves on it. If k is a subfield of C, this allows one to speak of a
k-structure on a holonomic D-module when the corresponding Stokes-perverse is
defined over k.

4.1 Introduction

Let X be a Riemann surface. Meromorphic connections on holomorphic vector
bundles, with poles on a discrete set of points D, form a classic subject going back
to the nineteenth century. The modern approach extends the interest to arbitrary
holonomic DX -modules (see Sect. 5.2 in the next chapter) and also extends it
to arbitrary dimensions. A fundamental result is that the de Rham complex (or
the solution complex) of such a DX -module is a perverse constructible complex
(also called a perverse sheaf). Moreover, the Riemann–Hilbert correspondence for
connections with regular singularities, resp. for regular holonomic DX -modules,
induces an equivalence between the category of such objects and that of local
systems on X X D, resp. of perverse sheaves. For Riemann surfaces, a modern
presentation of this equivalence has been explained in [55].

Perverse sheaves on a Riemann surface are not difficult to understand. For a
given perverse sheaf F , there is a discrete set of points D such that FjXXD is a
local system shifted by one (that is, a complex whose only cohomology sheaf is
H �1FjXXD and is a local system on X XD). The supplementary data to determine
the perverse sheaf F are complex vector spaces equipped with an automorphism,
one for each point of D, and gluing data around each point of D (see e.g. [55]).

A perverse sheaf has a Jordan-Hölder sequence, whose successive quotients (in
the perverse sense) are simple perverse sheaves, that is, either j�L Œ1� for some
irreducible local system L on X XD (and j W X XD ,! X is the open inclusion),

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 4, © Springer-Verlag Berlin Heidelberg 2013
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or ix;�C, where ix W fxg ,! X is the closed inclusion. Examples of perverse sheaves
are jŠL Œ1�, j�L Œ1�, Rj�L Œ1�, where L is a local system on X XD, and j�L Œ1�

is known as the intermediate (or middle) extension of L Œ1�, while Rj�L Œ1� is in
some sense the maximal one and jŠL Œ1� the minimal one.

In this chapter, we construct a category of Stokes-perverse sheaves, which will
be the receptacle of the Riemann–Hilbert correspondence for possibly irregular
holonomic DX -modules, which will be explained in the next chapter. It will now
be convenient to use the formalism introduced in Chap. 1. The idea is to replace the
data on .X XD; D/ with data on .X XD; Iét/, where I is defined as in Sect. 2.4 for
each point of D.

The constructions in this chapter are taken from [17, 19, 55].

4.2 The Setting

Let X be a Riemann surface and let D be a discrete set of points of X . We set
X� D X X D. We denote by $ W eX.D/ ! X the real oriented blowing-up map
of X at each of the points of D. When D is fixed, we set eX D eX.D/. Locally near
a point of D, we are in the situation of Example 1.4. We set @ eX D $�1.D/ and
we denote by j@ W X� ,! eX and i@ W @ eX ,! eX the inclusions. We denote by I

the sheaf which is zero on X� and is equal to
S

d Id;xo on1 S1
xo
WD $�1.xo/ for

xo 2 D, where Id;xo is the sheaf introduced in Remark 2.23. Notice that Iét is not
Hausdorff, since we consider I as a sheaf on eX , not on @ eX . Since � W Iét ! eX is
a homeomorphism above X�, we shall denote by ej W X� D Iét

jX�
,! Iét the open

inclusion, bye{ W Iét
j@ eX

,! Iét the closed inclusion, so that � ı ej D j@ and we have a
commutative diagram

Iét
j@ eX

�@

��

� � e{
�� Iét

�
��

@ eX � �
i@

�� eX

(4.1)

Remark 4.2 (Sheaves on Iét). The sheaf I does not satisfy the Hausdorff property
only because it is zero on X�, but it is Hausdorff when restricted to @ eX . It may
therefore be convenient to describe a sheaf F6 on Iét, up to unique isomorphism
inducing the identity on X� and @ eX , as a triple .F�; L6; �/ consisting of a sheaf
F� on X�, a sheaf L6 on Iét

j@ eX
, and a morphism � W L6 !e{�1

ej�F�. Note that,

since � is a local homeomorphism, we havee{�1
ej�F� D ��1

@ .i�1
@ j@;�F�/.

1The notation S1
xo

should not be confused with the notation S1
x of Sect. 2.3.
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In a similar way, a pre-I-filtration F6 on Iét determines two pre-I@ eX-filtrations,
namely L6 D e{�1F6 and e{�1

ej�F� (as a constant pre-I-filtration, see Sect. 1.4),
and the natural morphism � W L6 !e{�1

ej�F� is a morphism of pre-I@ eX-filtrations.
As a consequence, a pre-I-filtration F6 on Iét corresponds in a one-to-one way to
a triple .F�; L6; �/, where L6 is a pre-I@ eX -filtration and � is a morphism from
L6 to the constant pre-I@ eX-filtration e{�1

ej�F�. Then one can use Remark 1.8 to
describe L6.

4.3 The Category of Stokes-C-Constructible Sheaves on fX

The category of St-C-constructible sheaves will be a subcategory of the category
Mod.kIét;6/ of pre-I-filtrations introduced in Sect. 1.4, and we use the notation
introduced there, with I as above. Recall that C-constructible means that the
stratification giving constructibility is C-analytic in X . The coefficient field is k.

Let F� be a C-constructible sheaf on X� with singularity set S . We assume
that S is locally finite on X , so that it does not accumulate on D. Then F� is
a locally constant sheaf of finite dimensional k-vector spaces on X� X S , and in
particular in the punctured neighbourhood of each point of D. This implies that
Rj@;�F� D j@;�F� is a local system on eXXS , as well as its restriction to each S1

xo
,

xo 2 D. Similarly, Rej�F� D ej�F� is a local system on IétXS , since the property
is local on Iét and � is a local homeomorphism. Moreover, the adjunction morphism
��1�� ! Id induces a morphism ��1j@;�F� ! ej�F�, which is easily seen to be
an isomorphism. We will identify both sheaves.

We will set L D i�1
@ j@;�F�, which is a local system on @ eX . We thus have

��1
@ L De{�1

ej�F�.

Definition 4.3 (St-C-constructible sheaves). Let F6 be a pre-I-filtration, i.e., an
object of Mod.kIét;6/. We say that F6 is St-C-constructible if

1. F� WD ej �1F6 is a C-constructible sheaf on X� whose singularity set S � X�
is locally finite in X .

2. The natural morphism � W L6 WDe{�1F6 !e{�1
ej�F� is injective, i.e., the sheaf

F6 does not have a non-zero subsheaf supported in Iét
j@ eX

.

3. The inclusion � W L6 ,! ��1
@ L is a Stokes filtration of L .

We will denote by ModSt-C-c.kIét;6/ the full subcategory of Mod.kIét;6/ whose
objects are St-C-constructible on Iét.

We can also regard F6 as a pre-I-filtration of the sheaf F WD j@;�F�, in the
sense of Definition 1.27. Note that, for any open set U � eX and any ' 2 � .U; I/,
F6' WD '�1F6 is a subsheaf of FjU .

Lemma 4.4. The category of St-C-constructible sheaves on Iét is abelian and
stable by extensions in the category of pre-I-filtrations on Iét.
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Proof. When restricted to X�, the result is well-known for the category of
C-constructible sheaves in the category of sheaves of k-vector spaces. It is
therefore enough to prove it over @ eX . Let � W F6 ! F 0

6 be a morphism of St-C-
constructible sheaves. Its restriction to @ eX induces a morphism in the category of
Stokes-filtered local systems on @ eX . Note also that

j@;�j �1
@ Ker � D Ker j@;�j �1

@ � and j@;�j �1
@ Coker � D Coker j@;�j �1

@ �:

According to Theorem 3.1 and the previous identification, the kernel and cokernel of
�j@ eX inject into ��1 KerŒL ! L 0� and ��1 CokerŒL ! L 0�, and define Stokes-
filtered local systems. Therefore, Ker � and Coker � (taken in Mod.kIét;6/) belong
to ModSt-C-c.kIét;6/.

Similarly, the stability by extension is clear on X�, and an extension of two
St-C-constructible sheaves satisfies Definition 4.3(2) above. Then it satisfies Defi-
nition 4.3(3) according to Theorem 3.1. ut

Note that, as a consequence, Coker � does not have any nonzero subsheaf sup-
ported on Iét

j@ eX
, so in particular � is strict with respect to the support condition 4.3(2).

Remark 4.5. Assume that F6 is as in Definition 4.3(1). We have a distinguished
triangle in Db.Iét/:

e{ŠF6 �!e{�1F6 �!e{�1Rej�F� De{ŠRejŠF
�Œ1�

C1���! :

Sincee{�1F6 ande{�1Rej�F� De{�1
ej�F� are sheaves, this triangle reduces to the

exact sequence

0 �!H 0.e{ŠF6/ �!e{�1F6 �!e{�1
ej�F� �!H 1.e{ŠF6/ �! 0

and Definition 4.3(2) is equivalent to H 0.e{ŠF6/ D 0. If this condition is fulfilled,
the morphism �0 W ��1

@ L ! ��1
@ L =L6 is equal to H 1 of the morphism

e{ŠRejŠF� !e{ŠF6 and there is no nonzero other H k .

Remark 4.6 (Hom). Given two St-C-constructible sheaves F6; F 0
6, one can

define a St-C-constructible sheaf Hom.F ; F 0/6 whose generic part is the con-
structible sheaf Hom.F�; F 0�/, and whose restriction to Iét

@ eX
is Hom.L ; L 0/6

(see Definition 2.13). Firstly, one remarks that since ej�F� and ej�F 0� are local
systems, the natural morphism Hom.ej�F�; ej�F 0�/ ! ej� Hom.F�; F 0�/ is
an isomorphism. The natural injection Hom.L ; L 0/6 ,! Hom.L ; L 0/ D
e{�1

ej� Hom.F�; F 0�/ defines thus the desired St-C-constructible sheaf.

Let F6 be a Stokes-C-constructible sheaf on eX . Since I is Hausdorff on @ eX , the
subsheaf L< of L6 is well-defined, and we can consider the triple .F�; L<; �jL<

/,
which defines a subsheaf F� of F6, according to Remark 4.2 (we avoid the
notation F<, which has a different meaning over X�).
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Definition 4.7 (co-St-C-constructible sheaves). We will say that a pre-I-
filtration F� is a co-Stokes-C-constructible sheaf if it satisfies the properties
4.3(1), 4.3(2) and, setting L< De{�1F�,

30. The inclusion � W L< ,! ��1
@ L is a Stokes co-filtration of L (see

Remark 1.41).

This defines a full subcategory ModcoSt-C-c.kIét;6/ of Mod.kIét;6/.

We similarly have:

Lemma 4.8. The category of co-St-C-constructible sheaves on Iét is abelian and
stable by extensions in the category of pre-I-filtrations on Iét. ut
Exercise 4.9. From a co-Stokes-C-constructible sheaf F�, reconstruct the Stokes-
C-constructible sheaf F6 which defines it (this mainly consists in reconstructing
L6 from L<, see Remarks 1.41 and 2.24).

Lastly, there is a simpler subcategory of Mod.kIét;6/ which will also be useful,
namely that of graded C-constructible sheaves on Iét. By definition, such an object
takes the forme{�.�@;ŠG /6, where G is a locally constant sheaf of finite dimensional
k-vector spaces on Iét

j@ eX
, on the support of which �@ is proper. It is easy to check that

it is abelian and stable by extensions in Mod.kIét;6/. The following is then clear:

Lemma 4.10. Let F6 be a Stokes-C-constructible sheaf on Iét and let F� be
the associated co-Stokes-C-constructible sheaf, together with the natural inclusion
F� ,! F6. Then the quotient (in Mod.kIét;6/) is a graded C-constructible sheaf
on Iét. ut
Remark 4.11. There is no nonzero morphism (in the category Mod.kIét;6/) from
a graded C-constructible sheaf G on Iét to a (co-)Stokes-C-constructible sheaf F6
(or F�). Indeed, presenting F6 as a triple .F�; L6; �/ and G by .0;e{�1G ; 0/, a
morphism G ! F6 consists of a morphism e{�1G ! L6 which is zero when
composed with �. Since � is injective, after Definition 4.3(2), the previous morphism
is itself zero. The same argument applies to G ! F�. In other words, since F6
(resp. F�) does not have any non-zero subsheaf supported on Iét

j@ eX
, and since G is

supported on this subset, any morphism from G to F6 (resp. F�) is zero.

4.4 Derived Categories and Duality

Derived Categories. We denote by Db.kIét;6/ the bounded derived category of pre-
I-filtrations, and by Db

St-C-c.kIét;6/ the full subcategory of Db.kIét;6/ consisting
of objects having St-C-constructible cohomology. By Lemma 4.4, the category
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Db
St-C-c.kIét;6/ is a full triangulated subcategory of Db.kIét;6/. We will now define

a t-structure on Db
St-C-c.kIét;6/ which restricts to the usual2 perverse one on X�.

The subcategory
p
D

b;60

St-C-c.kIét;6/ consists of objects F6 satisfying H j .F6/ D
0 for j > �1 and H j .i�1

xo
F6/ D 0 for any xo 2 X� and j > 0.

Similarly, the subcategory
p
D

b;>0

St-C-c.kIét;6/ consists of objects F6 satisfying
H j .F6/ D 0 for j < �1 and H j .i Š

xo
F6/ D 0 for any xo 2 X� and j < 0.

The pair
�p
D

b;60

St-C-c.kIét;6/;
p
D

b;>0

St-C-c.kIét;6/
�

constructed above defines a t-structure
on Db

St-C-c.kIét;6/ (this directly follows from the result on X�).

Definition 4.12. The category St- PervD.kIét;6/ of perverse sheaves on X� with a
Stokes structure at @ eX (that we also call Stokes-perverse sheaves on eX ) is the heart
of this t-structure.

This is an abelian category (see [6], [39, Sect. 10.1]).

Remark 4.13. Objects of St- PervD.kIét;6/ behave like sheaves, i.e., can be re-
constructed, up to isomorphism, from similar objects on each open set of an
open covering of X , together with compatible gluing isomorphisms. An object
of St- PervD.kIét;6/ is a sheaf shifted by 1 in the neighbourhood of Iét

j@ eX
and is a

perverse sheaf (in the usual sense) on X�.
Notice also that the objects of St- PervD.kIét;6/ which have no singularity on X�

are sheaves (shifted by one). We will call them smooth St-C-constructible sheaves
or smooth Stokes-perverse sheaves (depending on the shifting convention).

However, it will be clear below that this presentation is not suitable for defining
a duality functor on it. We will use a presentation which also takes into account F�
and gr F . Anticipating on the Riemann–Hilbert correspondence, F6 corresponds
to horizontal sections of a connection having moderate growth at @ eX , while F�
corresponds to horizontal sections having rapid decay there, and duality pairs
moderate growth with rapid decay.

Note that similar arguments apply to co-Stokes-C-constructible sheaves, and

we get a t-structure
�p
D

b;60

coSt-C-c.kIét;6/;
p
D

b;>0

coSt-C-c.kIét;6/
�

on the category Db
coSt-C-c

.kIét;6/.
Lastly, the full subcategory Db

gr -C-c.kIét;6/ of Db.kIét;6/ whose objects have
graded C-constructible cohomology is endowed with the t-structure induced from
the shifted natural one .Db;6�1.kIét;6/; Db;>�1.kIét;6//.

Duality. Recall that the dualizing complex on eX is j@;ŠkX� Œ2� (see e.g. [39]) and (see
Corollary 1.23) we have a functor R Hom.��1

�; ��1j@;ŠkX� Œ2�/ from the category
Db;op.kIét;6/ to DC.kIét;6/. We will denote it by D. We will prove the following.

2We refer for instance to [23] for basic results on perverse sheaves; recall that the constant sheaf
supported at one point is perverse, and a local system shifted by one is perverse, see e.g. [23,
Ex. 5.2.23]. See also [6], [39, Chap. 10] for more detailed results.
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Proposition 4.14. The duality functor D induces functors

D W Db;op
St-C-c.kIét;6/ �! Db

coSt-C-c.kIét;6/;

D W Db;op
coSt-C-c.kIét;6/ �! Db

St-C-c.kIét;6/;

which are t-exact, and there are isomorphisms of functors Id ' D ı D in both
Db

St-C-c.kIét;6/ and Db
coSt-C-c.kIét;6/. On the other hand, it induces a functor D W

D
b;op
gr -C-c.kIét;6/! Db

gr -C-c.kIét;6/ such that D ıD � Id.

Let F6 be an object of Db.kIét;6/. Recall that, for any open set U � eX and any
' 2 � .U; I/, F6' WD '�1F6 is an object of Db.kU /.

Lemma 4.15. If F6 is a Stokes-C-constructible sheaf on Iét, then for any ' 2
� .U; I/, F6' is R-constructible on U . The same result holds for a co-Stokes-C-
constructible sheaf F�.

Proof. It suffices to check this on U \ @ eX , where it follows from Proposition 2.7.
ut

Lemma 4.16. If F6 is a Stokes-C-constructible sheaf (resp. F� is a co-Stokes-C-
constructible sheaf) on Iét, then on eX X SingF�,

F _� WD R Hom.��1F6; ejŠkX�/ (resp. F _

6 WD R Hom.��1F�; ejŠkX�/)

has cohomology in degree 0 at most and is equal to the co-Stokes-C-
constructible sheaf .F�;_; .L _/<; �0;_/ (resp. the Stokes-C-constructible sheaf
.F�;_; .L _/6; �0;_/), where �0;_ is the morphism dual to �0. Moreover, the dual
of � is .�0;_/0

Proof. If U is an open set in eX and ' 2 � .U; Iét/, we will set

D.F6'/ D R Homk.F6'; j@;ŠkU � Œ2�/;

D0.F6'/ D R Homk.F6'; j@;ŠkU � /:

As a consequence of Lemma 4.15 we have (see [39, Proposition 3.1.13]),

i Š
@D.F6'/ D R Hom.i�1

@ F6'; i Š
@j@;ŠkŒ2�/

D R Hom.i�1
@ F6'; kŒ1�/ DW D.i�1

@ F6'/;
(4.17)

since k@ eX Œ1� is the dualizing complex on @ eX , and by biduality we have
D.i Š

@F6'/ D i�1
@ D.F6'/ (see [39, Proposition 3.4.3]). This can also be written as

i Š
@D

0.F6'/Œ1� D D0.i�1
@ F6'/ and i�1

@ D0.F6'/ D D0.i Š
@F6'Œ1�/:
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For the proof of Lemma 4.16, we can assume that SingF� D ¿. We will prove
the lemma starting from a Stokes C-constructible sheaf, the co-Stokes case being
similar.

For the first part of the statement, it suffices to show that i�1
@ D0.F6'/ is a

sheaf. We have i�1
@ D0.F6'/ D D0.i Š

@F6'Œ1�/ D D0.LjU =L6'/, see Remark 4.5,
and thus i�1

@ D0.F6'/ is a sheaf, equal to .L _/<�' , according to Lemma 2.16.
Therefore, F _� D Hom.��1F6; ejŠkX�/. Moreover, still using Remark 4.5, one
checks that the gluing morphism �_ is the dual of �0. Since �0 is onto, �0;_ is
injective, and F _� is equal to .F�;_; .L _/<; �0;_/, as wanted. A similar argument
shows that the dual of � is .�0;_/0. ut
Proof of Proposition 4.14. The first claim is now a direct consequence of
Lemma 4.16. For any U and any ' 2 � .U; I/ we have the bi-duality isomorphism
after applying the pull-back by ' W U ! Iét, according to the standard result for
R-constructible sheaves and Lemma 4.15. This isomorphism is clearly compatible
with restrictions of open sets, hence gives Id ' D ıD.

For the graded case, the situation is simpler, as we work with local systems on
Iét

j@ eX
extended by zero on Iét. ut

4.5 The Category of Stokes-Perverse Sheaves on fX

In the case of Stokes-filtered local systems on @ eX , the Stokes and co-Stokes aspect
(namely L6 and ��1L =L<) can be deduced one from the other. The same remark
applies to (co-)Stokes-C-constructible sheaves. However, such a correspondence
Stokes, co-Stokes heavily depends on sheaves operations. In the derived category
setting, we will keep them together.

It will be useful to consider the t-categories Db
St-C-c.kIét;6/ etc. as subcategories

of the same one. We can choose the following one. By a C-R-constructible sheaf
on Iét we will mean a sheaf G on Iét such that for any open set U � eX and any
' 2 � .U; I/, '�1G is R-constructible on U and C-constructible on U � D U \X�
with locally finite singularity set on U . The category ModC-R-c.kIét;6/ is the full
subcategory of Mod.kIét;6/ whose underlying sheaf is C-R-constructible. Accord-
ing to Lemma 4.15, it contains the full subcategories of (co-/gr-)St-constructible
sheaves. It is abelian and stable by extensions in Mod.kIét;6/. The full triangulated
subcategory Db

C-R-c.kIét;6/ of Db.kIét;6/ is equipped with a t-structure defined as
in the beginning of Sect. 4.4. This t-structure induces the already defined one on the
full triangulated subcategories Db

St-C-c.kIét;6/ etc.

Definition 4.18. The category St.kIét;6/ is the full subcategory of the category
of distinguished triangles of Db.kIét;6/ whose objects consist of distinguished

triangles F� ! F6 ! gr F
C1�!, where F� is an object of Db

coSt-C-c.kIét;6/, F6
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of Db
St-C-c.kIét;6/, and gr F of Db

gr -C-c.kIét;6/. These triangles are also distinguished

triangles in Db
C-R-c.kIét;6/.

Proposition 4.19. The category St.kIét;6/ is triangulated, and endowed with a
t-structure .St60.kIét;6/; St>0.kIét;6// defined by the property that F�; F6; gr F
belong to the 6 0 (resp. > 0) part of their corresponding categories. There is a
duality functor D W Stop.kIét;6/ ! St.kIét;6/ satisfying D ıD ' Id and which is
compatible to the t-structures.

Sketch of proof. Any (not necessarily distinguished) triangle F� ! F6 !
gr F

C1�! induces a (not necessarily exact) sequence � � � ! p
H kF� ! p

H kF6 !
p
H k gr F ! � � � by taking perverse cohomology of objects of Db

C-R-c.kIét;6/, and,
according to Remark 4.11, each connecting morphism

p
H k gr F ! p

H kC1F� is
zero. One then shows that such a triangle is distinguished if and only if each short
sequence as before is exact. The axioms of a triangulated category are then checked
for St.kIét;6/ by using this property.

In order to check the t-structure property (see [39, Definition 10.1.1]), the only
non trivial point is to insert a given object of St.kIét;6/ in a triangle with first term
in St60 and third term in St>1. Denoting by �60 and �>1 the perverse truncation
functors in Db

C-R-c.kIét;6/, it is enough to check that each of these functors preserves
objects of St.kIét;6/. This follows from the cohomological characterization of the
distinguished triangles which are objects of St.kIét;6/.

The assertion on duality follows from Proposition 4.14. ut
The heart of this t-structure is an abelian category (see [6, 39]).

Lemma 4.20. The “forgetting” functor from St.kIét;6/ to Db
St-C-c.kIét;6/, sending

a triangle F� ! F6 ! gr F
C1�! to F6 (which is by definition compatible with

the t-structures) induces an equivalence of abelian categories from the heart of the
t-structure of St.kIét;6/ to St- PervD.kIét;6/.

Proof. For the essential surjectivity, the point is to recover F� and gr F from F6.
As our objects can be obtained by gluing from local data, the question can be
reduced to a local one near Iét

j@ eX
, where we can apply the arguments for sheaves

and define F� and gr F as in Lemma 4.10.
Similarly, any morphism F6 ! F 0

6 lifts as a morphism between triangles. It
remains to show the uniqueness of this lifting. This is a local problem, that we treat
for sheaves. The triangle is then an exact sequence, and the morphism F� ! F 0�
coming in a morphism between such exact sequences is simply the one induced
by F6 ! F 0

6, so is uniquely determined by it. The same argument holds for
gr F ! gr F 0. ut
Corollary 4.21 (Duality). The category St- PervD.kIét;6/ is stable by duality. ut
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4.6 Direct Image to X

Given a sheaf F6 on Iét, any section ' 2 � .U; I/ produces a sheaf F6' WD '�1F6
on U . We now use more explicitly that I has a global section 0, meaning that there
is a global section 0 W eX ! Iét of �, making eX a closed subset of Iét. Then F60 is
a sheaf on eX .

Proposition 4.22. Let F6 be an object of St- PervD.kIét;6/. Then R$�F60 is
perverse (in the usual sense) on X .

Proof. It is a matter of proving that i�1
D R$�F60 has cohomology in degrees�1; 0

at most and i Š
DR$�F60 in degrees 0; 1 at most.

We have i�1
D R$�F60 D R� .@ eX; i�1

@ F60/, because $ is proper (see [39,
Proposition 2.5.11]), so, setting L60 D i�1

@ F60Œ�1�, the first assertion reduces
to H k.@ eX; L60/ D 0 for k ¤ 0; 1, which is clear since L60 is a R-constructible
sheaf. Similarly, as we have seen after Lemma 4.15, i Š

@.F60/ D i Š
@.F60Œ�1�/Œ1� is

a sheaf, so the second assertion is also satisfied (see [39, Proposition 3.1.9(ii)]). ut

4.7 Stokes-Perverse Sheaves on fX

We will prove in the next chapter that Stokes-perverse sheaves on eX correspond
to holonomic D-modules on X which are isomorphic to their localization at D,
and have at most regular singularities on X�. In order to treat arbitrary holonomic
DX -modules, we need to introduce supplementary data at D, which are regarded
as filling the space eX by discs in order to obtain a topological space eX , that we
describe now. This construction goes back to [19] and is developed in [55].

For any xo 2 D, let bX
bxo

be an open disc with center denoted by bxo, and let bX
bxo

be the associated closed disc. Denote by bj W bX
bxo

,! bX
bxo

the open inclusion and

b{ W S1
bxo

,! bX
bxo

the complementary closed inclusion.

We denote by eX the topological space (homeomorphic to X ) obtained by gluing

each closed disc bX
bxo

to eX along their common boundary S1
bxo
DS1

xo
for xo2D (see

Fig. 4.1).
We first define the category Mod.kIét;6; bD/ to be the category whose objects are

triples .F6; bF ;b�/, where F6 is a pre-I-filtration, i.e., an object of Mod.kIét;6/, bF

is a sheaf on
F

xo2D
bX

bxo
, and b� is a morphism i�1

@ F60 !b{�1
bj� bF . The morphisms

in this category consist of pairs .�;b�/ of morphisms in the respective categories
which are compatible with b� in an obvious way. We have “forgetting” functors to
Mod.kIét;6/ (hence also to Mod.kIét/) and Mod.k

bX /. Then Mod.kIét;6; bD/ is an
abelian category. A sequence in Mod.kIét;6; bD/ is exact iff the associated sequences
in Mod.kIét/ and Mod.k

bX / are exact. The associated bounded derived category is
denoted by Db.kIét;6; bD/.
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X X

=

x

x

x

1S x
1S

Fig. 4.1 The space eX

near S1
x (x 2 D)

Definition 4.23 (St-C-constructible sheaves on eX ). The objects in the category
ModSt-C-c.kIét;6; bD/ consist of triples .F6; bF ;b�/, where

1. F6 is a St-C-constructible sheaf on eX (see Definition 4.3), defining a Stokes-
filtered local system .L ; L

�
/ on each S1

xo
, xo 2 D.

2. bF is a C-constructible sheaf on
F

xo2D
bX

bxo
with singularity at bxo (xo 2 D) at

most.
3. b� is an isomorphism gr0 L

��!b{�1
bj� bF .

Morphisms between such triples consist of pairs .�;b�/ of morphisms in the
respective categories which are compatible with b�.

By definition, ModSt-C-c.kIét;6; bD/ is a full subcategory of Mod.kIét;6; bD/.

Lemma 4.24. The category ModSt-C-c.kIét;6; bD/ is abelian and stable by extensions
in Mod.kIét;6; bD/.

Proof. We apply Lemma 4.4 for the F6-part, a standard result for the bF -part, and
the compatibility with b� follows. ut

The definition of the category St- PervD.kIét;6; bD/ now proceeds exactly as in

Sect. 4.5, by only adding the information of the usual t-structure on the various bX
bxo

,
xo 2 D. We leave the details to the interested reader. As above, a Stokes-perverse
sheaf is a sheaf shifted by one away from the singularities in X� and of bD.

Remark 4.25. The previous presentation makes a difference between singulari-
ties S in X� and singularities in D. One can avoid this difference, by considering
objects which are local systems on X� X S and by replacing D with D [ S . Then
“regular singularities” are the points of D where the set of exponential factors of
F6 reduces to f0g. This point of view is equivalent to the previous one through the
functor P at those points (see below, Proposition 4.26).



62 4 Stokes-Perverse Sheaves on Riemann Surfaces

4.8 Associated Perverse Sheaf on X

We now define a functor P W St- PervD.kIét;6; bD/ ! Perv.kX/ between Stokes-

perverse sheaves on eX and perverse sheaves (in the usual sense) on X . This is
an extension of the direct image procedure considered in Sect. 4.6. Namely, if
.F6; bF ;b�/ is a Stokes-constructible sheaf on eX , the triple .F60; bF ;b�/ allows
one to define a sheaf F60 on eX : indeed, a sheaf on eX can be determined up to

isomorphism by a morphism L60 ! b{�1
bj� bF ; we use the composed morphism

L60 ! gr0 L
b��!b{�1

bj� bF .
Extending this construction to Stokes-perverse sheaves and taking the direct

image by the continuous projection $ W eX ! X which contracts bX to D is
P.F6; bF ;b�/. We will however not explicitly use the previous gluing construction
in this perverse setting, but an ersatz of it, in order to avoid a precise justification of
this gluing. Let us make this more precise.

We first note that the pull-back by the zero section 0 W eX ,! Iét defines an
exact functor 0�1 W Mod.kIét;6/ ! Mod.k

eX / and therefore, taking the identity

on the bF -part, an exact functor from Mod.kIét;6; bD/ to the category Mod.k
eX;60; bD/

consisting of triples .F60; bF ;b�/.
In the following, we implicitly identify sheaves on D and sheaves on X

supported on D via RiD;� and we work in Db
C-c.kX /. On the one hand, we have

a natural composed morphism

R$�F60 �! R� .@ eX;e{�1F60/ �! R� .@ eX; gr0 F /
b���!� R� .@ bX;b{�1

bj� bF /:

On the other hand, we have a distinguished triangle

R� . bX; bj� bF / �! R� .@ bX;b{�1
bj� bF / �! R� . bX; bjŠ

bF /Œ1�
C1���! :

We deduce a morphism

R$�F60 �! R� . bX; bjŠ
bF /Œ1� D R�c. bX; bF /Œ1�:

Proposition 4.26. If .F6; bF ;b�/ is an object of St- PervD.kIét;6; bD/, then the

complex R�c. bX; bF /Œ1� has cohomology in degrees �1 and 0 at most and the
cone of the previous morphism–that we denote by P.F6; bF ;b�/Œ1�–has perverse
cohomology in degree 1 at most.

Corollary 4.27. The functor P W .F6; bF ;b�/ 7! p
H 0P.F6; bF ;b�/ is an exact

functor from St- PervD.kIét;6; bD/ to Perv.kX /. ut
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Proof of Proposition 4.26. We consider the complementary inclusions

bD ,
i

bD���! bX
j

bD ��- bX X fbDg:

We have a distinguished triangle i Š
bD

bF ! bF ! Rj
bD;�j �1

bD
bF

C1�!, to which we

apply bjŠ (recall that bj denotes the inclusion bX
bxo

,! bX
bxo

). This has no effect to the
first term, which remains i Š

bD
bF and has cohomology in degrees 0 and 1 at most by

the cosupport condition for bF . We then have

H �1. bX; bjŠ
bF / ,�! H �1

C . bX�; j �1
bD

bF /;

where C is the family of supports in bX� whose closure in bX is compact. We are thus
reduced to showing that, if bL is a local system on bX�, we have H 0

C . bX; bL / D 0,

which is clear. Therefore, R�c. bX; bF / has cohomology in degrees 0 and 1 at most,
as wanted.

Let us now show that P D P.F6; bF ;b�/ is perverse on X . Obviously, we
only have to check the support and cosupport conditions at D, and we will use
Proposition 4.22.

For the support condition, we note that i�1
D R$�F60 D R� .@ eX;e{�1F60/, and

i�1
D PŒ1� is the cone of the diagonal morphism below (where b� is implicitly used):

R� .@ eX;e{�1F60/

�� ����
���

���
���

�

R� . bX; bF / �� R� .@ eX; gr0 F / �� R�c. bX; bF /Œ1�
C1

��

(4.28)

This gives an exact sequence

0!H �1.i�1
D P/ �! H �1.@ eX;e{�1F60/ �! H 0

c. bX; bF /

�!H 0.i�1
D P/ �! H 0.@ eX;e{�1F60/

�! H 1
c. bX; bF / �!H 1.i�1

D P/! 0 (4.29)

and the support condition reduces to the property that H 0.@ eX;e{�1F60/ !
H 1

c. bX; bF / is onto, because we already know that H 2
c. bX; bF / D 0. On the one

hand, H 0.@ eX;e{�1F60/ ! H 0.@ eX; gr0 F / is the morphism H 1.@ eX; L60/ !
H 1.@ eX; gr0 L /, which is onto since L<0 is a sheaf on @ eX . On the other hand the
distinguished horizontal triangle above gives an exact sequence

H 0.@ eX; gr0 F / �! H 1
c. bX; bF / �! H 1. bX; bF /;

and H 1. bX; bF / DH 1.i�1
bD

bF / D 0 by the support condition for bF .
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Let us now check the cosupport condition. We have e{ŠF60 D L =L60, as
remarked at the end of the proof of Lemma 4.16. We now argue as above, by
replacing R� .@ eX;e{�1F60/ with R� .@ eX;e{ŠF60/ in (4.28), so that (4.29) becomes

0 �! H �1.i Š
DP/ �! H �1.@ eX;e{ŠF60/ �! H 0

c. bX; bF / �! H 0.i Š
DP/

�! H 0.@ eX;e{ŠF60/ �! H 1
c.

bX; bF / �! H 1.i Š
DP/ �! H 1.@ eX;e{ŠF60/ �! 0;

since H 2
c. bX; bF / D 0. The cosupport condition means H �1.i Š

DP/ D 0, which
follows from H �1.@ eX;e{ŠF60/ D H �1.@ eX; L =L60/ D 0. ut



Chapter 5
The Riemann–Hilbert Correspondence
for Holonomic D-Modules on Curves

Abstract In this chapter, we define the Riemann–Hilbert functor on a Riemann
surface X as a functor from the category of holonomic DX -modules to that of
Stokes-perverse sheaves. It is induced from a functor at the derived category level
which is compatible with t-structures. Given a discrete set D in X , we first define
the functor from the category of DX.�D/-modules which are holonomic and have
regular singularities away fromD to that of Stokes-perverse sheaves on eX.D/, and
we show that it is an equivalence. We then extend the correspondence to holonomic
DX -modules with singularities onD, on the one hand, and Stokes-perverse sheaves
on eX.D/ on the other hand.

5.1 Introduction

In this chapter, the base field k is C. Let X be a Riemann surface and let D be a
discrete set of points in X as in Sect. 4.2 (from which we keep the notation). We
also denote by $ W eX.D/ ! X the real oriented blowing-up at all points of D.

We refer for instance to [37, 55, 80] for basic results on holonomic D-modules
on a Riemann surface. Recall that DX denotes the sheaf of holomorphic differ-
ential operators on X with coefficients in OX , and that a DX -module M on a
Riemann surface is nothing but a OX -module with a holomorphic connection (by a
DX -module or DX.�D/-module, we usually mean a left module). It is holonomic
if it is DX -coherent and if moreover any local section of M is annihilated by some
nonzero local section of DX . Given a DX -module M , its (holomorphic) de Rham

complex DR M is the complex M
r�!r˝1

X ˝OX M .
If M is OX -coherent, it is then OX -locally free, hence is a vector bundle with

connection. In such a case, the de Rham complex DR M has cohomology in
degree 0 at most and H 0 DR M D Ker r D M r is the sheaf of horizontal
local sections of M . It is a locally constant sheaf of finite dimensional C-vector
spaces. Conversely, M can be recovered from M r as M ' OX ˝C M r with
the standard connection on OX . This defines a perfect correspondence (equivalence

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 5, © Springer-Verlag Berlin Heidelberg 2013
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of categories) between holomorphic vector bundles with connection and locally
constant sheaves of finite-dimensional C-vector spaces.

This elementary form of the Riemann–Hilbert correspondence extends to the
case where M is a holonomic DX -module with regular singularities. In such
a case, the shifted de Rham functor pDRM D DR M Œ1� is an equivalence from
the category of such DX -modules and that of C-perverse sheaves on X .

In this chapter, we consider holonomic DX -modules without any restriction on
their singularities (except that they are located on a fixed set D). It is well-known
that the de Rham complex above is not sufficient to recover the whole information
of such a module when it has irregular singularities. We therefore extend the target
category, which will be the category of Stokes-perverse sheaves as introduced in
Chap. 4, and define a modified de Rham functor with values in this category. Its H 0

consists of horizontal local sections with moderate growth or rapid decay near the
singular set D.

We will prove the Riemann–Hilbert correspondence (equivalence of categories)
in this setting, and we will also check the compatibility of the extended de Rham
functor with the duality functor, either for holonomic DX -modules, or for Stokes-
perverse sheaves (see Sect. 4.4).

This chapter mainly follows [2, 17, 19, 52] and [55, Sect. IV.3].

5.2 Some Basic Sheaves

On X . We denote by OX the sheaf of holomorphic functions on X , by DX the
sheaf of holomorphic differential operators, by OX.�D/ the sheaf of meromorphic
functions on X with poles of arbitrary order on D, and we set DX.�D/ D
OX.�D/˝OX DX .

On eX D eX.D/. Since eX.D/ is a real manifold with boundary, the notion of a C1
function on eX.D/ is well-defined. Moreover, working in local polar coordinates
x D rei� , one checks that the operator x@x D 1

2
.r@r C i@� / acts on C 1

eX
and we can

lift the @ operator on C 1
X as an operator

@ W C 1
eX

�! C 1
eX

˝
$�1OX

$�1˝1

X
.logD/;

where X denotes the complex conjugate Riemann surface. We will then set

A
eX D Ker @:

This is a $�1DX -module, which coincides with OX� on X� WD X X D D eX X
$�1.D/. We set D

eX D A
eX ˝$�1OX

$�1DX and we define similarly A
eX.�D/

and D
eX.�D/ by tensoring with $�1OX.�D/.
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We have already implicitly defined the sheaf A modD
eX

(see Example 1.4) of

holomorphic functions on X� having moderate growth along @eX . Let us recall the
definition in the present setting. Given an open set eU of eX , a section f of A modD

eX

on eU is a holomorphic function on U � WD eU \X� such that, for any compact setK
in eU , in the neighbourhood of which D is defined by gK 2 OX.K/, there exists
constants CK > 0 and NK > 0 such that jf j 6 CK jgK j�NK on K .

Similarly, A rdD
eX

consists of functions having rapid decay along @eX : change the
definition above by asking that, for any K and any N > 0, there exists a constant
CK;N such that jf j 6 CK;N jgK jN on K .

Both sheaves A modD
eX

and A rdD
eX

are left D
eX.�D/-modules and are

$�1OX.�D/-flat. It will be convenient to introduce the quotient sheaf
A

grD
eX

WD A modD
eX

=A rdD
eX

with its natural D
eX.�D/-module structure. It is supported

on @eX and is $�1OX -flat (because it has no nonzero$�1OX -torsion).
More information on these sheaves can be found for instance in [48, 52, 55, 81].

In particular, R$�A modD
eX

D $�A modD
eX

D OX.�D/, which will be reproved in
any dimension in Proposition 8.7.

On Iét. Recall that I is the extension by 0 of the sheaf I@eX . We will use
the definition of Remark 2.23 in order to consider I@eX as a subsheaf of
i�1@ j@;�OX�=i�1@ .j@;�OX�/lb on @eX . We will use the following lemma.

Lemma 5.1. Let U be an open subset of @eX and let ' 2 � .U; I@eX/. There exists
a unique subsheaf of .i�1@ j@;�OX�/jU , denoted by e'A modD

U (resp. by e'A rdD
U )

such that, for any � 2 U and any lifting e'� 2 eI� of the germ '� 2 I� , the
germ .e'A modD

U /� (resp. .e'A rdD
U /� ) is equal to ee'�A modD

� � .j@;�OX�/� (resp.
ee'�A rdD

� � .j@;�OX�/� ).

Proof. It is a matter of checking that ee'�A modD
� (resp. ee'�A rdD

� ) does not depend
on the choice of the lifting e'� . This is clear since any two such choices differ by a
locally bounded function. ut

We will define sheaves A modD
Iét and A rdD

Iét on Iét by their restrictions to the closed
and open subsets above, together with the gluing morphism.

� On Iét
X�

D X�, we set A modD
Iét
X�

D A rdD
Iét
X�

D OX� .

� On Iét
j@eX

, we universally twist the sheaves ��1
@ A modD

@eX
and ��1

@ A rdD
@eX

by e'

as follows. For any open subset U � @eX and any ' 2 � .U; I/, we set
'�1A modD

Iét
j@eX

WD e'A modD
U � .i�1@ j@;�OX�/jU and we define '�1A rdD

Iét
j@eX

similarly

(see Lemma 5.1 above; note that on the left-hand side, ' is considered as a section
of �@ W Iét

j@eX
! @eX , while on the right-hand side, ' and e' are considered as local

sections of i�1@ j@;�OX� ). One can check that these data correspond to sheaves
A modD

Iét
j@eX

and A rdD
Iét

j@eX

, with A rdD
Iét

j@eX

� A modD
Iét

j@eX

�e{�1ej�OX� .

� The previous inclusion is used for defining the gluing morphism defining A rdD
Iét

and A modD
Iét as sheaves on Iét.
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We have natural inclusions A rdD
Iét � A modD

Iét � ej�OX� of sheaves on Iét. These
are inclusions of sheaves of ��1D

eX.�D/-modules. Indeed, this is clear on X�,
and on Iét

j@eX
one remarks that, in a local coordinate x used for defining I,

@x.e
'A modD

@eX
/ D e'.@x C @'=@x/A modD

@eX
� e'A modD

@eX
, and similarly for A rdD

@eX
.

It will be convenient to introduce the notation A
grD
Iét for the quotient sheaf

A modD
Iét =A rdD

Iét . This sheaf is supported on Iét
j@eX

, and is also equipped with a natural

��1D
eX.�D/-module structure.

These sheaves are flat over ��1$�1OX (i.e., they have no torsion).

Lemma 5.2. The sheaves A modD
Iét , A rdD

Iét are pre-I-filtrations of j@;�OX� , the sheaf

A
grD
Iét is a graded pre-I-filtration, and the exact sequence

0 �! A rdD
Iét �! A modD

Iét �! A
grD
Iét �! 0

is an exact sequence in Mod.CIét;6/. Moreover, the pre-I-filtration morphisms
ˇ6p�1

1 ! p�1
2 are compatible with the ��1D

eX -action.

Proof. In order to prove the abstract pre-I-filtration property, we need to prove
that there are natural morphisms ˇ6p�1

1 A modD
Iét ! p�1

2 A modD
Iét , etc. compatible

with the exact sequence of the lemma and the ��1D
eX -action. This amounts to

defining natural morphisms ˇ'6 e'A
modD
@eX

! e A modD
@eX

, etc. for any open set

U � @eX and any pair '; 2 � .U; I@eX/. On U'6 , we have e'A modD
@eX

D
e e'� A modD

@eX
� e A modD

@eX
, and this inclusion defines the desired morphism.

Notice that it is compatible with the action of ��1
@ D

eX by definition.
Clearly, the natural inclusions of A modD

Iét and A rdD
Iét in ej�OX� D ��1j@;�OX�

make these sheaves pre-I-filtrations of j@;�OX� . ut

5.3 The Riemann–Hilbert Correspondence for Germs

The Riemann–Hilbert correspondence for germs of meromorphic connections. We
recall here the fundamental results of Deligne [17, 19] and Malgrange [52], [55,
Sect. IV.3]. We work here in a local setting, and we denote by O , D , etc. the germs
at 0 2 C of the corresponding sheaves. We denote by S1 the fibre over 0 of the real
blow-up space of C at 0, and by eO , A mod 0, A rd 0, A gr0 the restriction to S1 of the
sheaves j@;�OX� , A modD

eX
, A rdD

eX
and A

grD
eX

introduced above.
By a meromorphic connection M we mean a free O.�0/-module of finite rank

with a connection. We can form various de Rham complexes, depending on the
sheaves of coefficients.

1. DR M D fM r�! ˝1 ˝ M g is the ordinary holomorphic de Rham complex.
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2. fDRM D f eO ˝$�1M r�! eO ˝$�1.˝1 ˝ M /g is the multivalued essential
holomorphic de Rham complex.

3. DRmod 0 M D fA mod 0 ˝$�1M r�! A mod 0 ˝$�1.˝1 ˝ M /g is the mod-
erate de Rham complex (the tensor products are taken over $�1O and the
connection is extended in a natural way, by using the $�1D-structure on
A mod 0).

4. DRrd 0 M D fA rd 0 ˝$�1M r�! A rd 0 ˝$�1.˝1 ˝ M /g is the rapid-decay
de Rham complex.

Since R$�A mod 0 D $�A mod 0 D O.�0/ as already recalled, the projection
formula for the proper map$ gives

DR M ' R$� DRmod 0 M :

On the other hand, fDRM has cohomology in degree 0 at most, and this cohomology
is the locally constant sheaf with the same monodromy as the monodromy of the
local system of horizontal sections of M away from 0. We will denote by L the
corresponding local system on S1.

Theorem 5.3. For any germ M of meromorphic connection, the complexes
DRmod 0 M , DRrd 0 M and DRgr0 M have cohomology in degree 0 at most.
The natural morphisms DRrd 0 M ! DRmod 0 M ! fDRM induce inclusions
H 0 DRrd 0 M ,! H 0 DRmod 0 M ,! H 0

fDRM , and H 0 DRgr0 M is equal to
H 0 DRmod 0 M =H 0 DRrd 0 M .

Sketch of the proof. We will indicate that DRmod 0 M has cohomology in degree 0
at most. The proof for DRrd 0 M and DRgr0 M is similar, and the remaining part is
then straightforward.

1. One first proves the result in the case where M D E ' WD .O.�0/; d C d'/ for
' 2 Px (see e.g. [96] or [55, Appendix 1]).

2. Using that, for any complex number ˛, the local branches of the function x˛

determine invertible local sections of A mod 0
eX

, (1) implies that the result holds for
any M of the form E ' ˝ R˛, where R˛ is the free OŒ1=x�-module of rank one
with the connection d C ˛ dx=x.

3. Using the well-known structure of free OŒ1=x�-modules (of any rank) with a
connection having a regular singularity, it follows from (2) that the result holds
for any M of the form E ' ˝ R' , where R' has a connection with regular
singularity. We call a direct sum of such modules an elementary model.

4. The theorem holds then for any M such that A mod 0
eX

˝$�1O $
�1M is, locally

on S1, isomorphic to an elementary model.
5. By the Hukuhara–Turrittin theorem (see e.g. [96] or [55, Appendix 1]), there

exists a ramification � W S1
x0

! S1x such that the pull-back �CM satisfies the
previous property (more precisely, �CM is locally isomorphic to an elementary
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model after tensoring with the sheaf A mod 0
x0

), hence the result holds for �CM for
any M and a suitable � (that we can assume to be of the form x0 7! x0d D x).

6. We have A mod 0
x0

D ��1A mod 0
x . Then

A mod 0
x0

˝
$ 0�1O

$ 0�1M D ��1�A mod 0
x ˝

$�1O
$�1M

�

;

and since x0@x0 acts like as d � x@x , we conclude that DRmod 0.�CM / '
e��1 DRmod 0.M /. As a consequence, if the theorem holds for �CM , it holds
for M . ut

Corollary 5.4. LetU be any open set of S1, let '2� .U; I/ and set (see Lemma 5.1)

DR6' M D DR.e'A mod 0 ˝ M /

DR<' M D DR.e'A rd 0 ˝ M /

DRgr' M D DR.Œe'A mod 0=e'A rd 0�˝ M /:

Then these complexes have cohomology in degree 0 at most. The natural morphisms
between these complexes induce inclusions

H 0 DR<' M ,�! H 0 DR6' M ,�! H 0
fDRM ;

and H 0 DRgr' M is equal to H 0 DR6' M =H 0 DR<' M .

We will use both notations DR60 and DRmod 0 (resp. DR<0 and DRrd 0) for the
same complex.

Proof. Assume first that ' is not ramified, i.e., comes from an element of Px .
Termwise multiplication by e�' induces an isomorphism of complexes

DR6' M
��! DRmod 0.E ' ˝ M /

and similarly for DR<' and DRgr' . We can apply the previous result to E ' ˝ M
(where we recall that E ' D .O.�0/; d C d'/).

If ' is ramified, then we first perform a suitable ramification � so that ' defines
a section of Px0 , and we argue as in (6) of the proof of Theorem 5.3 to descend
to M . ut
Proposition 5.5. Let � be such that M 0 D �CM is locally isomorphic on S1x0

to
an elementary model after tensoring with A mod 0

x0

. Then the subsheaves L 0
6'0

WD
H 0 DR6'0 M 0 considered above (' 0 2 Px0) form a non-ramified Stokes filtration
on L 0 WD H 0

fDRM . Moreover, it is a Stokes filtration on L , for which L6' D
H 0 DR6' M , L<' D H 0 DR<' M , and gr' L D H 0 DRgr' M , for any local
section ' of I.
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Proof. For the first point, one has to check the local gradedness property for
.L 0;L 0

�

/. This is a direct consequence of the Hukuhara–Turrittin mentioned in (5)
of the proof above. Indeed, this theorem reduces the problem to showing that the
pre-Stokes filtration associated to a connection with regular singularity is the graded
Stokes filtration with zero as only exponential factor. This reduces to checking when
the function e' jxj˛.log jxj/k has moderate growth, and this reduces to checking
when the function e' has moderate growth: we recover exactly the graded Stokes
filtration.

For the second point, we have to check that L 0
6��'0

D e��1L 0
6'0

(see Defini-
tion 2.22). This follows from

�C.E '0 ˝ �CM / D E ��'0 ˝ �CM : ut

Remarks 5.6. Let us fix � 2 @eX . Assume that there exists a finite set ˚ in Px and
for each ' 2 ˚ a germ R' of flat meromorphic bundle with a regular singularity,
such that A

eX;� ˝ M ' L

'2˚ A
eX;� ˝.E ' ˝ R'/.

1. Note first that, for � 2 Px, DRmod 0.E � ˝ R/� ¤ 0 iff e�� 2 A mod 0
eX;�

, that is, iff
0 6

�
�.

2. It follows that, for M as above,

DR6�.M /� ' L

06
�
�C'

DRmod 0.E 'C� ˝ R'/� :

In particular, DRgr� .M /� ' DRmod 0.R��/� .
3. Let us define the filtration .A

eX;� ˝ M /6� by
L

'j06
�
�C' A

eX;� ˝.E ' ˝ R'/.
This is the approach taken in [70, 72]. We then have

DR6�.M /� ' DRmod 0 �

E � ˝.A
eX;� ˝ M /6�

�

:

Definition 5.7 (The Riemann–Hilbert functor). The Riemann–Hilbert functor
RH from the category of germs at 0 of meromorphic connections to the category
of Stokes-filtered local systems is the functor which sends an object M to
.H 0

fDRM ;H 0 DR6 M / and to a morphism the associated morphism at the
de Rham level.

Theorem 5.8 (Deligne [17], Malgrange [52]). The Riemann–Hilbert functor
M 7! .H 0

fDRM ;H 0 DR6 M / is an equivalence of categories.

Proof of the full faithfulness. We first define a morphism

H 0 DRmod 0 HomOX .M ;M 0/ �! Hom.L ;L 0/60:

The source of the desired morphism consists of local morphisms A mod 0 ˝ M !
A mod 0 ˝ M 0 which are compatible with the connection. These sections also send
e'A mod 0 ˝ M in e'A mod 0 ˝ M 0 for any section ' of I, hence, restricting to the
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horizontal subsheaves, send L6' in L 0
6' for any such '. In other words, they define

sections of Hom.L ;L 0/60.
To show that this morphism is an isomorphism, it is enough to argue locally

near �o 2 S1 and after a ramification, so that one can use the Hukuhara–
Turrittin decomposition for HomOX .M ;M 0/ coming from that of M (indexed
by ˚) and of M 0 (indexed by ˚ 0). In fixed local bases of A mod 0 ˝ M and
A mod 0 ˝ M 0 adapted to this decomposition, the matrix of a local section of
H 0 DRmod 0 HomOX .M ;M 0/ has blocks e'�'0

u';'0 , where u';'0 is a local hori-
zontal section of HomOX .R';R'0/, that is, of Hom.gr' L ; gr'0

L 0/. The condi-
tion that it has moderate growth is equivalent to ' 6

�o
' 0, that is, is a section of

Hom.gr' L ; gr'0

L 0/60, as wanted.
Let us set N D HomOX .M ;M 0/ with its natural connection. Then we

have HomD.M ;M 0/D H 0 DR N . On the one hand, by the projection
formula, DR N D R$� DRmod 0 N and by applying Theorem 5.3 to N , this
is R$�H 0 DRmod 0 N . Therefore, HomD.M ;M 0/ D $�H 0 DRmod 0 N .

As a consequence, HomD .M ;M 0/ D �
�

S1;Hom.L ;L 0/60
�

, and the latter
term is Hom

�

.L ;L
�

/; .L 0;L 0
�

/
�

. ut
Proof of the essential surjectivity. We will need:

Lemma 5.9. Any graded non-ramified Stokes-filtered local system on S1 comes
from an elementary model by Riemann–Hilbert.

Proof. Using Exercise 2.6 and the twist, one is reduced to showing the lemma for
the Stokes-graded local system with only one exponential factor, this one being
equal to zero. We have indicated above that the germ of connection with regular
singularity corresponding to the local system L gives the corresponding Stokes-
filtered local system. ut

We will first prove the essential surjectivity when .L ;L
�

/ is non-ramified. The
isomorphism class of .L ;L

�

/ is obtained from the Stokes-graded local system
gr

�

L by giving a class in H1.S1;Aut<0.gr
�

L //.
Let M el be the elementary model corresponding to the Stokes-graded local

system gr
�

L as constructed in Lemma 5.9. Applying the last part of Proposition 5.5
to End.M el/ and the full faithfulness, we find

Endrd 0
D .M el/ WD H 0 DR<0 EndO.M

el/ D Hom.gr L ; gr L /<0;

and therefore Autrd 0.M el/ WD Id C Endrd 0
D .M el/ D Aut<0.gr

�

L /.
A cocycle of Aut<0.gr

�

L / determining .L ;L
�

/ (with respect to some cov-
ering .Ii / of S1) determines therefore a cocycle of Autrd 0.M el/. If we fix a
O.�0/-basis of M el, the Malgrange–Sibuya theorem (see [52, 55]) allows one to
lift it as a zero cochain .fi / of GLd .A mod 0/, where d D rk M (the statement
of the Malgrange–Sibuya theorem is in fact more precise). This zero cochain is
used to twist the connection rel of M el on A mod 0 ˝ M el as follows: on Ii we
set ri D f �1

i relfi . Since fif �1
j is rel-flat on Ii \ Ij , the connections ri glue
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together as a connection r on the free A mod 0-module A mod 0 ˝ M el. The matrix
of r in the fixed basis of M el is a global section of End..A mod 0/d /, hence a
section of End.O.�0/d /. In other words, r defines a new meromorphic connection
on the O.�0/-module M el, that we now denote M . By construction, .L ;L

�

/

and .H 0
fDRM ;H 0 DR6 M / are isomorphic, since they correspond to the same

cocycle.
Let us now prove the theorem in the ramified case. We have seen (see Definition

2.22) that a Stokes filtration on L is a non-ramified Stokes filtration on e��1L which
is equivariant with respect to the automorphismse� , for a suitable � W X 0 ! X .

Similarly, let M be a meromorphic connection and let M � D j�j�1M , where j
denotes the inclusion C X f0g ,! C and where we implicitly consider germs at 0.
Then giving M as a subspace of M � stable by the connection is equivalent to
giving M 0 as a subspace of ��M � compatible with the connection, and such that
��M 0 D M 0 in ��M �, under the natural identification ����M � D ��M �.

The essential surjectivity in the ramified case follows then from the functoriality
(applied to ��) of the Riemann–Hilbert functor. ut

Let bO be the ring of formal power series in the variable x. If M is a germ of
meromorphic connection, we set cM D bO ˝O M . Recall (see e.g. [55, Theorem 1.5
p. 45]) that cM decomposes as cMreg ˚ cMirr where the first summand is regular and

the second one is purely irregular. Moreover, cMreg is the formalization of a unique
regular meromorphic connection Mreg (which is in general not a summand of M ).

Proposition 5.10. The diagram of functors

M � ��

�

.H 0 DRrd 0;H 0 DRmod 0/
��

Mreg
�

H 0 DRmod 0

��

.L<0;L60/
�

gr0
�� G

commutes.

We note that the right vertical functor (to the category of local systems on S1) is
an equivalence. The point in the proposition is that the way from M to Mreg by the
lower path and the way by the upper horizontal arrow are not directly related, since
A mod 0=A rd 0 is much bigger than $�1

C..x// (the latter sheaf is equal to A =A rd 0,
with A

eX introduced at the beginning of Sect. 5.2).

Sketch of proof. We will prove the result in the non-ramified case, the ramified case
being treated as above. In such a case, cMirr decomposes itself as

L

'¤0 E ' ˝ bR'

(Levelt–Turrittin decomposition) and we can easily define in a functorial way a
lifting Mirr of cMirr by lifting each bR' occurring in the decomposition of cM . (One
can also define such a lifting in the ramified case, but we will not use it.) The functor
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M 7! Mreg factorizes thus through the functor M 7! M el D Mirr˚Mreg 7! Mreg.
By definition, we have

gr0.L<0;L60/ D L60=L<0 D DR
�

.A mod 0=A rd 0/ ˝
$�1O

$�1M
�

:

The local isomorphisms

.A mod 0=A rd 0/ ˝
$�1O

$�1M ��! .A mod 0=A rd 0/ ˝
$�1O

$�1M el

deduced from the Hukuhara–Turrittin theorem glue together as a global isomor-
phism since they correspond to the same gr0 L , according to Theorem 5.8 (this
would not be the case in general for the isomorphisms with coefficients in A mod 0

or A rd 0, and this assertion is the main point of the proof). It is therefore enough to
prove the assertion in the case where M D M el, so that M D Mreg ˚ Mirr.

If ' ¤ 0, then one checks that the natural morphism DRrd 0.E ' ˝ R/ ,!
DRmod 0.E ' ˝ R/ is a quasi-isomorphism (it is enough to check that it induces an
isomorphism on H 0, since both H 1 are zero: this is Theorem 5.3). If ' D 0, then
DRrd 0 Mreg D 0, and DRmod 0 Mreg is the local system defined by Mreg, hence the
assertion. ut
The Riemann–Hilbert correspondence for germs of holonomic D-modules. We
remark (see [55, p. 59]) that the category of germs of holonomic D-modules is
equivalent to the category of triples .M�; cMreg;b�/, where

� M� is a locally free O.�0/-module with connection.
�

cMreg is a regular holonomic bD-module.
�

b� is a bD-linear isomorphism . cM�/reg ' cMreg.�0/.
Indeed, to a holonomic D-module M , we associate M� D O.�0/˝O M D

M .�0/, cM D bO ˝O M which has a unique decomposition cM D cMreg ˚ cMirr

into regular part and irregular part. Lastly, b� is uniquely determined by the canonical

isomorphism . cM /.�0/ ' M̂ .�0/, by restricting to the regular summand of both
terms.

On the other hand, one recovers the holonomic D-module M from
.M�; cMreg;b�/ as the kernel of the morphism M� ˚ cMreg ! cMreg.�0/,
m� ˚ mr 7! b�.cm�r / � cloc.bmr/, where cloc is the natural localization morphism
cMreg ! cMreg.�0/.

The Riemann–Hilbert functor for germs of holonomic D-modules is now defined
as follows: to the holonomic D-module M D .M�; cMreg;b�/ is associated the triple

..L ;L
�

/; bF ; 	/ consisting of a Stokes-filtered local system .L ;L
�

/, a germ of
perverse sheaf bF and an isomorphism b	 W gr0 L '  x bF , where  x bF is the local
system on S1 defined as in Sect. 4.7. The previous results make it clear that this
functor is an equivalence.
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5.4 The Riemann–Hilbert Correspondence
in the Global Case

We will say that a coherent DX.�D/-module is holonomic if it is holonomic as a
DX -module. Recall that, in some neighbourhood of D in X , holonomic DX.�D/-
modules are locally free OX.�D/-modules of finite rank with connection. On the
other hand, any holonomic DX -module M gives rise to a holonomic DX.�D/-
module M .�D/ WD DX.�D/˝DX M . We will set M

eX WD A
eX ˝$�1OX

$�1M
and MIét D ��1M

eX .
Let M � be an object of Db.DX/. The de Rham functor pDR W Db.DX/ !

Db.CX/ is defined by pDR.M �

/ D !X ˝L
DX

M �, where !X is ˝1
X regarded as a

right DX -module. It is usually written, using the de Rham resolution of !X as a right
DX -module, as ˝1C�

X ˝OX M �, with a suitable differential (there is a shift by one
with respect to the notation DR used in the previous paragraph). We define similarly
functors

�

pDRmodD
eX

, pDRrdD
eX

and pDRgrD
eX

fromDb.D
eX/ to Db.C

eX/.

�

pDRmodD
Iét , pDRrdD

Iét and pDRgrD
Iét fromDb.��1D

eX/ to Db.CIét;6/.

These are obtained by replacing !X with A modD
eX

˝$�1OX
$�1!X , etc. That

pDRmodD
Iét , etc. take value in Db.CIét;6/ and not only in Db.CIét/ follows from

Lemma 5.2.

Theorem 5.11. If M � is an object ofDb
hol.DX.�D// (i.e., has holonomic cohomol-

ogy), then

�

pDRmodD
Iét M � is an object of Db

St-C-c.CIét;6/.
�

pDRrdD
Iét M � is an object of Db

coSt-C-c.CIét;6/.
�

pDRgrD
Iét M � is an object of Db

gr -C-c.CIét;6/.

and the functor (called the Riemann–Hilbert functor) of triangulated categories

pDRIét WD fpDRrdD
Iét �! pDRmodD

Iét �! pDRgrD
Iét

C1���!g

from Db
hol.DX.�D// to St.CIét;6/ is t-exact when Db

hol.DX.�D// is equipped with
its natural t-structure.

Proof. One first easily reduces to the case when M is a holonomic DX.�D/-
module. The question is local, and we can assume thatX is a disc with coordinate x.
We will denote by O , D , etc. the germs at the origin 0 (here equal to D)
of the corresponding sheaves. The result follows then from Corollary 5.4 and
Proposition 5.5. ut
The Riemann–Hilbert correspondence for meromorphic connections. We restrict
here the setting to meromorphic connections with poles on D at most.
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Proposition 5.12. The functor H �1pDRIét of Theorem 5.11 induces an equiva-
lence between the category of meromorphic connections on X with poles on D at
most and the category St- PervD;smooth.CIét;6/ of Stokes-perverse sheaves which are
locally constant on X�.

Recall (see Remark 4.13) that we also consider such objects as St-C-constructible
sheaves shifted by one, so we will mainly work with sheaves and the functor
DR instead of perverse sheaves and the functor pDR. The proof being completely
parallel to that of Theorem 5.8, we only indicate it.

Lemma 5.13 (Compatibility with Hom). If M ;M 0 are meromorphic connec-
tions on X with poles on D at most, then

H 0 DRIét HomOX .M ;M 0/ ' Hom.H 0 DRIét M ;H 0 DRIét M 0/:

Proof. It is similar to the first part of the proof of Theorem 5.8. ut
Proof of Proposition 5.12: full faithfulness. It is analogous to the corresponding
proof in Theorem 5.8. ut
Proof of Proposition 5.12: essential surjectivity. Because both categories consist of
objects which can be reconstructed by gluing local pieces, and because the full
faithfulness proved above, it is enough to prove the local version of the essential
surjectivity. This is obtained by the similar statement in Theorem 5.8. ut
The Riemann–Hilbert correspondence for holonomic DX -modules. For the sake of
simplicity, we consider here the Riemann–Hilbert correspondence for holonomic
DX -modules, and not the general case of Db

hol.DX/ of bounded complexes with
holonomic cohomology. We first define the Riemann–Hilbert functor with values in
St- PervD.CIét;6;bD/ (see Sect. 4.7). As for germs, we first remark (see [55, p. 59])
that the category of holonomic DX -modules with singularity set contained in D is
equivalent to the category of triples .M�;Mreg;b�/, where

� M� is a locally free OX.�D/-module with connection.
�

cMreg is a regular holonomic D
bD-module, where O

bD is the formal completion of
OX at D and D

bD D O
bD

˝OX DX .
�

b� is a D
bD-linear isomorphism .O

bD
˝OX M�/reg ' O

bD
˝OX Mreg.�D/.

Indeed, to a holonomic DX -module M , we associate M� D OX.�D/˝OX M D
M .�D/, cM D O

bD
˝OX M which has a unique decomposition cM D cMreg ˚ cMirr

into regular part and irregular part. Lastly, b� is uniquely determined by the canonical
isomorphism . cM /.�D/ ' M̂ .�D/, by restricting to the regular summand of both
terms.

On the other hand, one recovers M from data .M�; cMreg;b�/ as the kernel of the

morphism M� ˚ cMreg ! cMreg.�D/, m� ˚mr 7! b�..bm�/r /� cloc.bmr/, where cloc

is the natural localization morphism cMreg ! cMreg.�D/.
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A statement similar to that of Proposition 5.10 holds in this global setting, since
it is essentially local at D.

The Riemann–Hilbert functor for holonomic D-modules is now defined as
follows: to the holonomic DX -module M D .M�; cMreg;b�/ is associated the triple

.pDRIétM�; bF ;b	/, where pDRIétM� is the Stokes-perverse sheaf attached to the
meromorphic connection M� WD OX.�D/˝OX M , bF D pDR. cMreg/, and b	 is the
isomorphism defined from b� and Proposition 5.10. At this point, we have proved
that this triple is a Stokes-perverse sheaf on eX (see Sect. 4.7) and have given the
tools for the proof of

Theorem 5.14. The Riemann–Hilbert functor is an equivalence between the cate-
gory of holonomic DX -modules and the category of Stokes-perverse sheaves on eX .
Under this equivalence, the de Rham functor pDR corresponds to the “associated
perverse sheaf” functor P (see Proposition 4.26). ut

5.5 Compatibility with Duality for Meromorphic
Connections

We will check the compatibility of the Riemann–Hilbert functor of Definition 5.7
with duality, of meromorphic connections on the one hand and of Stokes-filtered
local systems on the other hand (see Lemma 2.16). For the sake of simplicity, we do
not go further in checking the analogous compatibility at the level of holonomic
D-modules and Stokes-perverse sheaves. General results in this directions are
obtained in [69].

Let M be a germ of meromorphic connection, as in Sect. 5.4 and let M _ be
the dual connection. Let .L ;L

�

/ be the Stokes-filtered local system associated
to M by the Riemann–Hilbert functor RH of Definition 5.7. On the other hand,
let .L ;L

�

/_ be the dual Stokes-filtered local system, with underlying local system
L _. We have a natural and functorial identification

H 0
fDR.M _/ D L _:

Proposition 5.15. Under this identification, the Stokes filtration H 0 DR6.M _/ is
equal to the dual Stokes filtration .L6/_.

Proof. The question is local, as it amounts to identifying two Stokes filtrations
of the same local system L _, hence it is enough to consider the case where
M D E ' ˝ R (we will neglect to check what happens with ramification). We will
work on a neighbourhood X of the origin, and its real blow-up space eX . We will
also restrict to checking the compatibility for DR60;DR<0, since the compatibility
for DR6 ;DR< (any  ) directly follows, according to Corollary 5.4 and its
proof.
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The result is clear if ' D 0. If ' ¤ 0, we denote by I' the open set of S1

where e�' has moderate growth. On the one hand, H 0 DRmod 0
�

.E ' ˝ R/_

�

is
equal to L _ on the open set I�' and is zero on the complementary closed subset I'
of S1. On the other hand, L<0 D L60 is equal to L on I' and zero on I�' . Then,
.L _/60, as defined in Proposition 2.14 (or Lemma 2.16), satisfies the same property
as H 0 DRmod 0

�

.E ' ˝ R/_

�

does, and both subsheaves of L _ are equal.
ut



Chapter 6
Applications of the Riemann–Hilbert
Correspondence to Holonomic Distributions

Abstract To any holonomic D-module on a Riemann surface X is associated its
Hermitian dual, according to M. Kashiwara. We give a proof that the Hermitian
dual is also holonomic. As an application, we make explicit the local expression of
a holonomic distribution, that is, a distribution on X (in Schwartz’ sense) which is
solution to a nonzero holomorphic differential equation onX . The conclusion is that
working with C1 objects hides the Stokes phenomenon.

6.1 Introduction

Let X be a Riemann surface. For each open set U of X , the space Db.U / of
distributions on U (that is, continuous linear forms on the space of C1 functions
on U with compact support, equipped with its usual topology) is a left module over
the ring DX.U / of holomorphic differential operators on U , since any distribution
can be differentiated with the usual rules of differentiation. These spaces Db.U /
form a sheaf DbX when U varies. Note that Db.U / is also acted on by anti-
holomorphic differential operators (that is, holomorphic differential operators on
the conjugate manifold X with structure sheaf OX D OX ), and DbX is also a left
DX -module. Moreover, the actions of DX and of DX commute.

Given a DX -module M , its Hermitian dual is the DX -module HomDX

.M ;DbX/, where the DX -action is induced by that on DbX . The main theorem in
this chapter is the result that, if M is holonomic, so is its Hermitian dual, and all
ExtiDX

.M ;DbX/ vanish identically. From the commutative algebra point of view,
this duality is easier to handle than the duality of D-modules, since it is a Hom

and not a Ext1.
Owing to the fact that a holonomic DX -module is locally generated by one sec-

tion, this result allows one to give an explicit expansion of holonomic distributions
on X , that is, distributions which are solution of a nonzero holomorphic differential
equation.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 6, © Springer-Verlag Berlin Heidelberg 2013
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The chapter shows an interplay between complex analysis (through the Stokes
phenomenon) and real analysis on a Riemann surface. The Stokes phenomenon is
hidden, in the C1 world, behind the relation between the holomorphic and anti-
holomorphic part of a distribution (when this is meaningful).

The notion of Hermitian duality has been introduced by M. Kashiwara [36],
who analyzed it mainly in the case of regular singularities, and gave also various
applications to distributions (see also [9]). We will revisit the proof of the main
result in the case of irregular singularities, as given in [81, Sect. II.3]. The expansion
of holonomic distributions given in Theorem 6.5 follows that of [84]. We will revisit
Hermitian duality in higher dimension in Chap. 12.

6.2 The Riemann–Hilbert Correspondence for Meromorphic
Connections of Hukuhara–Turrittin Type

Let us go back to the local setting of Sect. 5.3. Let fM be a locally free A mod 0-
module of rank d < 1 on S1 with a connection er. We say that fM is regular
if, locally on S1, it admits a A mod 0-basis with respect to which the matrix of the
connection takes the form Cdx=x, where C is constant.

Let us start by noting that, locally on S1, one can fix a choice of the argument
of x, so the matrix xC is well-defined as an element of GLd .A mod 0/, and therefore
a regular A mod 0-connection of rank d is locally isomorphic to .A mod 0/d with its
standard connection. As already mentioned in the proof of Theorem 5.3 (see [55,
Appendix 1]), the derivation @x W A mod 0 ! A mod 0 is onto, and it is clear that its
kernel is the constant sheaf. As a consequence, for a regular A mod 0-connection fM ,
the sheaf Ker er is a locally constant sheaf of rank d on S1, and the natural morphism
Ker er ˝C A mod 0 ! fM is an isomorphism of A mod 0-connections.

We conclude that any regular A mod 0-connection fM takes the form fM D
A mod 0 ˝$�1O $

�1M for some regular O.�0/-connection M , which is nothing
but the regular meromorphic connection whose associated local system on the
punctured disc is the local system isomorphic to Ker er. According to the projection
formula, we also have M D $� fM .

We now extend this result to more general A mod 0-connections. As before, the
sheaf I on S1 is that introduced in Sect. 2.4.

Definition 6.1. Let fM be a locally free A mod 0-module of finite rank on S1. We
say that fM is of Hukuhara–Turrittin type if, for any � 2 S1, there exists a finite set
˚� � I� such that, in some neighbourhood of � , fM is isomorphic to the direct sum
indexed by ' 2 ˚� of A mod 0-connections .A mod 0; d C d'/d' , for some d' 2 N

�.

As indicated above, the regular part of each summand can be reduced to the
trivial connection d . On the other hand, to any A mod 0-connection one can associate
de Rham complexes DR6 fM and DR< fM for any local section  of I, by
the same formulas as in Corollary 5.4. In particular, H 0 DR6 fM is a subsheaf
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of the locally constant sheaf H 0
fDR fM (horizontal sections with arbitrary growth

along S1) and defines a pre-I-filtration of this sheaf.

Proposition 6.2. Assume that fM is of Hukuhara–Turrittin type. Then L6 WD
H 0 DR6 fM is a I-filtration of L WD H 0

fDR fM , for which L< coincides with
H 0 DR< fM . Moreover, the correspondence fM 7! .L ;L

�

/ is an equivalence
between the category of A mod 0-connections of Hukuhara–Turrittin type and the
category of Stokes-filtered local systems.

Proof. We first note that, near � , we have at most one non-zero morphism (up
to a scalar constant) from A mod 0 ˝ E ' D .A mod 0; d C d'/ to A mod 0 ˝ E  D
.A mod 0; d C d / as A mod 0-connections, which is obtained by sending 1 to e'� ,
and this morphism exists if and only if ' 6

�
 . In particular, both A mod 0-

connections are isomorphic near � if and only if ' D  near � , hence everywhere.
As a consequence, the set ˚� of Definition 6.1 is locally constant with respect to � ,
and we may repeat the proof of Theorem 5.3 and Corollary 5.4 for fM . Similarly,
the proof of the full faithfulness in Theorem 5.8 can be repeated for fM , since the
main argument is local.

The essential surjectivity follows from the similar statement in Theorem 5.8. ut
Corollary 6.3. Let fM be of Hukuhara–Turrittin type. Then M WD $� fM is a
O.�0/-connection and fM D A mod 0 ˝$�1O $

�1M .

Proof. Let .L ;L
�

/ be the Stokes-filtered local system associated with fM by the
previous proposition and let N be a O.�0/-connection having .L ;L

�

/ as
associated Stokes-filtered local system, by Theorem 5.8. Let us set
fN D A mod 0 ˝$�1O $

�1N . Since N is O.�0/-free, we have $� fN D
.$�A mod 0/˝O N D N . The identity morphism .L ;L

�

/ ! .L ;L
�

/ lifts in a
unique way as a morphism fM ! fN , by the full faithfulness in Proposition 6.2,
and the same argument shows that it is an isomorphism. Therefore,$� fM ' N .

ut

6.3 The Hermitian Dual of a Holonomic DX -Module

We now assume that X is a Riemann surface, and we denote by X the complex
conjugate surface (equipped with the structure sheaf OX WD OX ). The sheaf of
distributions DbX on the underlyingC1 manifold is at the same time a left DX and
DX -module, and both actions commute. If M is a left DX -module, then CXM WD
HomDX .M ;DbX/ is equipped with a natural structure of left DX -module, induced
by that on DbX . This object, called the Hermitian dual of M , has been introduced
by M. Kashiwara in [36].

Theorem 6.4 ([36, 81]). Assume that M is a holonomic DX -module. Then
ExtkDX

.M ;DbX/ D 0 for k > 0 and CXM is DX -holonomic.
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We refer to [9, 36, 81] for various applications of this result. For instance, the
vanishing of Ext1 implies the solvability in Db.˝/ for any linear differential
operator with meromorphic coefficients in an open set ˝ � C.

Proof. Let us recall various reductions used in [36, 81]. If D is the singular divisor
of M , it is enough to prove the result for M .�D/, and one can replace DbX with
the sheaf DbmodD

X of distributions having moderate growth atD (whose sections on
an open set consist of continuous linear forms on the space of C1 functions with
compact support on this subset and having rapid decay at the points of D in this
open set). In such a case, M .�D/ is a meromorphic bundle with connection, and
the statement is that CmodD

X .M .�D// WD HomDX .�D/.M .�D/;DbmodD
X / is an

anti-meromorphic bundle with connection, and the corresponding Extk vanish for
k > 0.

One can then work locally near each point of D, and prove a similar result on
the real blow-up space eX.D/, by replacing M .�D/ with fM D A modD ˝ M .�D/
and DbmodD

X with the similar sheaf DbmodD
eX

on eX . One can then reduce to the case
where fM .�D/ has no ramification. It is then proved in [81, Proposition II.3.2.6]
that ExtkD

eX
. fM ;DbmodD

eX
/ D 0 for k > 0 and that CmodD

eX
. fM / is of Hukuhara–

Turrittin type (see [81, p. 69]). One concludes in loc. cit. by analyzing the Stokes
matrices, but this can be avoided by using Corollary 6.3 above: we directly conclude
that Proposition II.3.2.6(2) of loc. cit. is fulfilled. ut

6.4 Asymptotic Expansions of Holonomic Distributions

We will apply Theorem 6.4 to give the general form of a germ of holonomic
distribution of one complex variable. We follow [84].

Since the results will be of a local nature, we will denote by X a disc centered
at 0 in C, with coordinate x. We denote by Dbmod 0

X the sheaf on X of distributions
on X X f0g with moderate growth at the origin (see above) and by Dbmod 0 its
germ at the origin. In particular Dbmod 0 is a left D- and D-module. Let u 2
Dbmod 0 be holonomic, that is, the D-module D � u generated by u in Dbmod 0 is
holonomic. In other words, u is a solution of a non-zero linear differential operator
with holomorphic coefficients. Notice that Theorem 6.4 implies that D � u is also
holonomic as a D-module. Indeed, the inclusion D � u ,! Dbmod 0 is a germ
of section � of Cmod 0

X .D � u/ which satisfies �.u/ D u. For a anti-holomorphic
differential operator P , we have .P �/.u/ D P u. There exists P ¤ 0 with P� D 0,
and thus P u D 0.

Let � W X 0 ! X , x0 7! x0d D x, be a ramified covering of degree d 2 N
�. Then

the pull-back by � of a moderate distribution at 0 is well-defined as a moderate
distribution at 0 on X 0. If u is holonomic, so is ��u (if u is annihilated by P 2 D ,
then ��P is well-defined in DX 0;0.�0/ and annihilates ��u).
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Theorem 6.5. Let u be a germ at 0 of a moderate holonomic distribution on X .
Then there exist:

� An integer d , giving rise to a ramified covering � W X 0 ! X
� A finite set ˚ � x0�1

CŒx0�1�
� For all ' 2 ˚ , a finite set B' 2 C and an integer L' 2 N

� For all ' 2 ˚ , ˇ 2 B' and ` D 0; : : : ; L' , a function f';ˇ;` 2 C1.X 0/

such that, in Dbmod 0.U 0/ and in particular in C1.U 0�/ (if U 0 is a sufficiently small
neighbourhood of 0 in X 0), setting L.x0/ WD ˇ

ˇlog jx0j2ˇˇ,

��u D
X

'2˚

X

ˇ2B'

L'
X

`D0
f';ˇ;`.x

0/e'�' jx0j2ˇL.x0/`: (6.5�)

Remarks 6.6. 1. Notice that, for ' 2 x0�1
CŒx0�1�, the function e'�' is a multiplier

in Dbmod 0 (since it is C1 away from 0, with moderate growth, as well as all its
derivatives, at the origin). So are the functions jx0j2ˇ and L.x0/`.

2. One can be more precise concerning the sets B' , in order to ensure a
minimality property. For f 2 C1.X/, the Taylor expansion of f at 0
expressed with x; x allows us to define a minimal set E.f / � N

2 such that
f D P

.�0;�00/2E.f / x�
0

x�
00

g.�0;�00/ with g.�0;�00/ 2 C1.X/ and g.�0;�00/.0/ ¤ 0.
We will set E.f / D ¿ if f has rapid decay at 0.

It is not a restriction to assume (and we will do so) that any two distinct
elements of the index set B' occurring in (6.5�) do not differ by an integer,
and that each ˇ 2 B' is maximal, meaning that the set

S

` E.f';ˇ;`/ is contained
in N

2 and in no subset .m;m/C N
2 with m 2 N

�.

We will first assume the existence of an expansion like (6.5�) and we will make
precise in Corollary 6.11 below the '; ˇ such that f';ˇ;` ¤ 0 for some `. We will
allow to restrict the neighbourhoodU or U 0 as needed.

Let M denote the D Œx�1�-module generated by u in Dbmod 0. Then M is a
free OŒx�1�-module of finite rank equipped with a connection, induced by the
action @x . Let � W X 0 ! X be a ramification such that M 0 WD �CM is formally
isomorphic to M 0el D ˚'2˚.E ' ˝ R'/. The germ �CM is identified to the
D 0Œx0�1�-submodule of Dbmod 0

X 0;0 generated the moderate distribution v D ��u. In
particular, v is holonomic if u is so.

Definition 6.7. We say that the holonomic moderate distribution u has no ramifica-
tion if one can choose � D Id.

In the following, we will assume that u has no ramification, since the statement
of the theorem is given after some ramification. We will however denote by v such
a distribution, in order to avoid any confusion. For  2 x�1

CŒx�1�, let M be the

D Œx�1�-module generated by e � v in Dbmod 0. Note that e � v is also holonomic
and that this module is OŒx�1�-locally free of finite rank with a connection.
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We can write a differential equation satisfied by e � v in the following way:
Œb.x@x/ � xQ.x; x@x/� � e � v D 0, for some nonzero polynomial b.s/ 2 CŒs�.
Up to multiplying this equation on the left by a polynomial in x@x , we can find a
differential equation satisfied by e � v of the following form:

� k.1/
Y

kD0

Y

ˇ2B0

 .v/

� � .x@x � ˇ � k/
�L0

 ;ˇ � xP ;1

�

� e � v D 0; (6.8)

for some minimal finite setB 0
 .v/�C (in particular no two elements ofB 0

 .v/ differ
by a nonzero integer), P ;1 2Cfxghx@xi, and for each ˇ 2B 0

 .v/, L
0
 ;ˇ.v/2N.

Iterating this relation gives a relation of the same kind, for any j 2 N
�:

� k.j /
Y

kD0

Y

ˇ2B0

 .v/

� � .x@x � ˇ � k/
�L0

 ;ˇ � xjP ;j
�

� e � v D 0: (6.9)

One defines in a conjugate way the objects L00
 ;ˇ and B 00

 .v/. One then sets

B .v/ D
h

B 0
 .v/\ .B 00

 .v/ � N/
i

[
h

.B 0
 .v/� N/ \ B 00

 .v/
i

� B 0
 .v/[ B 00

 .v/: (6.10)

In other words, ˇ 2 B .v/ iff ˇ 2 B 0
 .v/ [ B 00

 .v/ and both .ˇ C N/ \ B 0
 .v/

and .ˇ C N/ \ B 00
 .v/ are non-empty. For all ˇ 2 C, let us set L ;ˇ.v/ D

minfL0
 ;ˇ.v/; L

00
 ;ˇ.v/g.

We denote by ˚.v/ the set of ' for which the component E ' ˝ R 0
' of the formal

module associated with D Œx�1� � v is non-zero. It is also the set of ' for which the
component E �' ˝ R 00

' of the formal module associated with D Œ1=x� � v is non-zero,
as a consequence of the proof of Theorem 6.4.

Corollary 6.11. Let v be a holonomic moderate distribution with no ramification.
Then v has an expansion (6.5�) in Dbmod 0, with ˚ D ˚.v/ and B' D B'.v/.
Moreover, if f';ˇ;` ¤ 0 and if the point .k0; k00/ 2 N

2 is in E.f';ˇ;`/, then ˇ C k0 2
B 0
'.v/C N and ˇ C k00 2 B 00

' .v/C N.

Proof. We assume that the theorem is proved. We will use the Mellin transformation
to argue on each term of (6.5�). Let � be a C1 function with compact support
contained in an open set where v is defined, and identically equal to 1 near 0. We
will also denote by � the differential form � i

2�
dx ^ dx. On the other hand, let us

choose a distribution ev inducing v on X X f0g and let p be its order on the support
of �. Let us first consider the terms in (6.5�) for which ' D 0.

For all k0; k00 2 N, the function s 7! hev; jxj2sx�k0

x�k00

�i is defined and
holomorphic on the half plane fs j 2Re s > p C k0 C k00g. For all j > 1, let
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us denote by Qj the operator such that (6.9) (for  D 0) reads Qj � v D 0. Then
Qj �ev is supported at the origin. It will be convenient below to use the notation ˛
for �ˇ � 1 and to set A0

'.v/ D f˛ j ˇ D �˛ � 1 2 B 0
'.v/g. We deduce then that, on

some half plane Re s � 0, the function

� k.j /
Y

kD0

Y

˛2A0

0.v/

.s � ˛ � k0 C k/L
0

0;˛

�

hev; jxj2sx�k0

x�k00

�i

coincides with a holomorphic function defined on fs j 2Re s > p C k0 C k00 � j g.
Applying the same argument in a anti-holomorphic way, we obtain that, for each
k0; k00 2 N, the function s 7! hev; jxj2sx�k0

x�k00

�i can be extended as a meromor-
phic function on C with poles contained in .A0

0.v/C k0 � N/ \ .A00
0 .v/C k00 � N/,

the order of the pole at ˛ C Z being bounded by L0;˛.v/. Moreover, this function
does not depend on the choice of the liftingev of v.

Lemma 6.12. If ' ¤ 0, then for any function g 2 C1.X/, the Mellin transform of
g.x/e'�' jxj2ˇL.x/` is an entire function of the variable s.

Proof. We will show that this Mellin transform is holomorphic on any half plane
fs j Re s > �qg (q 2 N). In order to do so, for q fixed, we decompose g
as the sum of a polynomial in x; x and a remaining term which vanishes with
high order at the origin so that the corresponding part of the Mellin transform is
holomorphic for Re s > �q. One is thus reduced to showing the lemma when g is a
monomial in x; x. One can then find differential equations for g.x/e'�' jxj2ˇL.x/`

of the kind (6.9) (j 2 N
�) with exponents L0 equal to zero, and anti-holomorphic

analogues. Denoting by p the order of a distribution lifting this moderate function,
we find as above that the Mellin transform is holomorphic on a half plane 2Re s >
pCk0Ck00�j . As this holds for any j , the Mellin transform, when g is a monomial,
is entire. The Mellin transform for general g is thus holomorphic on any half plane
fs j Re s > �qg, thus is also entire. ut

Let us now compute the Mellin transform of the expansion (6.5�) for v. Let
us first consider the terms of the expansion (6.5�) for v for which ' D 0. We
will use the property that, for all .�0; �00/ 2 Z

2 not both negative and any function
g 2 C1.X/ such that g.0/ ¤ 0, the poles of the meromorphic function s 7!
hg.x/jxj2ˇL.x/`; jxj2sx�0

x�
00

�i are contained in ˛ � N (with ˛ D �ˇ � 1), and
there is a pole at ˛ if and only if �0 D 0 and �00 D 0, this pole having order `C 1

exactly.
Let ˇ 2 B0, where B0 satisfies the minimality property of Remark 6.6(2) and let

Eˇ � N
2 be minimal such that Eˇ C N

2 D S

`.E.f0;ˇ;`/ C N
2/. It follows from

the previous remark and from the expansion (6.5�) that, for each .k0; k00/ 2 Eˇ, the
function s 7! hev; jxj2sx�k0

x�k00

�i has a non trivial pole at ˛; from the first part of
the proof we conclude that ˛ � k0 2 A0

0.v/ � N and ˛ � k00 2 A00
0.v/ � N, that is,

ˇC k0 2 B 0
0.v/CN and ˇC k00 2 B 00

0 .v/CN. By Remark 6.6(2) for ˇ 2 B0, there
exists .k0; k00/ 2 Eˇ with k0 D 0 or k00 D 0. As a consequence, we have ˇ 2 B'.v/
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(defined by (6.10)), and the property of the corollary is fulfilled by the elements
.k0; k00/ of Eˇ . It is then trivially fulfilled by the elements .k0; k00/ of all the subsets
E.f0;ˇ;`/.

The same result holds for the coefficients f';ˇ;` by applying the previous
argument to the moderate distribution e'�'v. ut
Proof of Theorem 6.5. We go back to the setting of the theorem. Recall that we set
M D D.�0/ � u � Dbmod 0 and Cmod 0M D HomD.�0/.M ;Dbmod 0/. There is
thus a canonical D ˝C D-linear pairing

k W M
C̋

Cmod 0M �! Dbmod 0; .m;	/ 7�! 	.m/:

Since M is generated by u as a D.�0/-module, an element 	 2 Cmod 0M is
determined by its value 	.u/ 2 Dbmod 0. Therefore, there exists a section 1u of
Cmod 0M such that 1u.u/ D u.

We are thus reduced to proving the theorem in the case where

k W M 0
C̋

M 00 �! Dbmod 0

is a sesquilinear pairing between two free O.�0/-modules of finite rank with
connection,m0; m00 are local sections of M 0;M 00, and u D k.m0; m00/.

As we allow cyclic coverings, we can also reduce to the case where both M 0
and M 00 have a formal decomposition with model M 0el and M 00el (when M 00 D
Cmod 0M 0, if this assumption is fulfilled for M 0, it is also fulfilled for M 00, as
follows from the proof of Theorem 6.4). We will still denote by x the variable after
ramification, and by X the corresponding disc.

We then introduce the real blow-up space e W eX ! X at the origin, together with
the sheaves A

eX (see Sect. 5.2) and Dbmod 0
eX

(sheaf on eX of moderate distributions

along e�1.0/ D S1). Lastly, we set fM D A
eX ˝e�1O e

�1M (for M D M 0;M 00).
This is a left D

eX -module which is A
eX.�0/-free.

The pairing k can be uniquely extended as a D
eX ˝C D

eX
-linear pairing

ek W fM 0
C̋

fM 00 �! Dbmod 0
eX

(because M 0;M 00 are O.�0/-free). One can then work locally on eX with ek and,
according to the Hukuhara–Turrittin theorem, we can replace fM 0 et fM 00 by their
respective elementary models

L

'.E
' ˝ R 0

'/ and
L

'.E
' ˝ R 00

' /.

Lemma 6.13. If '; 2 x�1
CŒx�1� are distinct, any sesquilinear pairing ek'; W

.E ' ˝ R 0
'/˝C.E � ˝ R 00� / ! Dbmod 0

eX
takes values in the subsheaf of C1

functions with rapid decay.

Proof. Since e � is a multiplier on Dbmod 0
eX

, we can assume that  D 0 for
example. By induction on the rank of R 0

' and R 00
0 , we can reduce to the rank-one
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case, and since the functions x˛ and xˇ are also multipliers, we can reduce to
the case where R 0

' and R 00
0 are both equal to O.�0/. Now, denoting by “e'” the

generator 1 of E ' , the germ of moderate distribution eu D ek.“e'”; 1/ on eX satisfies
@xeu D 0 and @xeu D ' 0.x/eu. It follows that eujX� D e' with 0 ¤ ' 2 x�1

CŒx�1�.
Therefore, eu has moderate growth at � 2 S1 , eu has rapid decay at � . ut

In a similar way (using the Jordan normal form for the matrix of the connection
on R 0

0;R
00
0 ), one checks that the diagonal terms ek';'.em

0; em00/ decompose as a
sum, with coefficients in C 1

eX
, of terms e'�'xˇ0

xˇ
00

.logx/j .logx/k (ˇ0; ˇ00 2C,
j; k 2N). One rewrites each term as a sum, with coefficients in C 1

eX
, of terms

jxj2ˇL.x/` (ˇ 2 C, ` 2 N).
If m0; m00 are local sections of M 0;M 00, one uses a partition of the unity on eX

to obtain for e�k.m0; m00/ an expansion like in (6.5�), with coefficients ef';ˇ;` in
e�C 1

eX
, up to adding a C1 function with rapid decay along e�1.0/; such a function

can be incorporated in one of the coefficients ef';ˇ;`. We denote then by eB' the set
of indices ˇ corresponding to '. Since jxj is C1 on eX , one can assume that two
distinct elements of eB' do not differ by half an integer.

It remains to check that this expansion can be written with coefficients f';ˇ;` in
C1.X/. We will use the Mellin transformation, as in Corollary 6.11, from which
we only take the notation.

We will use polar coordinates x D rei� . A function ef 2 e�C 1
eX

has a Taylor

expansion
P

m>0
efm.�/r

m, where efm.�/ is C1 on S1 and expands as a Fourier

series
P

n
efmne

in� . Such a function can be written as
P0

kD�2k0 gk.x/jxjk with
k0 2N and gk 2 C1.X/ if and only if

efm;n ¤ 0 H) m˙ n

2
> �k0: (6.14)

Indeed, one direction is easy, and if (6.14) is fulfilled, let us set k D
min.m � n;m C n/. We have k 2 Z and k > �2k0. One writes
efm;ne

in�rm D efm;njxjkx`0

x`
00

with `0; `00 2 N. The part of the Fourier expansion
of ef corresponding to k fixed gives, up to multiplying by jxjk , according to Borel’s
lemma, a function gk.x/ 2 C1.X/. The difference ef � P0

kD�2k0 gk.x/jxjk is C1
on eX , with rapid decay along S1. It is thus C1 onX , with rapid decay at the origin.
One can add it to g0 in order to obtain the desired decomposition of ef .

The condition (6.14) can be expressed in terms of Mellin transform. Indeed, one
notices that, for all k0; k00 2 1

2
N such that k0 C k00 2 N, the Mellin transform

s 7! h ef ; jxj2sx�k0

x�k00

�i, which is holomorphic for Re.s/ � 0, extends as a
meromorphic function on C with simple poles at most, and these poles are contained
in 1

2
Z. The condition (6.14) is equivalent to the property:

(6.15) there exists k0 2 N such that, for all k0; k00 2 1
2
N with k0 C k00 2 N, the

poles of s 7! h ef ; jxj2sx�k0

x�k00

�i are contained in the intersection of the
sets k0 � 1C k0 � 1

2
N

�
and k0 � 1C k00 � 1

2
N

�
.
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Arguing by decreasing induction on `, that is also on the maximal order of the
poles, we conclude that a function ef D PL

`D0 ef`L.x/` with coefficients in C1.eX/

can be rewritten as
P

�2k06k60
PL

`D0 gk;`.x/jxjkL.x/` with gk;` 2 C1.X/ if and

only if (6.15) is fulfilled by s 7! h ef ; jxj2sx�k0

x�k00

�i (and the poles have order
6 LC 1).

Now, if eB0 � C is a finite set such that two distinct elements do not differ
by half an integer, a function ef D P

ˇ2eB0

PL
`D0 efˇ;`jxj2ˇL.x/` with coefficients

in C1.eX/ can be rewritten
P

ˇ2B0
PL

`D0 fˇ;`jxj2ˇL.x/` for some subset B0, with
fˇ;` 2 C1.X/, if and only if there exists a finite subset A0 � C such that, for all
k0; k00 2 1

2
N with k0 Ck00 2 N, the poles of s 7! h ef ; jxj2sx�k0

x�k00

�i are contained
in .A0 C k0 � N/ \ .A0 C k00 � N/.

Lastly, if ef has an expansion of the kind (6.5�) with coefficients in C1.eX/, the
condition above applied to ef is equivalent to the fact that ef can be rewritten with
coefficients f0;ˇ;` 2 C1.X/, according to an obvious analogue of Lemma 6.12.

We apply this to k.m0; m00/: that the condition on the Mellin transform is fulfilled
is seen by using equations like (6.8) for m0 and m00, in the same way as in
Corollary 6.11 and this gives the result for the coefficients corresponding to ' D 0.
If ' ¤ 0, one applies the same reasoning to E �' ˝ M 0 et E ' ˝ M 00.

ut

6.5 Comments

The notion of Hermitian dual of a D-module was introduced by M. Kashiwara
in [36], where many applications of the property that the Hermitian dual of a
holonomic D-module remains holonomic have been given (see also [9]). Kashiwara
only treated the case of regular holonomic D-modules (in arbitrary dimension), and
examples of such regular holonomic distributions also appear in [5].

The vanishing of Ext1 in Theorem 6.4 is already apparent in [51, Theorem 10.2],
if one restricts to the real domain however. The analysis of the Hom has been done
in [95], in particular Theorem 3.1 which is a real version of Theorem 6.5, still in the
real domain (I thank J.-E. Björk for pointing this reference out to me).



Chapter 7
Riemann–Hilbert and Laplace
on the Affine Line (the Regular Case)

Abstract The Laplace transform FM of a holonomic D-module M on the affine
line A

1 is also holonomic. If M has only regular singularities (included at infinity),
FM provides the simplest example of an irregular singularity (at infinity). We will
describe the Stokes-filtered local system attached to FM at infinity in terms of
data of M . More precisely, we define the topological Laplace transform of the
perverse sheaf pDRanM as a perverse sheaf on bA

1 equipped with a Stokes structure
at infinity. We make explicit this topological Laplace transform. As a consequence,
if k is a subfield of C and if we have a k-structure on pDRanM , we find a natural
k-structure on pDRanFM which extends to the Stokes filtration at infinity. In other
words, the Stokes matrices can be defined over k. We end this chapter by analyzing
the behaviour of duality by Laplace and topological Laplace transformation, and the
relations between them.

7.1 Introduction

We denote by CŒt �h@t i the Weyl algebra in one variable, consisting of linear
differential operators in one variable t with polynomial coefficients. Let M be a
holonomicCŒt �h@t i-module (i.e.,M is a left CŒt �h@t i-module such that each element
is annihilated by some nonzero operator in CŒt �h@t i), that we also regard as a sheaf
of holonomic modules over the sheaf DA1 of algebraic differential operators on the
affine line A

1 (with its Zariski topology). Its Laplace transform FM (also called
the Fourier transform) is a holonomic CŒ� �h@� i-module, where � is a new variable.
Recall that FM can be defined in various equivalent ways. We consider below the
Laplace transform with kernel et� , and a similar description can be made for the
inverse Laplace transform, which has kernel e�t� .

1. The simplest way to define FM is to set FM D M as a C-vector space and to
define the action of CŒ� �h@� i in such a way that � acts as �@t and @� as t (this
is modeled on the behaviour of the action of differential operators under Fourier
transform of temperate distributions).

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 7, © Springer-Verlag Berlin Heidelberg 2013
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2. One can mimic the Laplace integral formula, replacing the integral by the direct
image of D-modules. We consider the diagram

A
1 � bA

1

p

����
��
��
� bp

���
��

��
��

A
1

bA
1

where t is the coordinate on A
1 and � that on bA

1. Then FM D bpC.pCM ˝Et� /,
where Et� is CŒt; � � equipped with the connection d C d.t�/, and pCM is
CŒ� �˝CM equipped with its natural connection. Recall also that bpC is the direct
image of D-modules, which is defined here in a simple way: bpC.pCM ˝Et� /

is the complex

0 �! .pCM ˝Et�/
@t��! .pCM ˝Et�/ �! 0

where the source of @t is in degree �1 and the target in degree 0. More concretely,
this complex is written

0 �! CŒ� �
C̋

M
1˝ @tC� ˝ 1���������! CŒ� �

C̋

M �! 0

and one checks that the differential is injective, so that the complex is quasi-
isomorphic to its cokernel. This complex is in the category of CŒ� �-modules, and
is equipped with an action of CŒ� �h@� i, if @� acts as @� ˝ 1 C 1˝ t . The map
CŒ� �˝CM ! M sending �k ˝m to .�@t /km identifies the cokernel with FM

as defined in (1).
3. It will be useful to work with the analytic topology (not the Zariski topology, as

above). In order to do so, one has to consider the projective completion P
1 of A1

(resp. bP
1 of bA

1) obtained by adding the point 1 to A
1 (resp. the point b1 to bA

1).
In the following, we shall denote by t 0 (resp. � 0) the coordinate centered at 1
(resp. b1), so that t 0 D 1=t (resp. � 0 D 1=�) on A

1 X f0g (resp. on bA
1 X fb0g). We

consider the diagram

P
1 � bP

1

p

����
��
��
� bp

���
��

��
��

P
1

bP
1

(7.1)

Let M (resp. FM) be the algebraic DP1-module (resp. D
bP1

-module) determined
by M (resp. FM ): it satisfies by definition M D OP1 .�1/˝O

P1
M and

M D� .P1;M/ (and similarly for FM ). It is known that M (resp. FM) is still
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holonomic. Let M (resp. FM ) be its analytization. We now write DP1 (resp. D
bP1

)
instead of D an

P1
(resp. Dan

bP1
). Notice that, by definition, M D OP1 .�1/˝O

P1
M

and FM D O
bP1
.� b1/˝O

bP1
FM . Applying a similar construction to Et� we get

E t� on P
1 �bP

1, which is a free O
P1�bP1

.�.D1 [D
c1//-module of rank one, with

D1 [D
c1 D P

1 � bP
1 X .A1 � bA

1/. Then we have

FM D H 0
bpC.pCM ˝ E t� /:

IfM is a regular holonomicCŒt �h@t i-module (i.e., regular at finite distance and at
infinity), the following is well-known (see e.g. [55] for the results and the definition
of the vanishing cycle functor):

(a) The Laplace transform FM is holonomic, has a regular singularity at the
origin � D 0, no other singularity at finite distance, and possibly irregular at
infinity.

(b) The formal structure of FM at infinity can be described exactly from the
vanishing cycles of M (or of DRanM ) at its critical points at finite distance.
More precisely, denoting by cFM the formalized connection at b1, we have a
decomposition cFM ' L

c.E
c=� 0 ˝ Rc/, where the sum is taken over the singular

points c 2 A
1 of M , and Rc is a regular formal meromorphic connection

corresponding in a one-to-one way to the data of the vanishing cycles of the
perverse sheaf pDRanM at c. As a consequence, the set of exponential factors of
the Stokes filtration of FM at b1 consists of these c=� 0, and the Stokes filtration
is non-ramified.

The purpose of this chapter is to give an explicit formula for the Stokes filtration
of FM at infinity, in terms of topological data obtained from M . More precisely,
let F D pDRanM be the analytic de Rham complex of M (shifted according to
the usual perverse convention). The question we address is a formula for the Stokes
filtration of FM at � D 1 in terms of F only. In other words, we will define a
topological Laplace transform of F as being a perverse sheaf on bA

1 with a Stokes
filtration at infinity, in such a way that the topological Laplace transform of DRanM

is DRan FM together with its Stokes filtration at infinity (i.e., DRan FM as a Stokes-
perverse sheaf on bP

1, see Definition 4.12).
A consequence of this result is that, if the perverse sheaf F is defined over Q

(say), then the Stokes filtration of FM at infinity is also defined over Q.

7.2 Direct Image of the Moderate de Rham Complex

Our goal is to obtain the Stokes filtration of FM at infinity as the direct image by bp

of a sheaf defined over a completion of A1 � bA
1 (integral formula).
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Let X WD eP
1 be the real blow-up space of P

1 at 1 (in order to simplify
the notation, we do not use the same notation as in Chap. 4). This space is
homeomorphic to a closed disc with boundary S11 WD S1 � f1g. A similar
construction can be done starting from bA

1 and its projective completion bP
1. We get

a space bX WD e

bP1 with boundary S1
c1. We set X� D X X f0g and bX� WD bX X fb0g.

We thus have a diagram

P
1 � bX

Id �b$
��

bq

��

P
1 � bP

1

p

����
��
��
��
�� bp

���
��

��
��

��
�

P
1

bP
1

bX
b$

��

(7.2)

We denote by A mod c1
bX

the sheaf on bX of holomorphic functions on bA
1 which

have moderate growth along S1
c1.

Similarly we denote by A mod c1
P1� bX

the sheaf on P
1 � bX of holomorphic functions

on P
1�bA

1 which have moderate growth along P
1�S1

c1. We have a natural inclusion

bq�1A mod c1
bX

,�! A mod c1
P1� bX

: (7.3)

We will denote by DRmod c1 the de Rham complex of a D-module with
coefficients in such rings.

Lemma 7.4. There is a functorial morphism

DRmod c1.FM / �! Rbq� DRmod c1.pCM ˝ E t� /Œ1� (7.460)

and this morphism is injective on the zero-th cohomology sheaves.

Proof. Consider first the relative de Rham complex DRmod c1
bq

.pCM ˝ E t� /

defined as

A mod c1
P1� bX

˝.pCM ˝ E t� /
r0

���! A mod c1
P1� bX

˝ �

˝1

P1� bX=bX
˝.pCM ˝ E t� /

�

;

where r 0 is the relative part of the connection on .pCM ˝ E t� /, i.e., which
differentiates only in the P

1 direction. Then DRmod c1.pCM ˝ E t� / is the single
complex associated to the double complex
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DRmod c1
bq .pCM ˝ E t� /

r00

���! �

.Id ˝$/�1˝1

P1�bP1=P1

� ˝ DRmod c1
bq .pCM ˝ E t� /;

where r 00 is the connection in the bP
1 direction. Hence, the complex

Rq� DRmod c1.pCM ˝ E t� / is the single complex associated to the double complex

Rbq� DRmod c1
bq .pCM ˝ E t� /

r00

���! $�1˝1
bP1

˝ Rbq� DRmod c1
bq .pCM ˝ E t� /:

The point in using the relative de Rham complex is that it is a complex of
.b$ ı bq/�1O

bP1
-modules and the differential is linear with respect to this sheaf of

rings. On the other hand, one knows that A mod c1
bX

is flat over b$�1O
bP1

, because it has

no b$�1O
bP1

-torsion. So we can apply the projection formula to get (in a functorial
way)

A mod c1
bX

˝
b$�1O

bP1

Rbq�.Id �b$/�1 DR
bp.p

CM ˝ E t� /

' Rbq�
�

bq�1A mod c1
bX

˝
bq�1

b$�1O
bP1

.Id �b$/�1 DR
bp.p

CM ˝ E t� /
�

:

Using the natural morphism (7.3), we find a morphism

A mod c1
bX

˝ Rbq�.Id �b$/�1 DR
bp.p

CM ˝ E t� / �! Rbq� DRmod c1
bq .pCM ˝ E t� /;

and therefore, taking the double complex with differential r 00 and the associated
single complex, we find

A mod c1
bX

˝ Rbq�.Id �b$/�1 DR.pCM ˝ E t� /

�! Rbq� DRmod c1.pCM ˝ E t� /: (7.5)

On the other hand, we know (see e.g. [56]) that the (holomorphic) de Rham functor
has a good behaviour with respect to the direct image of D-modules, that is, we
have a functorial isomorphism

Rbp� DR.pCM ˝ E t� /Œ1� ' DR
�

bpC.pCM ˝ E t� /
�

where the shift by one comes from the definition of pC for D-modules.
Because bp is proper and the commutative diagram in (7.2) is cartesian, the
base change b$�1Rbp� ' .Id �b$/�1Rbq� shows that the left-hand side of (7.5) is
DRmod c1.FM /Œ�1�. Shifting (7.5) by one gives the functorial morphism (7.460).

Notice that, over bA
1, this morphism is an isomorphism, as it amounts to the

compatibility of DR and direct images (see the standard references on D-modules).
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On the other hand, when restricted to S1
c1, the left-hand term has cohomology in

degree 0 at most (see Theorem 5.3).
Let us show that H 0(7.460) is injective. It is enough to check this on S1

c1. If ej W
bA
1 ,! bX denotes the inclusion, we have a commutative diagram

H 0 DRmod c1.FM /
H 0(7.460)

		

� �

��

H 0Rbq� DRmod c1.pCM ˝ E t� /Œ1�

��

ej�ej�1H 0 DRmod c1.FM / ej� ej�1H 0Rbq� DRmod c1.pCM ˝ E t� /Œ1�

and the injectivity of H 0(7.460) follows.
ut

Theorem 7.6. The morphism (7.460) is an isomorphism.

This theorem reduces our problem of expressing the Stokes filtration of FM at b1
in terms of DRanM to the question of expressing DRmod c1.pCM ˝ E t� / in terms
of DR M . Indeed, applying Rbp� would then give us the answer for the 6 0 part of
the Stokes filtration of FM , as recalled in (b) of Sect. 7.1. The 6 c=� 0 part is obtained
by replacing t with t � c and applying the same argument.

By Lemma 7.4, it is enough to prove that the right-hand term of (7.460)
has cohomology in degree zero at most, and that H 0(7.460) is onto on S1

c1, or

equivalently that the germs of both H 0 at any b� 2 S1
c1 have the same dimension.

The proof of the theorem will be done by identifying DRmod c1.pCM ˝ E t� /

with a complex constructed from DRanM and by computing explicitly its direct
image. This computation will be topological. This complex obtained from DRanM

will be instrumental for defining the topological Laplace transform. Moreover, the
identification will be more easily done on a space obtained by blowing up P

1�bP
1, in

order to use asymptotic analysis (see also Remark 7.16 below). So, before proving
the theorem, we first do the topological computation and define the topological
Laplace transform. (See also Theorem 13.4 and the references given there for
another, more direct proof.)

Remark 7.7. If we replace the sheaf A mod c1
bX

by the sheaf A rd c1
bX

of functions hav-

ing rapid decay at infinity, and similarly for A rd c1
P1� bX

, the same proof as for Lemma 7.4
gives a morphism for the corresponding rapid decay de Rham complexes, that we
denote by (7.4)<0. Then Lemma 7.4 and Theorem 7.6 are valid for the rapid-decay
complexes, and the proofs are similar.
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7.3 Topological Spaces

The behaviour of the function et� near the divisorD1 [D
c1 D P

1�bP
1X.A1�bA

1/,
where we set D1 WD f1g � bP

1 and D
c1 WD P

1 � f b1g, is not clearly understood
near the two points .0; b1/ and .1;b0/, where it is written in local coordinates as
et=�

0

and e�=t
0

respectively. This leads us to blow up these points.
Let e W Z ! P

1�bP
1 be the complex blowing-up of .0; b1/ and .1;b0/ in P

1�bP
1.

Above the chart with coordinates .t; � 0/ in P
1 � bP

1, we have two charts of Z with
respective coordinates denoted by .t1; u/ and .v0; � 0

1/, so that e is given respectively
by t ı e D t1, � 0 ı e D t1u and t ı e D v0� 0

1, �
0 ı e D � 0

1. The exceptional divisor E
of e above .0; b1/ is defined respectively by t1 D 0 and � 0

1 D 0.
Similarly, above the chart with coordinates .t 0; �/ in P

1 �bP
1, we have two charts

of Z with respective coordinates denoted by .t 01; u0/ and .v; �1/, so that e is given
respectively by t 0 ı e D t 01, � ı e D t 01u0 and t 0 ı e D v�1, � ı e D �1. The exceptional
divisor F of e above .1;b0/ is defined respectively by t 01 D 0 and �1 D 0.

Away fromE[F (inZ) and f.0; b1/; .1;b0/g (in P
1�bP

1), e is an isomorphism.
In particular, we regard the two sets A1�bA

1 and .P1X f0g/� .bP1X fb0g/ as two open
subsets of Z whose union is

Z X .E [ F / D P
1 � bP

1 X f.0; b1/; .1;b0/g:

Moreover, the strict transform of D1 in Z is a divisor in Z which does not
meet E , and meets transversally F and the strict transform of D

c1. Similarly,
the strict transform of D

c1 in Z is a divisor which meets transversally both E
and the strict transform of D1, and does not meet F . We still denote by D1;Dc1
these strict transforms, and we denote by D the normal crossing divisor D D
e�1.D1 [D

c1/ D D1 [D
c1 [E [ F . This is represented on Fig. 7.1.

Let eZ be the real blow-up space ofZ along the four componentsD1;Dc1; E; F
of the normal crossing divisor D. Then the map e lifts as a map ee W eZ ! X � bX .
We have the following commutative diagram of maps:

eZ

$Z

��

ee
		

e" 

��
���

���
��

X � bX

$ � Id
��

P
1 � bX

Id �b$
��

Z
e

		 P
1 � bP

1

(7.8)

The set eE WD $�1
Z .E/ can be described as follows. Over the chart A1v0 of E with

coordinate v0, it is equal to A
1
v0 � S1 (coordinates .v0; arg � 0

1/), and over u D 0 it is
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Fig. 7.1 The natural divisors
on Z

equal to S1 � S1 (coordinates .arg u; arg t1/), so it can be identified with eP
1
v0 � S1

through the gluing over u D 0 defined by the diffeomorphism .arg v0; arg � 0
1/ 7!

.arg u D � arg v0; arg t1 D arg v0 C arg � 0
1/. Similarly, the set eF WD $�1

Z .F / can
be described as follows: over the chart A1u0 of F with coordinate u0, it is equal to
A
1
u0 �S1 (coordinates .u0; arg t 01/), and over v D 0 it is equal to S1�S1 (coordinates

.arg v; arg �1/), so it can be identified with eP
1
u0 � S1 through the gluing over v D 0

defined by the diffeomorphism .arg u0; arg t 01/ 7! .arg v D � arg u0; arg �1 D arg u0C
arg t 01/. The complement eZ X .eE [ eF / is identified with X � bX X Œ.f0g � S1

c1/ [
.S11 � fb0g/�.

We define two nested closed subsets L00
60 � L00

<0 of eZ as the subsets of points
in the neighbourhood of which e�t� does not have moderate growth (resp. is not
exponentially decreasing). More specifically:

1. L00
60 � $�1

Z .D1 [D
c1/.

2. Over the chart .t1; u/, L00
60 D farg u 2 Œ�=2; 3�=2� mod 2�g \ fu D 0g.

3. Over the chart .t 0; � 0/, L00
60 D farg t 0 C arg � 0 2 Œ�=2; 3�=2� mod 2�g.

4. Over the chart .v; �1/, L00
60 D farg v 2 Œ�=2; 3�=2� mod 2�g \ fv D 0g.

5. We have L00
<0 D L00

60 [ eE [ eF .

We denote by L0
60 (resp. L0

<0) the complementary open set of L00
60 (resp. L00

<0)

in eZ. So L0
60 � L0

<0 � A
1 � bA

1 and, away from u D 0 (resp. away from v D 0),
L0

60 \ eE (resp. L0
60 \ eF ) coincides with eE (resp. eF ). Moreover,L0

<0 \ eE D ¿ and
L0
<0 \ eF D ¿.
We have a diagram

A
1 � bA

1 � � ˛ 		

p
��

L0
<0

� �
�

		 L0
60

� �
ˇ

		 eZ

e

bq
��

A
1

bX

(7.9)
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7.4 Topological Laplace Transform

Let F be a perverse sheaf on A
1. Unless otherwise stated, we will usually denote

by G the perverse sheaf p�1F Œ1� on A
1 � bA

1.

Definition 7.10. Using the notation as in Definition 4.7,

� For any perverse sheaf G on A
1 � bA

1, we set .FG /60 D ˇŠR.� ı ˛/�G and
.FG /�0 D .ˇ ı �/ŠR˛�G .

� If G D p�1F Œ1�, we set .FF /60 D Re

bq�.FG /60 and .FF /�0 D Re

bq�.FG /�0.

Proposition 7.11. When restricted to bA
1, .FF /60jbA1 D .FF /�0;jbA1 is a perverse

sheaf with singularity atb0 at most, and i�1
b0
Œ.FF /60� D R�c.A

1;F /Œ1�. On the other

hand, when restricted to bX�, .FF /�0Œ�1� and .FF /60Œ�1� are two nested sheaves,
and gr0

FF Œ�1� WD .FF /60Œ�1�=.FF /�0Œ�1� is a local system on S1
c1 isomorphic to

.p�tF ; T / when considered as a vector space with monodromy.

As usual, �c denotes the sections with compact support and R�c denotes its
derived functor, whose associated cohomology is the cohomology with compact
support. Given a perverse sheaf F on A

1, the nearby cycle complex .p tF ; T /

and the vanishing cycle complex .p�tF ; T / (equipped with their monodromy)
have cohomology in degree zero at most, and there is a canonical morphism
can W .p tF ; T / ! .p�tF ; T / whose cone represents the inverse image i�10 F Œ�1�
(see e.g. [55]).

Proof. Let C � A
1 denote the set of singular points of F , and let us still denote by

C � bP
1 � Z the strict transform by e of C � bP

1 � P
1 � bP

1. Since F Œ�1� is a local
system away from C , one checks that R˛�p�1F Œ�1� (resp. R.� ı ˛/�p�1F Œ�1�)
is a local system on L0

<0 X$�1
Z .C � bP

1/ (resp. on L0
60 X$�1

Z .C � bP
1/). This will

justify various restrictions to fibres that we will perform below.
For the first assertion, let us work over eV WD X � bA

1, and still denote by ee W
eW ! eV the restriction of ee over this open set (Fig. 7.2). Over bA

1�, eW coincides
with X � bA

1�. Then it is known (see e.g. [55] or [87, Sect. 1b]) that .FF /60jbA1� is
a smooth perverse sheaf (i.e., a local system shifted by one) with germ at �o ¤ 0

equal to H 0
˚�o
.A1;F /Œ1�, where ˚�o is the family of closed sets in A

1 whose closure

in eP
1 does not cut L00

60 \ .S11 � f�og/. Moreover,L00
60 and L00

<0 coincide above bA
1�,

so .FF /60jbA1� D .FF /�0jbA1� .
On the other hand, we claim that

Ree�.FG /60jS11�fb0g D Ree�.FG /�0jS11�fb0g D 0:

This will show that

Ree�.FG /60jX�fb0g D Ree�.FG /�0jX�fb0g ' ejŠF Œ1�;
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Fig. 7.2 The open set eV

where ej W A1 ,! X denotes the inclusion, concluding the proof of the first assertion
by taking R� . Moreover, the natural map i�1

b0
Œ.FF /60�Œ�1� ! p � Œ.

FF /60� is then

induced by the natural map R�c.A
1;F / ! R�˚�o .A

1;F / D H 0
˚�o
.A1;F /. The

cone of this map is the complex R�c
�

L0
60 \ .S11 � f�og/;L Œ1�

�

, where L is the
local system defined by F on S11. In particular, it has cohomology in degree 0 at
most. As a consequence, the complex p�� Œ.

FF /60� has cohomology in degree 0 at
most, and it follows that .FF /60 is perverse in the neighbourhood of b0, since the
perversity of any constructible complex bF near � D 0 is equivalent to both p � bF

and p�� bF having cohomology in degree 0 at most.

Remark 7.12. Developing the proof more carefully at this point, one would obtain
an identification of p�� Œ.

FF /60� with p t 0F , compatible with monodromies when
suitably oriented. The second part of the lemma, that we consider now, is an
analogous statement, where the roles of A1 and bA

1 are exchanged.

Let us now prove the claim. On the one hand, .FG /�0 is zero onL00
<0 by definition,

hence on eF , so its restriction to ee�1.S11 � fb0g/ is zero.
On the other hand, ee�1.� 0;b0/ is homeomorphic to the real blow-up space of F

at v D 0 (topologically a closed disc), and L0
60 \ ee�1.� 0;b0/ is homeomorphic

to a closed disc with a closed interval deleted on its boundary. On this set,
R.� ı ˛/�G Œ�2� is a local system (which is thus constant). Since the cohomology
with compact support (due to ˇŠ) of such a closed disc with a closed interval deleted
on its boundary is identically zero (a particular case of Lemma 7.13 below), we get
the vanishing of Ree�.FG /60;.� 0;b0/ for any � 0 2 S11, as claimed.

We now prove the second part of the proposition. Let us compute the fibre of
.FF /60 and .FF /�0 at .j� 0

oj D 0; arg � 0
o D b� 0

o/. Notice that, above this point that we

also denote by b� 0
o, we have

L0
<0;b� 0

o

D X� X farg t 2 Œb� 0
o C �=2;b� 0

o C 3�=2� mod 2�g;

and this set is equal to eP
1 minus the closure of the half-plane Re.te�ib� 0

o / 6 0. Then
.FF /�0;b� 0

o
D R�c.L

0
<0;b� 0

o

;R˛�F /Œ1�.

Lemma 7.13. Let P be a perverse sheaf with finite singularity set on an open disc
	 � C and let	0 be the open subset of the closed disc	 obtained by deleting from
@	 a nonempty closed interval. Let ˛ W 	 ,! 	0 denote the open inclusion. Then
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L
<0,q o

L
0,q o

Fig. 7.3

H k
c .	

0;R˛�P/ D 0 if k ¤ 0 and dim H 0
c.	

0;R˛�P/ is the sum of dimensions
of the vanishing cycles of P at points of 	 (i.e., at the singular points of P in 	).

Proof. This can be proved as follows: one reduces to the case of a sheaf supported
on some point (trivial), and to the case of P D j�L Œ1�, where j is the inclusion
	 X Sing.P/ ,! 	 and L is a local system on 	 X Sing.P/; clearly, there
is no H0

c .	
0; ˛�j�L / and, arguing by duality, there is no H2

c .	
0; ˛�j�L /. The

computation of the dimension ofH1
c .	

0; ˛�j�L / is then an exercise. ut
Since L0

<0;b� 0

o

is homeomorphic to such a 	0, we find that .FF /�0;b� 0

o
has cohomol-

ogy in degree �1 only.
Taking into account the description of eE given above, the differenceL0

60XL0
<0 D

L0
60 \ eE is identified to the set eP

1
v0 � S1 with the subset

fjv0j D 1; arg v0 2 Œ�=2; 3�=2� mod 2�g

deleted. Then L0
60;b� 0

o

is homeomorphic to the space obtained by gluing

S1 � Œ0;1� X farg t1 2 Œb� 0
o C �=2;b� 0

o C 3�=2� mod 2�g

(with coordinates .arg t1; jt1j/) with

eP
1
v0 X fjv0j D 1; arg v0 2 Œ�=2; 3�=2� mod 2�g

along jt1j D 0, jv0j D 1, by identifying arg t1 with arg v0 C b� 0
o. So L0

60;b� 0

o

is also

homeomorphic to 	0 like in the lemma.
Note that we have an isomorphism A

1 � bA
1� ' A

1
v0 � bA

1�
� 0

1
given by

.t; �/ 7! .v0 D t�; � 0
1 D 1=�/. It follows that the restriction P of R.� ı ˛/�G to

A
1
v0 �S1 � eE is equal to the pull-back of F by the map .v0; arg � 0

1/ 7! t D v0ei arg � 0

1 .
Its restriction to L0

60;b� 0

o

is therefore isomorphic to the pull-back of F by the map

e$
b� 0

o
W v0 7! v0eib� 0

o . In other words, we can regard the picture of L0
60;b� 0

o

(Fig. 7.3) as

the corresponding subset of eP
1 and P as the restriction of ej�F to this subset. We

can apply Lemma 7.13 to get that .FF /60;b� 0

o
has cohomology in degree �1 only.
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Let us now compute .FF /60;b� 0

o
=.FF /�0;b� 0

o
. By the previous computation, this is

R�c

�

eP
1
v0 X fjv0j D 1; arg v0 2 Œ�=2; 3�=2� mod 2�g; e$�1

b� 0

o

F Œ1�
�

:

In the coordinate t , let 	 be a small open disc centered at 0 and let I
b� 0

o
be the

closed interval of @	 defined by arg t 2 Œb� 0
o C �=2;b� 0

o C 3�=2�. Then the previous
complex is the relative cohomology complex R� .	; I

b� 0

o
I Fj	Œ1�/. This complex

has cohomology in degree zero at most and H 0.	; I
b� 0

o
I Fj	Œ1�/ ' p�tF . When b� 0

o

runs counterclockwise once around S1
c1, then I

b� 0

o
also moves counterclockwise once

around @	. Then gr0.
FF / is a local system whose monodromy is identified with the

monodromy on p�tF . ut
We now extend this construction in order to define .FF /6c=� 0 for any c 2 C.

Let Z.c/ ! P
1 � bP

1 be the complex blowing-up at the points .c;1/ and .1;b0/,
and let eZ.c/ be the corresponding real blow-up space (so that Z.0/ and eZ.0/ are
respectively equal to Z and eZ introduced above). We also define L00�.c/ and L0�.c/,
where � is for < 0 or 6 0, as we did for L00� and L0�, and we denote by ˛c , etc. the
corresponding maps.

Definition 7.14. For any c 2 C, we set

� .FG /6c=� 0 D ˇŠR.� ı ˛/�G and .FG /�c=� 0 D .ˇ ı �/ŠR˛�G .
� .FF /6c=� 0 D Re

bq�.FG /6c=� 0 and .FF /�c=� 0 D Re

bq�.FG /�c=� 0 .

Clearly, Lemma 7.11 also applies similarly to .FF /6c=� 0 and .FF /�c=� 0 . It is
important to notice that the spaces eZ.c/ (c 2 C) all coincide when restricted over
P
1 � bA

1. As a consequence, the restrictions of .FF /6c=� 0 and .FF /�c=� 0 to bA
1 are the

same perverse sheaf, that we denote by FF . The previous construction defines thus
a I-filtration on FF , according to Proposition 7.11 applied with any c 2 C. Here, we
denote by I the sheaf equal to 0 on bA

1 and to the constant sheaf with fibre C � .1=� 0/
on S1

c1.

Proposition 7.15. The triangle Œ.FF /�c=� 0 ! .FF /6c=� 0 ! grc=� F
C1�!�c2C

defines an object of St
c1.CIét;6/ (see Definition 4.18).

Proof. It is enough to argue on Stokes filtrations and we will use the definition
given in Proposition 2.7. As indicated above, it will be enough to take the space
fc=� 0 j c 2 Cg as index set. Let us check the filtration property. Let us fix b� 0

o 2 S1
c1.

From Fig. 7.3, it is clear that if c belongs to L0
<0, then .FF /6c=� 0;b� 0

o
� .FF /�0;b� 0

o
.

This condition on c reads Re.ce�ib� 0

o / < 0, or equivalently c=� 0 <
b� 0
o
0. We therefore

get a pre-Stokes filtration, with jumps at c=� 0 where c is a singular point of F . The
same argument shows that .FF /�c=� 0 is the subsheaf defined from .FF /6 by Formula
(2.2).

Lastly, the dimension property is obtained by the last part of Lemma 7.13. ut
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Remark 7.16. One can ask whether the sheaves FF6c=� 0 could be defined without
using the blowing-up map e or not. Recall that this blowing-up was used in order
to determine in a clear way whether et=�

0

(resp. e�=t
0

) has moderate growth or not
near t D 0, � 0 D 0 (resp. t 0 D 0, � D 0). As we already indicated in the proof
of Proposition 7.11, the blowing-up of .1;b0/ is not needed. We introduced it by
symmetry, and (mainly) in order to treat duality later. On the other hand, working
over A1 � bX , if the sheaves FG6c=� 0 were to be defined without blowing up, they
should be equal to Ree�FG6c=� 0 , in order that the definition remains consistent. But
one can check that Ree�FG6c=� 0 are not sheaves, but complexes, hence do not enter
in the frame of Stokes filtrations of a local system in two variables.

7.5 Proof of Theorem 7.6 and Compatibility
with Riemann–Hilbert

Let us first indicate the steps of the proof. We anticipate on the notation and results
explained in Chap. 8, which we refer to.

1. The first step computes DRmod c1.pCM ˝ E t� / (a complex living on P
1 � bX )

from a complex defined on eZ. We will use the notation of the commutative
diagram (7.8). We consider the sheaf A modD

eZ
on eZ of holomorphic functions

on eZ X @eZ D Z X D having moderate growth along @eZ. In particular,
A modD

eZ jeZX eD D OZXD . Applying Proposition 8.9 of the next chapter to e W Z !
P
1 � bP

1, and then its variant to $ � Id, gives

DRmod c1.pCM ˝ E t� / ' Ree� DRmodD
�

eC.pCM ˝ E t� /
�

: (7.17)

Remark 7.18. In fact, (7.17) is a statement similar to Theorem 7.6, but is much
easier, in particular because of Proposition 8.9, which would not apply in the
setting of Theorem 7.6: indeed, e is a proper modification while bp is not.

As a consequence we get

Rbq� DRmod c1.pCM ˝ E t� / ' Re

bq� DRmodD
�

eC.pCM ˝ E t� /
�

: (7.19)

2. The second step consists in comparing DRmodD
�

eC.pCM ˝ E t� /
�

with
ˇŠR.� ı ˛/�p�1.F /Œ�1�, where F D DRanMŒ1�. Both complexes coincide on
eZ X @eZ. We therefore have a natural morphism

DRmodD
�

eC.pCM ˝ E t� /
� �! Rˇ�R.� ı ˛/�p�1.F /Œ�1�: (7.20)

That it factorizes through ˇŠ : : : would follow from the equality ı�1 DRmodD
�

eC.pCM ˝ E t� /
� D 0 (which will be proved below), where ı is the closed
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inclusion L00
60 ,! eZ complementary to ˇ (see Diagram (7.9)). Therefore,

proving

(a) That a morphism DRmodD
�

eC.pCM ˝ E t� /
� ! ˇŠR.� ı ˛/�p�1.F /Œ�1�

exists
(b) And that it is an isomorphism are both local statements on @eZ. We will also

anticipate on results proved in Chap. 8.

Let C � A
1 be the union of the singular set of M and f0g. We also set

C 0 DC X f0g. We can reduce both local statements to the case where M is
supported on C and the case where M is localized along C , that is, for each
c 2 C , the multiplication by t � c is invertible on M . The first case will be left
as an exercise, and we will only consider the second one.

We note that, when expressed in local coordinates adapted to D, the pull-
back eCE t� satisfies the assumption in Proposition 8.17 (this is one reason for
using the complex blowing-up e). Therefore, by a simple inductive argument on
the rank, Proposition 8.17 applies to eC.pCM ˝ E t� / away from .p ı e/�1.C 0/
(where the polar divisor of eC.pCM ˝ E t� / contains other components than
those of D). Both local statements are then clear on such a set, by using that
H 0 DRmodD E t� vanishes where e�t� does not have moderate growth. We are
thus reduced to considering the situation above a neighbourhood of a point
c 2 C 0.

u

v
u

v

t t1

1

t1 t

1

E

F

D∞

D∞

0 c

Dc
t

t

t

t

We denote by tc a local coordinate on A
1 centered at c and we set � 0 D 1=� as

above. We will work near the point .c;1/ 2 Z with coordinates .tc; � 0/ (recall
that the complex blowing-up e is an isomorphism there, so we identify Z and
P
1 �bP

1, and we still denote by Z a sufficiently small neighbourhood of .c;1/).
The divisor D is locally defined by � 0 D 0, and pCM ˝ E t� D E .cCtc /=� 0 ˝ R,
where R is a free OZ.�.D [ Dc//-module with a regular connection, setting
Dc D ftc D 0g. We denote by L the local system on Z X .D [ Dc/

determined by R (we know that L has monodromy equal to identity around
� 0 D 0, but this will not be used in the following). Denoting by jc W Z X
.D [ Dc/ ,! Z X D the inclusion, we have p�1F D Rjc;�L Œ1�. We cannot
directly apply Proposition 8.17 as above, because R is localized along Dc , i.e.,
the multiplication by tc is invertible on R, so we will first consider the real



7.6 Compatibility of Laplace Transformation with Duality 103

blowing-up$c W eZc ! eZ of Dc in eZ (i.e., we will work in polar coordinates in
both variables � 0 and tc).

By Proposition 8.17, the complex DRmod .D[Dc/.E .cCtc /=� 0 ˝ R/ on eZc has
cohomology in degree 0 at most, and by (a variant of) Proposition 8.9, we have
DRmodD.E .cCtc/=� 0 ˝ R/ D R$c;� DRmod .D[Dc/.E .cCtc /=� 0 ˝ R/.

Notice now that the open set in eZc where e�.cCtc/=� 0

is exponentially
decreasing is nothing but$ 0�1L0

60 (see Diagram (7.9)). Therefore, with obvious
notation, we have

ˇŠR.� ı ˛/�Rjc;�L D R$c;�ˇc;ŠR.�c ı ˛c/�L :

Since both statements (2a) and (2b) hold on eZc by the argument given in the first
part of Step two, they hold on eZ after applying R$c;�.

3. Third step. We conclude from Step two and (7.19) that we have an isomorphism

Rbq� DRmod c1.pCM ˝ E t� /Œ1� ' .FF /60Œ�1�:

In order to prove the surjectivity of H 0(7.460) one can restrict to S1
c1, as it holds

on bA
1. By Proposition 7.11, we conclude that Rbq� DRmod c1.pCM ˝ E t� /Œ1�

has cohomology in degree zero only, and we have already seen that so has
the left-hand term of (7.460). We are thus reduced to showing that the fibers
of these sheaves have the same dimension at any b� 2 S1

c1. This follows from
Proposition 7.11 and its extension to any index c=� , showing that the dimension
of the right-hand term of H 0.(7.460)/b� is the sum of the dimensions of �t�cF ,
where c varies in the open subset where 0 6

b�
c=� . That the dimension of the

left-hand term is computed similarly follows from (b) of Sect. 7.1.
4. In conclusion, we have proved Theorem 7.6 and, at the same time, the fact that

the Stokes filtration of Proposition 7.15 is the Stokes filtration of FM at infinity,
and more precisely that, through the Riemann–Hilbert correspondence given by
pDRIét , the image of FM is the triangle of Proposition 7.15. In other words,
when M has only regular singularities, the Stokes–de Rham functor (i.e., the
de Rham functor enriched with the Stokes filtration at infinity) exchanges the
Laplace transform with the topological Laplace transform. ut

7.6 Compatibility of Laplace Transformation with Duality

Let M be a CŒt �h@t i-module of finite type (an object of Modf .CŒt �h@t i/), or
more generally an object of Db

f .CŒt �h@t i/ (bounded derived category of CŒt �h@t i-
modules with finite-type cohomology). The Laplace transformation considered in
Sect. 7.1 is in fact a transformation from Modf .CŒt �h@t i/ (resp. Db

f .CŒt �h@t i/) to
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Modf .CŒ� �h@� i/ (resp. Db
f .CŒ� �h@� i/), and is not restricted to holonomic objects.

Let D be the duality functor in these categories. In particular, for a holonomic left
CŒt �h@t i-moduleM , DM is the complex having cohomology in degree 0 only, this
cohomology being the holonomic left CŒt �h@t i-module M_ naturally associated
to the right holonomic CŒt �h@t i-module Ext1

CŒt �h@t i.M;CŒt �h@t i/, where the right
CŒt �h@t i-module structure comes from the right structure on CŒt �h@t i.

According to [55], there is a canonical isomorphism of functors F ı D.�/
��!


CD ı F.�/, where 
 denotes the involution CŒ� �h@� i ��! CŒ� �h@� i sending �

to �� and @� to �@� . This isomorphism can be algebraically described in two
ways, depending on the choice of the definition of the Laplace transformation (see
Sect. 7.1, (1) and (2)). Both definitions coincide (see [55, Appendix 2.4, p. 224]).
Let us recall them.

1. Let us choose a resolution L� of M by free left CŒt �h@t i-modules. Then FL
�

is a resolution of FM by free left CŒ� �h@� i-modules, and clearly, by using
such a resolution, Ext1

CŒ� �h@� i.FM;CŒ� �h@� i/ D 
CFExt1
CŒt �h@t i.M;CŒt �h@t i/ as right

CŒ� �h@� i-modules (see [55, Lemma V.3.6, p. 86], [82, Sect. V.2.b]).
2. Let us use the definition FM D bpC.pCM ˝Et�/. However, since we will

have to use the commutation of direct image with duality, it is necessary
to work with proper maps (7.1), and we can work either in the algebraic
or the analytic setting. We will choose the latter for future use, and, as in
the Introduction of this chapter, we denote by M the DP1-module localized
at 1 associated with M . Since p is smooth, we have pCD.�/D DpC.�/

(see [12, Proposition VII.9.13], taking into account the difference in nota-
tion). In other words, denoting by .pCM /_ the left D

P1�bP1
-module associ-

ated with Ext2D
P1�bP1

.pCM ;D
P1�bP1

/, we have pC.M _/D .pCM /_. We now

get pC.DM /˝ E t� D D.pCM /˝ E t� D D.pCM ˝ E �t� /. Notice also that
DM may not be localized at 1 (as was M by definition), but we have
pC.DM /˝ E t� D pC�

.DM /.�1/
� ˝ E t� , since E t� is localized along D1.

Therefore, bpC.pC.DM /˝ E t� / is the D
bP1

-module localized at b1 associated
with F.DM/.

By the relative duality for the proper map bpC (see e.g. [12, Proposi-
tion VII.9.6], [89], [55, Appendix 2, Theorem 3.3]), we have an isomorphism

bpCD.pCM ˝ E �t� / ��! DbpC.pCM ˝ E �t� /;

from which we get (by applying � .bP1; �/)

F.DM/
��! 
CDFM: ut

The localized moduleCŒ�; ��1�˝CŒ� �
FM is a freeCŒ�; ��1�-module of finite rank

with connection. We denote by .L ;L�/.
FM/ the associated Stokes-filtered local

system on S1
c1.
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Applying the Riemann–Hilbert functor of Definition 5.7 together with the duality
isomorphism of Proposition 5.15, we get an isomorphism

.L ;L�/.
FDM/

��! 
�1Œ.L ;L�/.
FM/�_: (7.21)

7.7 Compatibility of Topological Laplace Transformation
with Poincaré–Verdier Duality

We will define an analogue of the previous isomorphism by working at the
topological level. We will compare both constructions in Sect. 7.8. It will be clearer
to distinguish between the projection p W P1 � bP

1 ! P
1 and its restriction over A1,

that we now denote by po W A1 � bP
1 ! A

1 (or A1 � bA
1 ! A

1).
Let F be a perverse sheaf of k-vector spaces on A

1, with singularity set C .
The pull-back G WD p�1

o F Œ1� on A
1 � bA

1 is also perverse. Moreover, there is a

functorial isomorphism p�1
o .DF /Œ1�

��! .pŠoDF /Œ�1� D D.p�1
o F Œ1�/ (see e.g.

[39, Proposition 3.3.2]) which is compatible with bi-duality.
Let 
 denote the involution � 7! �� on bA

1. It induces an involution on the spaces
A
1 � bA

1, bX , Z, X � bX and eZ in a unique way. We all denote them by 
. We will use
the notation ˛
 for the conjugate 
 ı ˛ ı 
, etc.

Proposition 7.22. The topological Laplace transformation, from k-perverse
sheaves to Stokes-k-perverse sheaves, is compatible with duality (up to 
) and
bi-duality.

Given a k-perverse sheaf F on A
1, we denote by .L ;L�/.

FF / the Stokes-
filtered local system .FF6/jS1

c1

. Then, according to Lemma 4.16, the proposition
gives an isomorphism

.L ;L�/.
FDF /

��! 
�1Œ.L ;L�/.
FF /�_; (7.23)

where .L ;L�/
_ is defined by Proposition 2.14(2).

Proof of Proposition 7.22. We first wish to prove the existence of isomorphisms

F.DF /�0 ' 
�1D.FF60/;
F.DF /60 ' 
�1D.FF�0/ (7.24)

which are exchanged by duality up to bi-duality isomorphisms. Note that we could
also write 
�1F.DF /�0 as F.DF /�0 etc., where F denotes the inverse Laplace
transformation, which has kernel e�t� .

These isomorphisms are obtained by applying to similar isomorphisms on eZ the
direct image Re

bq�, which is known to commute with D in a way compatible with
bi-duality since e

bq is proper, according to Poincaré–Verdier duality (see e.g. [39,
Proposition 3.1.10]).
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We will thus first work locally on eZ. Let G be a k-perverse sheaf on
A
1 � bA

1 with singular set S D p�1
o .C /. By Poincaré–Verdier duality, we have

D.ˇŠR.� ı ˛/�G / D Rˇ�.� ı ˛/ŠDG in a way compatible with bi-duality (see
(7.9) for the notation). We denote by ı the closed inclusion L00

<0 ,! eZ and similarly
ı
 W 
.L00

<0/ ,! eZ.
Similarly, D..ˇ ı �/ŠR˛�G / D R.ˇ ı �/�˛ŠDG in a way compatible with

bi-duality, and we denote by ı the closed inclusion L00
60 ,! eZ and similarly ı
 W


.L00
60/ ,! eZ.
Both G and DG have the same singular set, and we will later apply the following

lemma to DG .

Lemma 7.25. If G satisfies the previous assumptions, we have

� ı
�1

 Rˇ�.� ı ˛/ŠG D 0.

� ı�1

 R.ˇ ı �/�˛ŠG D 0.

Proof. We start with the first equality. By definition, the cohomology of
Rˇ�.� ı ˛/ŠG is zero on L0

60, so it is enough to prove that the pull-back of
Rˇ�.� ı ˛/ŠG to 
.L00

<0/ \ L00
60 is zero. Notice that this set does not cut eE [ eF

by definition of L00
60. Notice also that, now that we are far from E and F , there is

no difference between L00
<0 and L00

60, so we will forget � in the notation. We will
distinguish three cases:

1. Smooth points of D1 [D
c1 not in S (closure of S ).

2. The point .1; b1/.
3. The points of .D1 [D

c1/ \ S (they are smooth points of D
c1 by assumption).

1. Near such a point, 
.L00
60/\L00

60 is topologically a product of a similar dimension-
one intersection with a disc and G is a local system (up to a shift). We will
therefore treat the dimension-one analogue. We consider a local system L on
.0; "/ � S1, where S1 has coordinate ei� , we set

L00
60 D f.0; �/ j � 2 Œ�=2; 3�=2� mod 2�g

and 
.L00
60/ D L00

60 C � . Moreover, ˛ W .0; "/ � S1 ,! .0; "/ � S1 [ L0
60

and ˇ W .0; "/ � S1 [ L0
60 ,! Œ0; "/ � S1 are the inclusions. We wish to show

that Rˇ�˛ŠL is zero at the points with coordinates .0; �=2/ and .0; 3�=2/. The
cohomology of the germ of Rˇ�˛ŠL at .0; �=2/ (say) is the cohomology of an
open disc with an open interval I added on its boundary, with coefficient in a
sheaf which is constant on the open disc and zero on this open interval. This is
also the relative cohomology H�.	 [ I; I I kd / (d D rk L ). So this is clearly
zero.

2. The pull-back in eZ of a neighbourhood of .1;1/ takes the form
Œ0; "/2 �S11 �S1

c1, with coordinates .� 0;b� 0/ on S11 �S1
c1. The set L00

60 is defined

by � 0 Cb� 0 2 Œ�=2; 3�=2� mod 2� and 
.L00
60/ by � 0 Cb� 0 2 Œ��=2; �=2� mod 2�

(since 
 consists in changing b� 0 to b� 0 C�). On the other hand, G is a local system
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(up to a shift) on .0; "/2�S11�S1
c1. Up to taking new coordinates .� 0Cb� 0; � 0�b� 0/,

one is reduced to the same computation as in (1), up to the cartesian product by
intervals, which has no effect on the result.

3. As in the proof on Page 102, it is enough to consider the case where G is
supported in S , which is treated as in (1), and the case where G is the maximal
extension of a local system (up to a shift) away from Dc (c 2 C 0). In this case,
the situation is a product of that considered in (1) and that of a local system on
an open punctured disc 	�. The argument of (1) applies here also.

Let us now consider the second equality, for which we argue similarly. The
cohomology of R.ˇ ı �/�˛ŠG is zero on L0

<0, so it is enough to prove that the
pull-back of R.ˇ ı �/�˛ŠG to 
.L00

60/ \ L00
<0 is zero. This set does not cut eE [ eF ,

so � D Id on this set, and we are reduced to the previous computation. ut
End of the proof of Proposition 7.22. Let G be as above. As in Definition 7.10, we
set FG60 D ˇŠR.�ı˛/�G and FG�0 D .ˇı�/ŠR˛�G . We therefore get two functors
F.�/60 and F.�/�0. We will show that they are compatible with 
-twisted duality.

Lemma 7.26. There exist unique isomorphisms

F.
�1DG /�0
�60����! 
�1D.FG60/;

F.
�1DG /60
��0����! 
�1D.FG�0/

which extend the identity on A
1 � bA

1. They are functorial, and fit into a bi-duality
commutative diagram, and a similar one by exchanging 6 0 and � 0 (and we use
the identity 
�1D D D
�1):


�1D F.
�1D�/60 F.DD�/�0
�60 � 
�1D

	
��

D
�

D
�

F.�/�0
��


�1D.��0/ o
��

F.�/�0

obid �F.�/�0
��

F.�/�0

F.bid/�0o

��

(7.27)

Proof. We will use the cartesian square of open inclusions:


.L0
<0/

� �
ˇ
 ı �


		 eZ

A
1 � bA

1 D 
.L0
<0/\ L0

60

��
˛


��

� �
� ı ˛

		 L0
60

� �

ˇ

��
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which implies (see [39, Proposition 2.5.11]) .� ı ˛/Š˛�1

 D ˇ�1.ˇ
 ı �
/Š and

˛
;Š.� ı ˛/�1 D .ˇ
 ı �
/�1ˇŠ, and, by openness, R.� ı ˛/�˛�1

 D ˇ�1R.ˇ
 ı �
/�

and .ˇ
 ı �
/�1Rˇ� D R˛
;�.� ı ˛/�1.
For any G as above, the previous remark and the first assertion of Lemma 7.25

imply that the following natural adjunction morphism

.ˇ
 ı �
/ŠR˛
;�G D .ˇ
 ı �
/Š.ˇ
 ı �
/�1Rˇ�.� ı ˛/ŠG �! Rˇ�.� ı ˛/ŠG

is an isomorphism. We have by adjunction (see [39, (2.6.14) & Theorem 3.15]):

Hom..ˇ
 ı �
/ŠR˛
;�G ;Rˇ�.� ı ˛/ŠG / D Hom.ˇ�1.ˇ
 ı �
/ŠR˛
;�G ; .� ı ˛/ŠG /
D Hom..� ı ˛/ŠG ; .� ı ˛/ŠG /
D Hom.G ;G /;

where the last equality follows from .� ı ˛/Š D .� ı ˛/�1 (since � ı ˛ is open).
Therefore, we can also express the previous adjunction morphism as the adjunction

.ˇ
 ı �
/ŠR˛
;�G �! Rˇ�ˇ�1.ˇ
 ı �
/ŠR˛
;�G D Rˇ�.� ı ˛/ŠG :

Note that it is directly seen to be an isomorphism by dualizing the second assertion
of Lemma 7.25.

Applying these isomorphisms to DG instead of G , the Db.eZ;k/-isomorphism

.ˇ
 ı �
/ŠR˛
;�DG
��! Rˇ�.� ı ˛/ŠDG D D.ˇŠR.� ı ˛/�G /

that we deduce is by definition �60. Uniqueness follows from the identity of Hom
above. Now, ��0 is defined in order that (7.27) commutes. It can be defined in a way
similar to �60 by using the two other possible adjunction morphisms, by the same
uniqueness argument. ut

The proof of (7.24) now follows: on the one hand, D.p�1
o F Œ1�/ ' p�1

o .DF /Œ1�

since po is smooth of real relative dimension two, and, on the other hand, Poincaré–
Verdier duality can be applied to Re

bq� since e

bq� is proper; one concludes by noticing
that 
�1p�1

o F D p�1
o F , since po ı 
 D po.

The proof of the proposition is obtained by applying the same reasoning to each
c 2 C and FF6c=� 0 ; FF�c=� 0 . ut

7.8 Comparison of Both Duality Isomorphisms

The purpose of this section is to show that, through the Riemann–Hilbert correspon-
dence F D pDRanM , the duality isomorphisms (7.21) and (7.23) correspond each
other. We will neglect questions of signs, so the correspondence we prove has to be
understood “up to sign”.
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Let us make this more precise. By the compatibility of the Riemann–Hilbert
correspondence with Laplace and topological Laplace transformations, shown in
Sect. 7.5(4), we have a natural isomorphism

.L ;L�/.
F p DRanM/ ' .L ;L�/.

FM/: (7.28)

By using the local duality theorem D pDRanM ' pDRanDM (see [73] and the
references given therein), (7.21) gives rise to an isomorphism

.L ;L�/.
FDpDRan

M/ ' 
�1Œ.L ;L�/.
F pDRan

M/�_; (7.29)

as the composition

.L ;L�/.
FDpDRan

M/ ' .L ;L�/.
F p DRan DM/

' .L ;L�/.
FDM/ by (7.28) for DM;

' 
�1Œ.L ;L�/.
FM/�_ by (7.21);

' 
�1Œ.L ;L�/.
F p DRanM/�_ by (7.28):

Since both source and target of (7.23) and (7.29) are identical, proving that both
isomorphisms coincide amounts to proving that their restriction to the corresponding
local systems coincide, through the previously chosen identifications. These identi-
fications will be easier to follow if we restrict to the local systems, that is, to � 2 C

�.
From now on, the notation in the diagram (7.1) will be understood with C

�
�

replacing bP
1, and we will also consider the restriction po of p to A

1 � C
�
� . We

denote by M the DP1-module localized at 1 corresponding to M and we set
F D pDRanM . With this understood, we have

.FM/an D bpC.pCM ˝ E t� /; FF D Rbp�R$�.ˇŠR˛�p�1
o F /:

We now consider the functorial isomorphism

D.pCM ˝ E t� / ' D.pCM /˝ E �t� ' pC.DM /˝ E �t� : (7.30)

Let us denote by M an the restriction of M to A
1. We have a natural isomorphism

of Oan
A1�bA1

-modules with connection: .O; d /
��! .E t� ;r/, sending 1 to e�t� � 1.

Up to this isomorphism, and its dual, the restriction of (7.30) to A
1 � C

�
� is the

corresponding isomorphism

D.pC
o M

an/ ' pC
o .DM

an/:
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On the other hand, the isomorphism associated to (7.30), obtained by using the local
duality theorem:

D pDR.pCM ˝ E t� /
��! pDRD.pCM ˝ E t� /

��! pDR.pC.DM /˝ E �t� / (7.31)

restricts similarly to

DpDR.pC
o M

an/
��! pDRD.pC

o M
an/ ' pDR.pC

o .DM
an//: (7.32)

Recall now that (7.20) (restricted over C
�
� ) induces, by applying R$�, an

isomorphism
pDR.pCM ˝ E t� /

��! R$�.ˇŠR˛�p�1
o F /:

Hence (7.31) gives rise to an isomorphism

DR$�.ˇŠR˛�p�1
o F Œ1�/

��! 
�1R$�.ˇŠR˛�p�1
o .DF /Œ1�/; (7.33)

by using the local duality D pDRM an ' pDRDM an.
On the other hand, the isomorphisms of Lemma 7.26 applied with G D p�1

o F Œ1�

also give an isomorphism

D R$�.ˇŠR˛�p�1
o F Œ1�/

��! 
�1R$�.ˇŠR˛�p�1
o .DF /Œ1�/; (7.34)

since here � D Id and there is no distinction between FG60 and FG�0.

Lemma 7.35. The isomorphisms (7.33) and (7.34) coincide (up to a nonzero
constant).

We first start by proving:

Lemma 7.36. The isomorphisms (7.33) and (7.34) are completely determined by
their restriction to A

1 � C
�
� .

Proof. We will use the following notation: 	1 is a disc in P
1 centered at 1, $ W

e	1 ! 	1 is the oriented real blowing-up, 	�1 is the punctured disc. The open
subset L0

60 � @	1 � C
�
� is defined as in Sect. 7.3. In particular, the fiber of $ W

L0
60 ! f1g � C

�
� is an open half-circle in $�1.1; �/. As above, we denote by

ej D ˇ ı ˛ the corresponding decomposition of the inclusion ej W 	�1 � C
�
� ,!

e	1 � C
�
� , and we still denote by i@ the inclusion @	1 � C

�
� ,! 	1 � C

�
� . Let G

be a locally constant sheaf on	�1 � C
�
� .

Lemma 7.37. With this notation, any automorphism of R$�ˇŠR˛�G is uniquely
determined from its restriction to 	�1 � C

�
� .
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Proof. We notice that R$�ˇŠR˛�G is a sheaf, equal to $�ˇŠ˛�G : indeed, this
is clearly so for ˇŠ˛�G , whose restriction to @	1 � C

�
� is a local system on L0

60
extended by 0; since $ is proper, it is enough to check that the push-forward of the
latter sheaf is also a sheaf, which is clear.

By adjunction, we have

Hom.R$�ˇŠR˛�G ;R$�ˇŠR˛�G / D Hom.$�1R$�ˇŠR˛�G ; ˇŠR˛�G /

D Hom.$�1$�ˇŠ˛�G ; ˇŠ˛�G /:

On the one hand, i�1@ $�1$�ˇŠ˛�G is a local system H 0 on @	1 � C
�
� , and on

the other hand i�1@ ˇŠ˛�G is a local system on L0
60 extended by 0, and is a subsheaf

of the local system H WD i�1@ ej�G . If � belongs to Hom.$�1$�ˇŠ˛�G ; ˇŠ˛�G /,
then i�1@ � induces a morphism H 0 ! H which vanishes on L00

60, hence is zero.
Therefore, � is uniquely determined by its restriction to 	�1 � C

�
� . ut

To end the proof of Lemma 7.36, we notice that R$�.ˇŠR˛�p�1
o F Œ1�/ is of the

form considered in Lemma 7.37 in the neighbourhood of D1. ut
Proof of Lemma 7.35. According to Lemma 7.36, we are reduced to proving the
coincidence on A

1 � C
�
� . This is given by Lemma 7.38 below. ut

Lemma 7.38. The functorial duality isomorphism D ıpC
o .�/

��! pC
o ıD.�/, in the

category of analytic holonomic modules, is compatible (up to a nonzero constant),

via the de Rham functor, to the functorial isomorphism Dıp�1
o .�/

��! p�1
o ıD.�/Œ2�

in the category of perverse sheaves.

Proof. See [47, Corollary 5.6.8]. ut
Proposition 7.39. The isomorphisms (7.23) and (7.29) coincide (up to a nonzero
constant).

Proof. According to the relative duality theorem already mentioned, the isomor-
phism (7.29) is also obtained first by applying bpC to (7.30) and then applying pDR.
By [89, Theorem 3.13], we can first apply pDR to (7.30) and then Rbp�. It is thus
obtained by applying Rbp� to (7.31) or equivalently to (7.33), and then by using
Verdier duality for Rbp� (i.e., commuting D and Rbp�).

On the other hand, (7.23) is obtained by applying Rbp� to (7.34) and then by
using Verdier duality for Rbp�. The conclusion follows then from Lemma 7.35. ut



Chapter 8
Real Blow-Up Spaces and
Moderate de Rham Complexes

Abstract The purpose of this chapter is to give a global construction of the
real blow-up space of a complex manifold along a family of divisors. On this
space is defined the sheaf of holomorphic functions with moderate growth, whose
basic properties are analyzed. The moderate de Rham complex of a meromorphic
connection is introduced, and its behaviour under the direct image by a proper
modification is explained. This chapter ends with an example of a moderate
de Rham complex having cohomology in degree > 1, making a possible definition
of Stokes-perverse sheaves more complicated than in dimension one.

8.1 Introduction

Given a meromorphic connection on a complex manifold X with poles along a
divisorD, the asymptotic analysis of the solutions of the corresponding differential
equation, i.e., the horizontal sections of the connection, in the neighbourhood
of D leads us to introduce a space taking into account the multi-sectors where
an asymptotic expansion can be looked for. We introduce in this chapter the
real blow-up spaces that we will encounter later in this book. Together with
these spaces come various extensions of the sheaf of holomorphic functions on
X XD. We analyze their relations with respect to complex blowing-ups, since such
blowing-up maps will be an essential tool for simplifying the formal normal form
of a meromorphic connection (see Chap. 11).

These constructions extend, in the many-variable case, those already introduced
in Chaps. 4 and 5.

We conclude this chapter with an example showing a new phenomenon in
dimension >2. This example will lead to the introduction of the “goodness” property
in Chap. 9.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 8, © Springer-Verlag Berlin Heidelberg 2013
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8.2 Real Blow-Up

Recall that the oriented real blow-up space eC` of C` along t1; : : : ; t` is the space of
polar coordinates in each variable tj , that is, the product .S1�RC/` with coordinates
.ei�j ; �j /jD1;:::;` and tj D �j e

i�j . The oriented real blowing-up map $ W eC` ! C`

induces a diffeomorphism f�1 � � ��` ¤ 0g DW .eC`/� ��! .C`/� WD ft1 � � � t` ¤ 0g.
In the following, we just call them real blow-up space or real blowing-up map.

Real blow-up along a divisor. Let X be a reduced complex analytic space
(e.g. a complex manifold) and let f W X ! C be a holomorphic function onX with
zero set X0 D X0.f /. The oriented real blow-up space of X along f , denoted by
eX.f /, is the closure inX�S1 of the graph of the map f=jf j W X� D XXX0 ! S1.
The real blowing-up map $ W eX ! X is the map induced by the first projection.
The inverse image$�1.X0/, that we denote by @eX , is a priori contained inX0�S1.
Lemma 8.1. We have @eX D X0 � S1.
Proof. This is a local question on X0. As f is open, for xo 2X0 there exists
a fundamental system .Um/m2N of open neighbourhoods of xo and a decreasing
family�m of open discs centered at 0 in C such that f W Um ! �m is onto, as well
as f W U �

m D Um X X0 ! �m X f0g. It follows that, given any ei�o 2 S1, there
exists xm 2 U �

m with f .xm/=jf .xm/j D ei�o , so .xo; ei�o/ 2 eX . ut
As a consequence, eX is equal to the subset ofX �S1 defined by the (in)equation

fe�i� 2 RC, so is a real semi-analytic subset of X � S1.
Let now D be a locally principal divisor in X and let .U˛/˛2A be a locally finite

covering of X by open sets U˛ such that in each U˛, the divisor D is defined by a
holomorphic function f .˛/. The data ŒU˛; f .˛/�˛2A allow one to define, by gluing
the real blow-up spaces eU˛.f

.˛//, a space eX.D/. Set f .˛/ D u.˛;ˇ/f .ˇ/ on U˛\Uˇ .
The gluing map is induced by

.U˛ \ Uˇ/ � .C�=R�C/ �! .U˛ \ Uˇ/ � .C�=R�C/
�

x; .ei� /
� 7�! �

x; .u.˛;ˇ/ei� mod R
�C/

�

:

One checks that the space eX.D/ does not depend on the choices made
(up to a unique homeomorphism compatible with the projection to X ).

In a more intrinsic way, let L.D/ be the rank-one bundle over X associated
with D (with associated sheaf OX.D/) and let S1L.D/ be the corresponding S1-
bundle. Let us fix a section f W OX ! OX.D/. It vanishes exactly along D and
induces a holomorphic map X� WD X X D ! L.D/ X D, that we compose with
the projection L.D/XD ! S1L.D/. Then eX.D/ is the closure in S1L.D/ of the
image of X� by this map. From Lemma 8.1 we deduce that @eX.D/ D S1L.D/jD .
If g D u � f with u 2 � .X;O�

X/, then both constructions give homeomorphic
blow-up spaces. More precisely, denoting by $f W eX.f / ! X the real blowing-up
map obtained with the section f , the multiplication by u induces the multiplication
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by u=juj on S1L.D/, which sends the subspace eX.f / to eX.g/. Moreover, this is

the unique homeomorphism eX.f /
��! eX.g/ making the following diagram

eX.f /
�

��

$f

��

eX.g/

$g

��

X X

commute. This explains the notation and terminology for the real blow-up space
of X along D.

Real blow-up along a family of divisors. Let now .Dj /j2J be a locally finite family
of locally principal divisors in X and let fj be sections OX ! OX.Dj /. The
fibre product over X of the eX.Dj / (each defined with fj ), when restricted over
X�
J WD XXS

j Dj , is isomorphic toX�
J . We then define the real blow-up eX.Dj2J /

as the closure ofX�
J in this fibre product. If J is finite, eX.Dj2J / is the closure in the

direct sum bundle
L

j S
1L.Dj / of the image of the section .fj =jfj j/j2J on X�.

It is defined up to unique homeomorphism compatible with the projection to X . We
usually regard X�

J as an open analytic submanifold in eX.Dj2J /.
The closure eX.Dj2J / of X� can be strictly smaller than the fibre product of the

eX.Dj / (e.g. consider eX.D;D/ for twice the same divisor, and more generally when
the Dj have common components). Here is an example when both are the same.

Lemma 8.2. Assume that X and each Dj is smooth and that the family .Dj /j2J
defines a normal crossing divisor D D S

j Dj in X . Then eX.Dj2J / is equal to

the fibre product (over X ) of the eX.Dj / for j 2 J and we have a natural proper
surjective map eX.Dj2J / ! eX.D/.

Proof. The first assertion is checked locally. For instance, in the case of two divisors
crossing normally, we are reduced to checking that

�

.S1 � RC/ � C
� �
C�C

�

C � .S1 � RC/
� ' .S1 � RC/ � .S1 � RC/: ut

Corollary 8.3. Under the assumptions of Lemma 8.2, if F� is a local system onX�
and ej W X� ,! eX.Dj2J / denotes the open inclusion, then Rej�F� D ej�F� is a
local system on eX .

Proof. The question is local and, according to the lemma, we can locally regard ej

as being the inclusion .R�C/` � .S1/` �C
n�` ,! .RC/` � .S1/` �C

n�`, and we are
mainly reduced to consider the inclusion of the open octant .R�C/` into the closed
octant .RC/`. Then the assertion is clear. ut
Morphisms between real blow-up spaces. For any locally principal divisor D in X
and any integer n > 1, there is a natural morphism O.D/ ! O.nD/, inducing
L.D/ ! L.nD/ and eX.D/ ! eX.nD/, which is the identity on X�.
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More generally, let .Dj2J / be a finite family of locally principal divisors
and let .nij / (i 2 I , j 2 J ) be a finite family of nonnegative integers. Set
Ei D P

j nijDj , so that in particular the support of .Ei2I / is contained in the
support of .Dj2J /. Then the identity morphism Id W X ! X lifts as a morphism
eX.Dj2J / ! eX.Ei2I /. Indeed, for any i 2 I , one has a natural morphism
L

j L.Dj / ! L.Ei /, and taking the direct sums of such morphisms when i varies
induces the desired lifting of Id.

In particular, if J 0 is a subset of J , there is a natural projection map between the
fibre products, which induces a proper surjective map eX.Dj2J / ! eX.Dj2J 0/.

Similarly, defining locally D D S

j Dj by the product of the local equations of

the Dj , we have a proper surjective map eX.Dj2J / ! eX.D/.
Given a morphism � W X ! X 0 and a family .E 0

i2I / of divisors ofX 0, let .Ei2I /
be the pull-back family in X . Then there is a natural morphism e� W eX.Ei2I / !
eX 0.E 0

i2I /. In particular, if we are given a family of divisors .Dj2J / in X such that
Ei D P

i nijDj for any j (nij 2 N), we get a natural morphism e� W eX.Dj2J / !
eX 0.E 0

i2I /.
For example, if � is chosen such that the divisor E D ��.

P

j Dj / has simple
normal crossings, we can choose for .E 0

i2I / the family of reduced irreducible
components of E .

8.3 The Sheaf of Functions with Moderate Growth
on the Real Blow-Up Space

We consider as above a locally finite family .Dj /j2J of effective divisors in a
smooth complex manifold X , and we set D D S

j jDj j, where jDj j denotes the
support of Dj . Let OX.�D/ denotes the sheaf of meromorphic functions on X
with poles along D at most. It can also be defined as the subsheaf of j�OX�

(with j W X� D X X D ,! X the open inclusion) consisting of holomorphic
functions having moderate growth alongD.

We define a similar sheaf on eX WD eX.Dj2J /, that we denote by A modD
eX

: Given

an open set eU of eX , a section f of A modD
eX

on eU is a holomorphic function on

U � WD eU \ X� such that, for any compact set K in eU , in the neighbourhood of
which D is defined by gK 2 OX.K/, there exists constants CK > 0 and NK > 0

such that jf j 6 CK jgK j�NK on K .

Remark 8.4 (Rapid decay). We will also use the sheaf A rdD
eX

of holomorphic

functions having rapid decay along @eX : Given an open set eU of eX , a section f
of A rdD

eX
on eU is a holomorphic function on U � WD eU \ X� such that, for any

compact set K in eU , in the neighbourhood of whichD is defined by gK 2 OX.K/,
and for any N 2 N, there exists a constant CK;N > 0 such that jf j 6 CK jgK jN
on K .
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Proposition 8.5 (Faithful flatness, see [79, Proposition 2.8]). If dimX 6 2, the
sheaves A modD

eX
and A rdD

eX
are flat over $�1OX.�D/ or $�1OX , faithfully over

$�1OX.�D/.
Remark 8.6. T. Mochizuki has recently shown similar results in higher dimension.
More precisely, relying on the basic theorems in [50, Chap. VI], he proves the
statement for A rdD

eX
(and more general sheaves defined with rapid decay condition).

Concerning moderate growth, the trick is to use, instead of the sheaf of holomorphic
functions with moderate growth along D, which is very big, the subsheaf of such
functions of the Nilsson class, as in [19, p. 45] (this sheaf is denoted there by Alog)
or in [55, p. 61] (this sheaf is denoted there by ONils). This trick is useful when D
has normal crossings. The flatness of this subsheaf is also a consequence of basic
flatness results.

Proof. We will give the proof for A modD
eX

, the proof for A rdD
eX

being completely

similar. Let us fix xo 2 D and exo 2 $�1.xo/ � @eX . The case where dimX D 1 is
clear, because A modD

eX
has no OX -torsion.

Faithful flatness. Notice first that, if flatness is proved, the faithful flatness
over $�1OX.�D/ is easy: If Mxo has finite type over OX;xo.�D/ and
A modD

eX;exo
˝OX;xo .�D/ Mxo D 0 then, extending locally Mxo as a OX.�D/-coherent

module M , we obtain that M vanishes on some multi-sectorial neighbourhood
of exo away from $�1.D/. Being OX.�D/-coherent, it vanishes on some
neighbourhood of xo away fromD. It is therefore equal to zero.

Flatness. Proving flatness is a matter of proving that, given f1; : : : ; fp 2
OX;xo.�D/, if a1; : : : ; ap 2 A modD

eX;exo
(resp. in A rdD

eX;exo
) are such that a1f1 C � � � C

apfp D 0, then .a1; : : : ; ap/ is a linear combination with coefficients in A modD
eX;exo

(resp. in A rdD
eX;exo

) of relations between f1; : : : ; fp with coefficients in OX;xo.�D/.
Notice then that it is equivalent to prove flatness over OX , because any local
equation of D is invertible in A modD

eX;exo
(resp. in A rdD

eX;exo
), so we will assume below

that f1; : : : ; fp 2 OX;xo . We argue by induction on p, starting with p D 2.

Case where p D 2. At this point, we do not need to assume that dimX 6 2. We can
then assume that f1 and f2 have no common irreducible component. Let us denote
by g a local equation of D at xo. Let eU be an neighbourhood of exo in eX such that
we have a relation a1f1 D a2f2 on U � D eU X @eX . By Hartogs, there exists then a
holomorphic function � on U � such that a1 D �f2 and a2 D �f1. We wish to show
that � belongs to � .eU ;A modD

eX
/.

Let us choose a proper modification e W Z ! X , with Z smooth, such that
f1 ı e � g ı e defines a divisor E with normal crossing in some neighbourhood of
e�1.xo/. It is then enough to show that � ı e has moderate growth along the real
blow-up space @eZ of the irreducible components of e�1.D/ in Z, in the
neighbourhood of ee�1.exo/. By compactness of this set, we can work locally
near a point ezo 2 ee�1.exo/. Let us fix local coordinates z at zo D $Z.ezo/ 2 Z

adapted to E . We denote by z0 the coordinates defining e�1.D/ and set z D .z0; z00/,
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so that f1 ı e is the monomial z0m0

z00m00

. The assumption is that, for any compact
neighbourhoodK ofezo in eZ, there exists a constant CK and a negative integer NK
such that, onK�, j�ıej�jz0jm0 jz00jm00 6 CK jz0jNK . Notice that such aK can be chosen
as the product of a compact polydisc in the variables z00 with a compact multi-sector
in the variables z0. Up to changing NK , this reduces to j� ı ej � jz00jm00 6 CK jz0jNK .
Fixing jz00

i j D r 00
i > 0 and small enough, and using Cauchy’s formula, we obtain

j� ı ej 6 C 0
K jz0jNK .

Case where p > 3. We argue by induction on p. Assume that we have a relation
a1f1 C � � � C apfp D 0 as above.

Firstly, we can reduce to the case where f1; : : : ; fp�1 do not have a non trivial
common factor ı: we deduce a relation .a1f 0

1 C � � � C ap�1f 0
p�1/ıC apfp D0, and

by the p D 2 case, we deduce a relation a1f 0
1 C� � �Cap�1f 0

p�1 Ca0
pfp of the same

kind.
In such a case, since dimX D 2, we have dimV.f1; : : : ; fp�1/ D 0, so locally

V.f1; : : : ; fp�1/ D fxog, and there is a relation
Pp�1

iD1 hifi D 1 in OX;xo.�D/. We
deduce the relation

Pp�1
iD1 .ai Capfphi /fi D 0, and the inductive step expresses the

vector of coefficients .ai C apfphi/ in terms of relations between f1; : : : ; fp�1 in
OX;xo.�D/. The conclusion then follows for f1; : : : ; fp , by using the supplementary
relation .h1fp/f1 C � � � C .hp�1fp/fp�1 � fp D 0. ut

If � W X ! X 0 is a proper modification which is an isomorphism X X D
��!

X 0 X E 0, and if Ei WD ��E 0
i D P

j nijDj for each i (nij 2 N), it induces e� W
eX.Dj2J / ! eX 0.E 0

i2I /. (With the first assumption, the inclusion jEj � jDj is an
equality.) Then e��.A modD

eX
/ D A modE0

eX 0
. Similarly, if $ W eX.Dj2J / ! X is the

natural projection, we have$�.A modD
eX

/ D OX.�D/.
Proposition 8.7. With the previous assumption, assume moreover that the divisors
P

j Dj and
P

i E
0
i are normal crossing divisors. Then Re��.A modD

eX
/ D A modE0

eX 0
,

that is, Rk
e��.A modD

eX
/ D 0 for k > 1.

Proof. Since
P

j Dj is a normal crossing divisor, we can apply the

Dolbeault–Grothendieck theorem on eX.D/ (see [81, Proposition II.1.1.7]) and
get a c-soft resolution of A modD

eX
by the Dolbeault complex of moderate currents

Db
ModD;.0;�/
eX

on eX (which are .0; �/-forms on eX with coefficients in the sheaf

DbmodD
eX

of distributions on X X D with moderate growth along D). Therefore,

Re��.A modD
eX

/ D e�� Db
modD;.0;�/
eX

.

Recall that, on an open set eU , DbmodD
eX

.eU / is dual to the space of C1 functions
with compact support in eU which have rapid decay along eU \ @eX . Since � is a
modification, for any compact set K in eU , setting K 0 D e�.K/, the pull-back of
forms e�� identifies C1 forms on eX 0 with support in K 0 and having rapid decay
along @eX 0 with the corresponding forms on eX with support in K and rapid decay
along @eX , and this identification is compatible with the differential, as well as
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with @ and @. Dually, the integration along the fibres of e� of currents identifies

the complexes e�� Db
mod D;.0;�/
eX

with Db
modE0;.0;�/
eX 0

.

Lastly, the latter complex is a resolution of A modE0

eX 0
by Dolbeault–Grothendieck,

since
P

i E
0
i is a normal crossing divisor. ut

Remark 8.8. Other variants of this proposition can be obtained with a similar
proof. For instance, we have R$�.A modD

eX
/ D $�.A modD

eX
/ D OX.�D/. More

generally, with the assumptions in Proposition 8.7, let I1 and J1 be subsets of I
and J respectively such that each Ei (i 2 I1) is expressed as a linear combination
with coefficients in N of .Dj2J1 /. Let e�1 W eX.Dj2J1/ ! eX 0.E 0

i2I1/ be the
morphism induced by � between the partial real blow-up spaces. Then, with obvious

notation, Re��.A modD1
eX

.�D// D A
modE0

1
eX 0

.�E 0/. A particular case is I1 D ¿,
J1 D ¿, giving R��OX.�D/ D OX 0.�E 0/.

8.4 The Moderate de Rham Complex

We keep the setting of Sect. 8.3. The sheaf A modD
eX

is stable by derivations of X

(in local coordinates) and there is a natural de Rham complex on eX.Dj2J /:

DRmodD.OX/ WD fA modD
eX

d��! A modD
eX

˝$�1˝1
X �! � � � g

When restricted to X�, this complex is nothing but the usual holomorphic de Rham
complex.

From now on, we will freely use standard results in the theory of holonomic
DX -modules, for which we refer to [8, 9, 12, 38, 62].

Let M be a holonomic DX -module which is localized along D, that is, such
that M D OX.�D/˝OX M . In particular, M is also a coherent DX.�D/-module.
We can also regard M as a OX.�D/-module equipped with a flat connection r.
If moreover M is OX.�D/-coherent, we call it a meromorphic connection with
poles along D (according to [58, Proposition 1.1], it is then locally stably free as a
OX.�D/-module).

We associate with M the moderate de Rham complex

DRmodD.M / WD fA modD
eX

˝$�1.M /
r��! A modD

eX
˝$�1.˝1 ˝ MX/ ! � � � g

which coincides with DR.M / on X�.

Proposition 8.9. Let � W X ! X 0 be a proper modification between complex
manifolds. Assume the following:

1: There exist locally finite families of divisors .E 0
i2I / of X 0 and .Dj2J / of X such

that Ei WD ��E 0
i D P

j nijDj with nij 2 N.
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2: � W X XD ! X 0 X E 0 is an isomorphism.

Let M be a holonomic DX -module which is localized along D. If dimX > 3,
assume moreover that M is smooth on X X D, i.e., is a meromorphic connection
with poles along D at most. Let �CM be the direct image of M (as a DX 0.�E/-
module). Then

DRmodE0

.�CM / ' Re�� DRmodD.M /:

Remark 8.10. We have variants corresponding to those in Remark 8.8.

Preliminaries on meromorphic connections and proper modifications. Let us first
recall classical facts concerning direct images of meromorphic connections by a
proper modification. The setting is the following. We denote by � W X ! X 0
a proper modification between complex manifolds, and we assume that there are
reduced divisors D � X and E 0 � X 0 such that � W X X D ! X 0 X E 0
is an isomorphism (so that in particular ��1.E 0/ D D). We do not assume now
that D or E 0 are normal crossing divisors. We denote by OX.�D/ and OX 0.�E 0/
the corresponding sheaves of meromorphic functions.

Lemma 8.11. We have R��OX.�D/ D OX 0.�E 0/.

Proof. The statement is similar to that of Proposition 8.7, but will be proved with
less assumptions. If D and E 0 have normal crossings, one can adapt the proof of
Proposition 8.7, according to the Dolbeault–Grothendieck lemma using currents
with moderate growth. In general, one can argue differently as follows.

Since � is proper, one has Rk��OX.�D/ D lim�!j
Rk��OX.jD/. The left-hand

term is equal to OX 0.�E 0/˝O0

X
Rk��OX.�D/: indeed, this amounts to proving

that, if f 0 is a local equation for E 0, then the multiplication by f 0 is invertible on
Rk��OX.�D/; but it is induced by the multiplication by f 0 ı� on OX.�D/, which
is invertible since f 0 ı � vanishes onD at most (recall that ��1.E 0/ D D).

Then,

OX 0.�E 0/
Ő0

X

lim�!
j

Rk��OX.jD/ D lim�!
j

OX 0.�E 0/
Ő0

X

Rk��OX.jD/

(see e.g. [26, p. 10]) and the right-hand term is zero if k > 1, since Rk��OX.jD/

is then OX 0-coherent and supported on E 0. ut
For any k 2 N we have a natural morphism

˝k
X 0.�E 0/ �! ��

�

OX.�D/ ˝
��1OX0

��1˝k
X 0.�E 0/

�

:

It follows from the previous lemma that this morphism is an isomorphism. Indeed,
on the one hand, the projection formula and the previous lemma give
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R��
�

OX.�D/
L˝

��1OX0

��1˝k
X 0.�E 0/

� ' R��OX.�D/
L

ŐX0

˝k
X 0.�E 0/

' OX 0.�E 0/
L

ŐX0

˝k
X 0.�E 0/

' ˝k
X 0.�E 0/:

On the other hand, since ˝k
X 0 is OX 0-locally free, one can eliminate the “L” in the

first line above, and conclude

��
�

OX.�D/ ˝
��1OX0

��1˝k
X 0.�E 0/

� ' ˝k
X 0.�E 0/;

Rk��
�

OX.�D/ ˝
��1OX0

��1˝k
X 0.�E 0/

� D 0 8 k > 1:

The cotangent map T �� is a morphism OX ˝��1OX0
��1˝1

X 0 ! ˝1
X . It induces

an isomorphism OX.�D/˝��1OX0
��1˝1

X 0.�E 0/ ! ˝1
X.�D/. Applying �� and

using the previous remark, we get an isomorphism ��T �� W ˝1
X 0.�E 0/ ��!

��˝1
X.�D/, and Rk��˝1

X.�D/ D 0 if k > 1. Since T �� is compatible with
differentials, we get a commutative diagram

OX 0.�E 0/

o
��

d
�� ˝1

X 0.�E 0/

��T ��o
��

��OX.�D/
��d

�� ��˝1
X.�D/

(8.12)

where the upper d is the differential on X 0 and the lower d is that on X . Arguing
similarly for each˝k and the corresponding differentials, we obtain an isomorphism
of complexes

DR OX 0.�E 0/ ��! �� DR OX.�D/ ' R�� DR OX.�D/:

Let now M be a holonomic DX -module which is localized along D and let us
also regard it as a OX.�D/-module with a flat connection r.

Proposition 8.13.

1: The direct image �CM of M as a DX -module, once localized along E 0, has
cohomology in degree 0 at most and this cohomology is a holonomic DX 0 -module
localized along E 0.
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2: We have Rk��M D 0 for k > 1. Moreover, ��M is equal to the OX 0.�D0/-
module underlying �CM .�E 0/, and the connection on the latter is equal to the
composition of ��r W ��M ! ��.˝1

X.�D/˝ M / with the isomorphism

˝1
X 0.�E 0/˝��M ' ��.��1˝1

X 0.�E 0/˝ M /
��! ��.˝1

X.�D/˝ M /

(8.13 �)
induced by ��T �� .

Remark 8.14. Let 	X be the sheaf of vector fields on X . We also have a
morphism T�� W ��	X 0 ! 	X of locally free OX -modules, which induces
an isomorphism T�� W ��	X 0.�E 0/ ! 	X.�D/. We deduce an isomorphism
��T�� W 	X 0.�E 0/ ! ��	X.�D/. Since the sheaf of localized differential
operators DX.�D/ is generated by OX.�D/ and 	X.�D/, this implies that there
is a ring isomorphism DX 0.�E 0/ ! ��DX.�D/. The direct image functor �C
for D-modules is much simplified in this localized setting. For a holonomic left
DX.�D/-module M , we have �CM D ��M (according to the first assertion
of 8.13(2)), where the DX 0.�E 0/-action is obtained through the ��DX.�D/-action.

Proof.

1. Since M has a coherent OX -module N generating M as a DX -module
(see [59], see also [60, Theorem 3.1]), it is known (see [34, 54]) that �CM
has holonomic cohomology. Moreover, H k�CM is supported on E 0 if k> 1.
By flatness of OX 0.�E 0/ over OX 0 , we have H k.OX 0.�E 0/˝OX0

�CM /

D OX 0.�E 0/˝OX0
H k.�CM /. By a theorem of Kashiwara [35, Proposition

2.9], OX 0.�E 0/˝OX0
H k.�CM / is a holonomic DX 0-module and it is localized

along E 0 by definition. If k > 1, it is thus equal to zero.
2. For the first assertion, the proof is similar to that of Lemma 8.11. We use that M

has a OX.�D/-generating coherent OX -submodule: In the case where M is a
meromorphic connection, this follows from [58] (see also [60]). In the general
case, one first uses that M has a coherent OX -module N generating M as a
DX -module (see [59], see also [60, Theorem 3.1]). Using Bernstein’s theory for
a function locally defining D, one then shows that, locally on D, there exists `
such that .F`DX/N generates N as a OX.�D/-module, where F�DX is the
filtration by the order. Since � is proper, one can find a suitable ` valid on the
inverse image by � of any compact set in X 0. In this way, we get the vanishing
of Rk��M for k > 1.

Using the isomorphism (8.13 �) induced by ��T �� , we regard ��r W
��M ! ��.˝1

X.�D/˝ M / as a morphism

�Cr W ��M �! ˝1
X 0.�E 0/˝��M ;

and (8.12) shows that it is a connection on ��M . We denote the resulting
object by �C.M ;r/. Checking that it is equal to OX 0.�D0/˝OX H 0�CM
(in the DX -module sense) is then straightforward, according to Remark 8.14.
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By definition, we have a commutative diagram

��M
�Cr

�� ˝1
X 0.�E 0/˝��M

��.T �� ˝ Id/o
��

��M
��r

�� ��.˝1
X.�D/˝ M /

(8.15)

ut
Let us now go in the other direction. Given a holonomic DX 0-module M 0

localized along E 0, the inverse image �CM 0 WD DX!X 0 ˝L
��1DX0

��1M 0 has

holonomic cohomology (see [35]) and H k�CM 0 is supported on DD��1.E 0/.
It follows that H k.OX.�D/˝OX �

CM 0/D 0 if k¤ 0 and

H 0.OX.�D/
ŐX

�CM 0/D OX.�D/
ŐX

H 0.�CM 0/

is holonomic and localized along D, and its underlying OX.�D/-submodule is
��M 0 WD OX.�D/˝��1OX0 .�E0/ �

�1M 0. Denoting by r 0 the connection on M 0,
denoted by �Cr 0, is defined as d ˝ Id CT ��.Id ˝��1r 0/, where the second term
is the composition of

Id ˝ r 0 W OX.�D/ ˝
��1OX0 .�E0/

��1M 0 ! OX.�D/ ˝
��1OX0 .�E0/

��1.˝1
X 0 ˝ M 0/

with

T �� ˝ Id W .OX.�D/ ˝
��1OX0 .�E0/

��1˝1
X 0.�E 0// ˝

��1OX0 .�E0/

��1M 0

�! ˝1
X.�D/ ˝

��1OX0 .�E0/

��1M 0:

We set �C.M 0;r 0/ D .��M ; �Cr 0/, and this is the localization along D of the
holonomic DX -module H 0.�CM 0/, that is, OX.�D/˝OX H 0.�CM 0/.

The natural morphism of OX.�D/-modules

����M WD OX.�D/ ˝
��1OX0 .�E0/

��1��M �! M

induced by the adjunction ��1��M ! M is compatible with the connections, so
that it induces a morphism

�C�C.M ;r/ �! .M ;r/
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which can be regarded as the adjunction morphism at the level of DX.�D/-
modules. It is therefore an isomorphism, since the kernel and cokernel are localized
holonomic DX -modules which are supported onD.

Similarly, the adjunction morphism Id ! ����1 together with the projection
formula induces an isomorphism

.M 0;r 0/ ��! �C�C.M 0;r 0/:

In conclusion:

Proposition 8.16. The functors �C and �C are quasi-inverse one to the other.

Proof of Proposition 8.9. One can extend the previous results by replacing
OX.�D/ with A modD

eX
and OX 0.�E 0/ with A modE0

eX 0
. In order to do this, we now

assume that D and E 0 have normal crossings. By the first assumption in the
proposition, we have a morphism e� W eX ! eX 0 lifting � . By the preliminaries
above, we can write M D OX.�D/˝��1OX0 .�E0/ �

�1M 0. Therefore,

A modD
eX

˝
$�1OX

M D A modD
eX

˝
e��1$ 0�1OX0

e��1$ 0�1M 0:

Since A modD
eX

(resp. A modE0

eX 0
) is flat over $�1OX.�D/ (resp. $ 0�1OX 0.�E 0/)

(dimX 6 2) or since M is locally stably free over OX.�D/ (dimX > 3), it follows
from Proposition 8.7 and the projection formula that

Re��.A modD
eX

˝
$�1OX .�D/

M / D Re��.A modD
eX

L˝
$�1OX .�D/

M /

D A modE0

eX 0

L˝
$ 0�1OX0

$ 0�1M 0

D A modE0

eX 0
˝

$ 0�1OX0

$ 0�1M 0;

and therefore the latter term is equal to e��.A modD
eX

˝$�1OX
M /. Arguing similarly

after tensoring with ˝k gives that each term of the complex DRmodD M is
e��-acyclic and that e�� DRmodD M and DRmodE0

M 0 are isomorphic termwise.
Moreover, the connection ��r on e��.A modD

eX
˝$�1OX

M / coincides, via a

diagram similar to (8.15) to the connection �Cr on A modE0

eX 0
˝$ 0�1OX0

$ 0�1M 0.
Extending this isomorphism to the de Rham complexes gives

DRmodE0

M 0 ��! e�� DRmodD M ' Re�� DRmodD M : ut
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8.5 Examples of Moderate de Rham Complexes

We consider the local setting where .X; 0/ is a germ of complex manifold, D
is a divisor with normal crossing in X (defined by t1 � � � t` D 0 in some
coordinate system .t1; : : : ; tn/ and, setting L D f1; : : : ; `g, eX D eX.Di2L/, with
Di D fti D 0g. We will give examples of computation of moderate de Rham
complexes DRmodD.E '/, with ' 2 OX;0.�D/=OX;0, and E ' WD .OX.�D/; dCd'/.
In the following, we assume that ' ¤ 0 in OX;0.�D/=OX;0.

Proposition 8.17. Assume that there exists m 2 N` such that ' D t�mu.t/ mod
OX;0, with u 2 OX;0 and u.0/ ¤ 0. Then DRmodD.E '/ has cohomology in degree 0
at most.

Proof. This is a direct consequence of theorems in asymptotic analysis due to
Majima [48]. See a proof in [28, Appendix, Theorem A.1]. ut

On the other hand, if u.0/ D 0, the result does no longer hold, as shown by the
following example.

Example 8.18. Assume that X D C2 with coordinates x; y, D D fy D 0g and
' D x2=y. Let $ W eX.D/ ! X be the real blowing-up of D in X . Then
DRmodD.E '/ has a nonzero H 1.

Proof. By Proposition 8.17, H 1 DRmodD.E '/ is supported on $�1.0; 0/ ' S1y ,
since ' satisfies the assumption of this proposition away from x D 0. In order
to compute this sheaf, we will use a blowing-up method similar to that used in
Chap. 7, in order to reduce to local computations where Proposition 8.17 applies. In
the following, we will fix �o 2 S1y and we will compute the germ H 1 DRmodD.E '/

at �o.
Let e W Y ! X be the complex blowing-up of the origin in X . It is covered

by two affine charts, Y1 with coordinates .x; v/ with e.x; v/ D .x; xv/ and Y2 with
coordinates .u; y/ with e.u; y/ D .yu; y/. On Y1 \ Y2, we have v D 1=u, and these
are the coordinates on the exceptional divisor E ' P1. We still denote by D the
strict transform of D, which is defined by v D 0 in Y1 (and does not meet Y2).
We have a natural map ee W eY .D;E/ ! eX.D/, and by Proposition 8.9, we have
DRmodD.E '/ D Ree� DRmodF .E  /, where F D D [E D e�1.D/ and  D ' ı e.
Restricting to argy D �o gives, by proper base change,

H 1 DRmodD.E '/�o D H 1
�

ee�1.�o/;DRmodF .E  /
�

:

Chart Y2. We have eY2 D eY2.E/ and, on Y2,  D yu2 D 0 mod OY2 . Therefore,
according to Proposition 8.17, DRmodE.E  / has cohomology in degree 0 only
on eY2, and H 0 DRmodE.E  / is the constant sheaf C. Let us note that @eY2 D A1�S1y ,

so the restriction to argy D �o of DRmodE.E  / is the constant sheaf CA1 .
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Chart Y1. We have eY1 D eY1.D;E/ and @eY1jE D S1x � S1v � Œ0;1/, where jvj runs
in Œ0;1/. The map ee W @eY1jE ! S1y is the composed map

S1x � S1v � Œ0;1/ �! S1x � S1v �! S1y

.˛; ˇ/ 7�! ˛ˇ;

so, in this chart, ee�1.�o/ ' S1 � Œ0;1/ and we can assume S1 D S1v so that we
can identify ee�1.�o/ in @eY to a closed disc having S1v as boundary. We also have
 D x=v.

Claim. The complex DRmodF .E  / has cohomology in degree 0 at most on
eY1.D;E/.

Assuming this claim is proved, it is not difficult to compute H 0 DRmodF .E  /�o .
In the chart Y2, this has been done previously, so we are reduced to compute
it on S1v (boundary of the closed disc ee�1.�o/). The H 0 is zero unless
argx � arg v D �o � 2 arg v 2 .�=2; 3�=2/ mod 2� .

Conclusion. The complex DRmodF .E  /�o on ee�1.�o/ has cohomology in degree 0
only, and is the constant sheaf on � [ I1 [ I2, extended by 0 to �, where � is an
open disc in C and I1 and I2 are two opposite (and disjoint) open intervals of length
�=2 on @�. It is now an exercise to show that dim H 1

�

ee�1.�o/;DRmodF .E  /
� D 1.

ut
Proof of the claim. Let us sketch it. The question is local in the .x; v/-chart, on
S1x � S1v . We blow up the origin in this chart Y1 and get an exceptional divisor
G ' P1 with coordinates v1 D 1=u1. On the blow-up space Z1, in the chart Z11
with coordinates .x; v1/, the blowing-up map " is .x; v1/ 7! .x; v D xv1/ and we
have 
 WD  ı " D x=v D 1=v1. In the chart Z12 with coordinates .u1; v/, the
blowing-up map " is .u1; v/ 7! .x D u1v; v/ and we have 
 D x=v D u1.

On eZ12jF , e" is the composed map

S1u1 � S1v � Œ0;1/ �! S1u1 � S1v �! S1x � S1v
.˛; ˇ/ 7�! .˛ˇ; ˇ/;

where ju1j varies in Œ0;1/. On this space, DRmodF .E 
/ is the constant sheaf C.
Similarly, on eZ11jF , e" is the composed map

S1x � S1v1 � Œ0;1/ �! S1x � S1v1 �! S1x � S1v
.˛; �/ 7�! .˛; ˛�/;

and jv1j varies in Œ0;1/. On this space, DRmodF .E 
/ has cohomology in degree 0
at most, after Proposition 8.17, and is the constant sheaf C, except on jv1j D 0,
arg v1 62 .�=2; 3�=2/ mod 2� , where it is zero.
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Let us fix a point .˛o; ˇo/ 2 S1x � S1v . We have e"�1.˛o; ˇo/ ' Œ0;C1�, and
H k DRmodF .E  /.˛o;ˇo/ D Hk.Œ0;C1�;F.˛o;ˇo//, where F.˛o;ˇo/ is the constant
sheaf C if �o WD ˇo˛o�1 62 .�=2; 3�=2/ mod 2� , and the constant sheaf on
.0;C1� extended by 0 at 0 otherwise.

In the first case, we haveHk D 0 for any k > 1, and in the second case we have
Hk D 0 for any k > 0. ut



Chapter 9
Stokes-Filtered Local Systems Along a Divisor
with Normal Crossings

Abstract We construct the sheaf I to be considered as the index sheaf for Stokes
filtrations. This is a sheaf on the real blow-up space of a complex manifold along a
family of divisors. We will consider only divisors with normal crossings. The global
construction of I needs some care, as the trick of considering a ramified covering
cannot be used globally. The important new notion is that of goodness. It is needed
to prove abelianity and strictness in this setting, generalizing the results of Chap. 3.

9.1 Introduction

After having introduced the real blow-up spaces in the previous chapter, we now
extend the notion of a Stokes-filtered local system in higher dimension, generalizing
the contents of Chaps. 2 and 3. For this purpose, we first define the sheaf I of
ordered abelian groups, which will serve as the indexing sheaf for the Stokes
filtrations. The general approach of Chap. 1 will now be used, and the sheaf I will
be constructed in a way similar to that used in Remark 2.23. The present chapter
was indeed the main motivation for developing Chap. 1. We will make precise the
global construction of the sheaf I, since the main motivation of this chapter is to be
able to work with Stokes-filtered local systems globally on the real blow-up space
eX.Dj2J /.

However, the order of a local section ' of I is strongly related to the asymptotic
behaviour of exp' on @eX.Dj2J /. This behaviour is in general difficult to analyze,
unless ' behaves like a monomial with negative exponents. For instance, the
asymptotic behaviour of exp.x1=x2/ near x1 D x2 D 0 is not easily analyzed,
while that of exp.1=x1x2/ is easier to understand. This is why we introduce the
notion of pure monomiality. Moreover, given a finite subset ˚ of local sections
of I, the asymptotic comparison of the functions exp' with ' 2 ˚ leads to
considering the condition “good”, meaning that each nonzero difference ' �  

of local sections of ˚ is purely monomial. The reason for considering differences
' �  of elements of ˚ is, firstly, that it allows one to totally order the elements

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 9, © Springer-Verlag Berlin Heidelberg 2013
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of ˚ with respect to the order of the pole and, secondly, that these differences are
the exponential factors of the endomorphism of a given Stokes-filtered local system
having ˚ as exponential factors, and the corresponding Stokes-filtered local system
is essential in classification questions. Of course, pure monomiality and goodness
are automatically satisfied in dimension one.

The analogues of the main results of Chaps. 2 and 3 are therefore proved
assuming goodness. We will find this goodness assumption in various points later
on, and the notion of Stokes filtration developed in this text always assumes
goodness.

9.2 The Sheaf I on the Real Blow-Up (Smooth Divisor Case)

Let X be a smooth complex manifold and let D be a smooth divisor in X . Let
$ W eX.D/ ! X be “the” real blow-up space of X along D (associated with the
choice of a section f W OX ! OX.D/ of L.D/ defining D, see Sect. 8.2). We also
denote bye{; ej the inclusions @eX.D/ ,! eX.D/ and X� ,! eX.D/.

In order to construct the sheaf I, we will adapt to higher dimensions the
construction of Remark 2.23. We consider the sheaf ej�OX� and its subsheaf
.ej�OX�/lb of locally bounded functions on eX . We will construct I as a subsheaf
of the quotient sheaf ej�OX�=.ej�OX�/lb (which is supported on @eX ). It is the union,
over d 2 N

�, of the subsheaves Id that we define below.
Let us start with I1. There is a natural inclusion $�1OX.�D/ ,! ej�OX� , and

$�1OX D $�1OX.�D/ \ .ej�OX�/lb, since a meromorphic function which is
bounded in some sector centered on an open set of D is holomorphic. We then set
eI1 D $�1OX.�D/ � ej�OX� and I1 D $�1.OX.�D/=OX/ � ej�OX�=.ej�OX�/lb.

Locally on D, we can define ramified coverings �d W Xd ! X of order d
alongD, for any d . Let e�d W eXd ! eX be the corresponding covering. The subsheaf
eId � ej�OX� of d -multivalued meromorphic functions on eX is defined as the
intersection of the subsheaves ej�OX� and e�d;�eIeXd ;1

of e�d;� ejd;�OX�

d
D ej��d;�OX�

d
.

As above, we have eId \ .ej�OX�/lb D ej�OX� \ e�d;�$�1
d OXd . The sheaf Id

is then defined as the quotient sheaf eId=eId \ .ej�OX�/lb. This is a subsheaf of
ej�OX�=.ej�OX�/lb.

The locally defined subsheaves eId (and thus Id ) glue together as a subsheaf of
ej�OX� , since the local definition does not depend on the chosen local ramified
d -covering. Similarly, Id exists as a subsheaf of ej�OX�=.ej�OX�/lb all overD.

Definition 9.1 (Case of a smooth divisor). The sheaf eI (resp. I) is the union of the
subsheaves eId (resp. Id ) of ej�OX� (resp. ej�OX�=.ej�OX�/lb) for d 2 N

�.

Definition 9.2 (I as a sheaf of ordered abelian groups). The sheafe{�1ej�OX� is
naturally ordered by setting .e{�1ej�OX�/60 D log A modD

eX.D/
(see Sect. 8.4). In this

way, eI inherits an order: eI60 D eI \ log A modD
eX.D/

. This order is not altered by adding

a local section of .ej�OX�/lb, and thus defines an order on I.



9.3 The Sheaf I on the Real Blow-Up (Normal Crossing Case) 133

Lemma 9.3. For any local ramified covering �d W .Xd ;D/ ! .X;D/ of
order d along D, e��1

d
eId is identified with $�1

d OXd .�D/ and e��1
d Id with

$�1
d .OXd .�D/=OXd /. This identification is compatible with order.

Proof. The proof is completely similar to that given in Remark 2.23. ut

9.3 The Sheaf I on the Real Blow-Up (Normal Crossing Case)

Let us now consider a family .Dj2J / of smooth divisors of X whose union D
has only normal crossings, and the corresponding real blowing-up map $ W
eX.Dj2J / ! X . We will consider multi-integers d 2 .N�/J . The definition of
the sheaves eId and Id is similar to that in dimension one.

Let us set 1 D .1; : : : ; 1/ (#J terms) and eI1 D $�1OX.�D/ � ej�OX� . Let us
fix xo 2 D, let us denote by D1; : : : ;D` the components of D going through xo,
and set exo 2 $�1.xo/ ' .S1/`. Then a local section of $�1OX.�D/ near exo
is locally bounded in the neighbourhood of exo if and only if it is holomorphic in
the neighbourhood of xo. In other words, as in the smooth case, $�1OX.�D/ \
.ej�OX�/lb D $�1.OX/.

We locally define eId near xo, by using a ramified covering �d of .X; xo/ along
.D; xo/ of order d D .d1; : : : ; d`/, by the formula eId WD e�d ;�Œ$d ;�OXd

.�D/� \
ej�OX� , and Id by Id WD eId=eId \ .ej�OX�/lb.

The locally defined subsheaves eId glue together all over D as a subsheaf eId of
ej�OX� . We also set globally Id D eId=eId \ .ej�OX�/lb.

Definition 9.4. The subsheaf eI � ej�OX� is the union of the subsheaves eId for
d 2 .N�/J . The sheaf I is the subsheaf eI=eI \ .ej�OX�/lb of ej�OX�=.ej�OX�/lb.

Definition 9.5. The order on eI is given by eI60 WD eI \ log A modD
eX.Dj2J /

. It is stable by

the addition of an element of .ej�OX�/lb and defines an order on I.

Lemma 9.6. For any local ramified covering �d W .Xd ;D/ ! .X;D/ of
order d along .Dj2J /, e��1

d
eId is identified with $�1

d OXd
.�D/ and e��1

d Id with
$�1

d

�

OXd
.�D/=OXd

�

. These identifications are compatible with order.

Proof. Same proof as in Remark 2.23. ut
Remark 9.7. For any subset I � J , let DI denote the intersection

T

j2I Dj and

set Dı
I D DI X S

j2JXI Dj . Set also YI D $�1.Dı
I / � @eX.Dj2J /. The family

Y D .YI /I�J is a stratification of @eX which satisfies the property (1.43). Moreover,
the sheaf I is Hausdorff with respect to Y (this is seen easily locally on D).
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9.4 Goodness

The order on sections of I is best understood for purely monomial sections of I. Let
us use the following local notation. We consider the case where X D �` � �n�`
with base point 0 D .0`; 0n�`/, and Di D fti D 0g (i 2 L WD f1; : : : ; `g) and
D D S`

iD1 Di . The real blowing-up map

$L W eX.Di2L/ D .S1/` � Œ0; 1/` ��n�` �! X D �` ��n�`

is defined by sending .ei�j ; �j / to tj D �j e
i�j (j D 1; : : : ; `).

� In the non-ramified case (i.e., we consider sections of I1), a germ � at � 2
.S1/` D .S1/` � 0` � 0n�` � .S1/` � Œ0; 1/` ��n�` of section of I1 is nothing
but a germ at 0 2 X of section of OX.�D/=OX .

Definition 9.8. We say that � is purely monomial at 0 if � D 0 or � is the class of
t�mum, with m 2 N

` X f0g, um 2 OX;0 and um.0/ ¤ 0. We then set m D m.�/ with
the convention that m.0/ D 0, so that m.�/ D 0 iff � D 0.

For � 2 OX;0.�D/=OX;0, written as
P

k2Z`�Nn�` �kt
k, the Newton polyhedron

NP.�/ � R
` � R

n�`C is the convex hull of R
nC and the octants k C R

nC for
which �k ¤ 0. Then � is purely monomial if and only if NP.�/ is an octant
.�m; 0n�`/C R

nC with m 2 N
`.

If � is purely monomial, we have for every � 2 .S1/`:

� 6
�
0 ” � D 0 or arg um.0/� P

j mj �j 2 .�=2; 3�=2/ mod 2�: (9.9)

If � ¤ 0 and � is purely monomial at 0, it is purely monomial on some
open set Y D .S1/` � V (with V an open neighbourhood of 0n�` in �n�`,
embedded as 0` � V � Œ0; 1/` � �n�`), and Y�60 is defined by the inequation
arg um.v/ � P

j mj �j 2 .�=2; 3�=2/ mod 2� , where v varies in the parameter
space V . For v fixed, it is the inverse image by the fibration map .S1/n ! S1,
.ei�1 ; : : : ; ei�n/ 7! ei.m1�1C���Cmn�n/, of a set of the kind defined at the end
of Example 1.4. This set rotates smoothly when v varies in V . Similarly, the
boundary St.�; 0/ of Y�60 in Y is the pull-back by the previous map of a subset
of S1 � V which is a finite covering of V . It has codimension one in Y .

� The order on Id is described similarly after a ramification which is cyclic of
order di around the componentDi of D.

For non-purely monomial elements, we still have the following (e.g. in the non-
ramified case).

Proposition 9.10. For every '; 2 � .U;OX.�D/=OX/, the set Y 6' is
subanalytic in Y and its boundary St.';  / has (real) codimension > 1 in Y .

Lemma 9.11. Let � 2 � .U;OX.�D/=OX/ and let x 2 D. Then there exists a
projective modification " W U 0 ! U of some open neighbourhood U of x in X ,
which is an isomorphism away from D, such thatD0 WD j"�1.D \U /j is a reduced
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divisor with normal crossings and smooth components, and � ı " is locally purely
monomial everywhere on D0.

Proof of Proposition 9.10. Set � D  � ' D t�mum with m 2 N
` X f0g and um

holomorphic. We have Y 6' D Y�60. The purely monomial case (um ¤ 0

everywhere on U \ D) has been treated above. The statement is local subanalytic
on U , and for any point of U we replace U by a subanalytic open neighbourhood
of this point, that we still denote by X , on which Lemma 9.11 applies. If we
set D0 D S

j D
0
j , we have natural real analytic proper maps (see Sect. 8.2)

e" W eX 0.D0
j2J / ! eX . Let us set Y 0 D e"�1.Y /. Then Y 0

�ı"60 D e"�1.Y�60/ since e�

has moderate growth near exo 2 Y if and only if e�ı" has moderate growth near
any ex0

o 2 e"�1.exo/, by the properness of e". As a consequence, the set Y X Y�60
is the push-forward by e" of the set Y 0 X Y 0

�ı"60. Using the purely monomial case
considered previously, one shows that Y 0 XY 0

�ı"60 is closed and semi-analytic in Y 0.
The subanalyticity of Y�60 follows then from Hironaka’s theorem [31] on the proper
images of sub- (or semi-) analytic sets, and stability by complements and closure.
The statement for St.';  / also follows. ut
Sketch of the proof of Lemma 9.11. By using the resolution of singularities in the
neighbourhood of x 2 U , we can find a projective modification "1 W U1 ! U such
that the union of the divisors of zeros and of the poles of � form a divisor with
normal crossings and smooth components in U1 (so that, locally in U1 and with
suitable coordinates, � ı "1 takes the form of a monomial with exponents in Z).
The problem is now reduced to the following question: given a divisor with normal
crossings and smooth components D1 in U1, attach to each smooth component an
integer (the order of the zero or minus the order of the pole of � ı "1), so as to write
D1 D DC

1 [ D0
1 [ D�

1 with respect to the sign of the integer; to any projective
modification "2 W U2 ! U1 such thatD2 WD "�1

2 .D1/ remains a divisor with normal
crossings and smooth components, one can associate in a natural way a similar
decomposition; we then look for the existence of such an "2 such that D�

2 and DC
2

do not intersect.
We now denote U1 by X and D1 by D D S

j2J Dj . The divisor D is naturally
stratified, and we consider minimal (that is, closed) strata. To each such stratum is
attached a subset L of J consisting of indices j for whichDj contains the stratum.
Because of the normal crossing condition, the cardinal of this subset is equal to the
codimension of the stratum DL. We set D.L/ D S

j2L Dj . We will construct the
modification corresponding to this stratum with a toric argument. Let us set ` D #L
and, for each j 2 L, let us denote by Ij the ideal of Dj in OX .

As is usual in toric geometry (see [14, 24, 74] for instance), we consider the
space R

` equipped with its natural lattice N WD Z
` and the dual space .R_/`

equipped with the dual lattice M . To each rational cone 	 in the first octant .RC/`
we consider the dual cone 	_ 2 .R_/` and its intersection with M . This allows us
to define a sheaf of subalgebras

P

m2	_\M I m1
1 � � �I m`

` of OX.�D.L//. Locally
on DL, if Dj is defined by fxj D 0g, this is OX ˝CŒx1;:::;x`�CŒ	

_ \M�, hence this
sheaf of subalgebras corresponds to an affine morphismX	 ! X . Similarly, to any
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a fan ˙ in the first octant .RC/` one associates a morphism X˙ ! X , which is
a projective modification if the fan completely subdivides the octant. Moreover, if
each cone of the fan is strictly simplicial, the space X˙ is smooth and the pull-back
of the divisorD.L/ has normal crossings with smooth components.

We will now choose the fan ˙ . To each basis vector ej of R
` is attached a

multiplicity 
j 2 Z, namely the order of � ı "1 along Dj . We consider the trace H
on .RC/` of the hyperplane f.n1; : : : ; n`/ 2 R

` j P

j 
j nj D 0g and we choose

a strictly simplicial fan in .RC/` such that H is a union of cones of this fan. For
each basis vector .n1; : : : ; n`/ 2 N

` of a ray (dimension-one cone) of this fan,
the multiplicity of the pull-back of � ı "1 along the divisor corresponding to this
ray is given by

P

j 
j nj . Therefore, for each `-dimensional cone of the fan, the
multiplicities at the rays all have the same sign (or are zero).

The proof of the Lemma now proceeds by decreasing induction on the maximal
codimension ` of closed strata of D which are contained both in DC and D�. In
the space R

J we consider the various subspaces R
L (L � J ) corresponding to

these closed strata of D. We subdivide each octant .RC/L by a strict simplicial fan
as above. We also assume that the fans coincide on the common faces of distinct
subspaces R

L. We denote by ˙ the fan we obtain in this way. In order to obtain
such a ˙ , one can construct a strict simplicial fan completely subdividing .RC/J
which is compatible with the hyperplane

P

j2J 
j nj D 0 and with the various
octants .RC/L corresponding to codimension ` strata ofD contained in DC \D�,
and then restrict it to the union of these octants .RC/L. We also consider the sheaves
P

m2	_\MJ

Q

j2J I
mj
j � OX.�D/ for 	 2 ˙ , and get a projective modification

"˙ W X˙ ! X . By construction, the maximal codimension of closed strata of
"�1
˙ .D/ contained in "�1

˙ .D/C \ "�1
˙ .D/� is 6 ` � 1. ut

For a finite set ˚ � OX;0.�D/=OX;0, the notion of pure monomiality is replaced
by goodness (see also Remark 11.5(4) below).

Definition 9.12 (Goodness). We say that a finite subset ˚ of OX;0.�D/=OX;0 is
good if #˚ D 1 or, for any ' ¤  in ˚ , ' �  is purely monomial, that is,
the Newton polyhedron NP.' �  / is an octant with vertex in �N

` � f0n�`g (see
Definition 9.8).

Remark 9.13. Let us give some immediate properties of local goodness (see [81,
I.2.1.4]).

1. Any subset of a good set is good, and any subset consisting of one element
(possibly not purely monomial) is good. If ˚ is good, then its pull-back ˚d by
the ramification Xd ! X is good for any d . Conversely, if ˚d is good for some
d , then ˚ is good.

2. More generally, let f W X 0 ! X be a morphism of complex manifolds and let
.Dj2J / be a family of smooth divisors in X whose union D is a divisor with
normal crossings. We set D0 D f �1.D/, and we assume that D0 D S

j 02J 0 D0
j 0

is also a divisor with normal crossings and smooth componentsD0
j 02J 0 . We will

usually denote by f W .X 0;D0/ ! .X;D/ a mapping satisfying such properties.
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If ˚ � OX;xo.�D/=OX;xo is good, then for any x0
o 2 f �1.xo/, the subset

.f �˚/x0

o
� OX 0;x0

o
.�D0/=OX 0;x0

o
is good.

3. Any germ '0 of OX;0.�D/=OX;0 defines in a unique way a germ 'x 2
OX;x.�D/=OX;x for x 2 D \ U , U some open neighbourhood of 0. Indeed,
choose a lifting '�

0 in OX;0.�D/. It defines in a unique way a section '� of
� .U;OU .�D// for U small enough. Its germ at x 2 U \ D is denoted by '�

x .
Its image in OX;x.�D/=OX;x is 'x. Given two liftings '�

0 and '?0 , their difference
is in OX;0. Choose U so that '� and .'� � '?/ are respectively sections of
� .U;OU .�D// and � .U;OU /. Then these two liftings give the same 'x.

Similarly, any finite subset ˚ of OX;0.�D/=OX;0 defines in a unique way a
finite subset, still denoted by ˚ , of OX;x.�D/=OX;x for any x close enough to 0.

Then, if ˚ is good at 0, it is good at any point of D in some open
neighbourhood of 0. Note however that a difference ' �  which is non-zero
at 0 can be zero along some components of D, a phenomenon which causes Iét

to be non-Hausdorff.
4. A subset ˚ is good at 0 if and only if for some (or any) � 2 OX;0.�D/=OX;0 the

translated subset ˚ C � is good.
5. For a good set ˚ � OX;0.�D/=OX;0, and for any fixed 'o 2 ˚ , the subset

fm.' � 'o/ j ' 2 ˚g � N
` is totally ordered (i.e., the Newton polyhedra

NP.' � '0/ form a nested family). Its maximum does not depend on the choice
of 'o 2 ˚ , it is denoted by m.˚/ and belongs to N

`. We have m.˚/ D 0 iff
#˚ D 1. We have m.˚ C �/ D m.˚/ for any � 2 OX;0.�D/=OX;0.

6. Assume ˚ is good. Let us fix 'o 2 ˚ and set m WD m.˚/. The set fm. �'o/ j
 2 ˚g is totally ordered, and we denote by ` D `'o its submaximum. For any
' ¤ 'o in ˚ such that m.' � 'o/ D m, we denote by Œ' � 'o�` the class of
' � 'o in OX;0.�D/=OX;0.

P

`iDi /. For such a ', the set

˚Œ'�'o�` WD f 2 ˚ j Œ � 'o�` D Œ' � 'o�`g � ˚

is good at 0, and m.˚Œ'�'o�` / < m D m.˚/. Indeed, for any  2 ˚Œ'�'o�` ,
 � 'o can be written ' � 'o C t�`u .t/ with u .t/ 2 Cftg, and the difference
of two such elements  ; � 2 ˚Œ'�'o�` is also written as t�`v.t/ with v.t/ 2 Cftg.

Let e˙L � Iét
jYL be a finite covering of YL (see Sect. 9.3). There exists d such

that the pull-back e˙L;d of e˙L by the ramification eXd ! eX is a trivial covering
of .S1/` � DL. Hence there exists a finite set ˚d � OXd

.�D/=OXd
such that the

restriction of e˙L;d over .S1/` � f0g is equal to ˚d � .S1/` � f0g. We say that e˙L is
good at 0 2 DL if the corresponding subset ˚d is good for some (or any) d making
the covering trivial. By the previous remark, if e˙L is good at 0, it is good in some
neighbourhood of 0 2 DL. Moreover, if f W X 0 ! X is as in Remark 9.13(2), if
e˙L is good at 0 then ef �.e˙L/ is good at each point of f �1.0/.

Let us now consider a stratified I-covering e˙ � Iét of eX (see Definition 1.46).

Lemma 9.14. If e˙L is good at 0 2DL, each e˙I is good on some neighbourhood
of 0.
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Proof. Assume first that e˙L ! YL D .S1/L��n�` is trivial and thus e˙L D ˚�YL
for some finite good set˚ � OX;0.�D/=OX;0. Then, if�n is small enough, we have
e˙ D S

'2˚ '.e�n/ and the assertion follows from Remark 9.13(3).
In general, one first performs a suitable ramification around the components ofD

to reduce to the previous case. ut
Lastly, let us consider the global setting, where X is a complex manifold and

.Dj2J / is a family of smooth divisors on X which intersect normally, and the sheaf
of ordered abelian groups I on @eX.Dj2J / is as in Definitions 9.4 and 9.5. For any
nonempty subset I of J , we set DI D T

i2I Di and Dı
I D DI X S

j2JXI Dj . The
family .Dı

I /¿¤I�J is a Whitney stratification of D D S

j2J Dj .

Definition 9.15 (Global goodness). Let us consider a stratified I-covering e˙ �
Iét. We say that it is good if each e˙I is good at each point of Dı

I .

9.5 Stokes Filtrations on Local Systems

As above, .Dj2J / is a family of smooth divisors onX which intersect normally, and
the sheaf of ordered abelian groups I on @eX.Dj2J / is as in Definitions 9.4 and 9.5.

Definition 9.16 (Stokes-filtered local system). Let L be a local system of
k-vector spaces on @eX.Dj2J /. A Stokes filtration of L is a I-filtration of L , in
the sense of Definition 1.47. We denote by .L ;L

�
/ a Stokes-filtered local system.

Remark 9.17. We will freely extend in the present setting the notation of Chap. 2
and use some easy properties considered there. In the non-ramified case for instance,
the sheaves L6' are R-constructible, according to Proposition 9.10.

Definition 9.18 (Goodness). We say that a Stokes-filtered local system .L ;L
�
/ is

good if its associated stratified I-covering e˙.L / � Iét, which is the union of the
supports of the various gr LjYI (with YI D $�1.Dı

I /), is good.

Theorem 9.19. Let us fix a good stratified I-covering e˙ � Iét and let .L ;L
�
/,

.L 0;L 0
�
/ be Stokes-filtered local systems on eX.Dj2J / whose associated I-stratified

coverings e˙.L /; e˙.L 0/ are contained in e˙ . Let � W .L ;L
�
/ ! .L 0;L 0

�
/ be a

morphism of local systems which is compatible with the Stokes filtrations. Then � is
strict.

Corollary 9.20. If e˙ is good, the category of Stokes-filtered local systems
satisfying e˙.L / � e˙ is abelian.

This will be a consequence of the following generalization of Theorem 3.5.

Proposition 9.21. Assume that e˙.L /; e˙.L 0/ � e˙ for some good stratified
I-covering e˙ � Iét. Let � be a morphism of local systems compatible with the
Stokes filtrations. Then, in the neighbourhood of any point of @eX.Dj2J / there exist
gradations of the Stokes filtrations such that the morphism is diagonal with respect
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to them. In particular, it is strict, and the natural I-filtrations on the local systems
Ker�, Im� and Coker � are good Stokes-filtered local systems. Their associated
stratified I-coverings satisfy

e˙.Ker �/ � e˙.L /; e˙.Coker �/ � e˙.L 0/; e˙.Im�/ � e˙.L / \ e˙.L 0/:

Preliminary reductions. As in the one-dimensional case, one reduces to the non-
ramified case by a suitable d-cyclic covering. Moreover, the strictness property is
checked on the germs at any point of @eX , so we can work in the local setting of
Sect. 9.3 and restrict the filtered local system to the torus .S1/`. We will moreover
forget about the term �n�` and assume that ` D n.

In the following, we will give the proof for a I-local system on the torus .S1/n in
the non-ramified case, that is, I is the constant sheaf with fibre Pn D Cft1; : : : ; tng
Œ.t1 � � � tn/�1�=Cft1; : : : ; tng. As this sheaf satisfies the Hausdorff property, many of
the arguments used in the proof of Theorem 3.5 can be extended in a straightforward
way for Proposition 9.21. Nevertheless, we will give the proof with details, as the
goodness condition is new here.

Level structure of a Stokes filtration. For every ` 2 N
n, we define the notion

of Stokes filtration of level > ` on L , by replacing the set of indices Pn D
CŒt; t�1�=CŒt � (t D t1; : : : ; tn) by the set Pn.`/ WD CŒt; t�1�=t�`

CŒt � (with t�` WD
t
�`1
1 � � � t�`n

n ). We denote by Œ��` the map CŒt; t�1�=CŒt � ! CŒt; t�1�=t�`
CŒt �. The

constant sheaf I.`/ is ordered as follows: for connected open set U of .S1/n and
Œ'�`; Œ �` 2 Pn.`/, we have Œ �` 6U Œ'�` if, for some (or any) representatives '; 
in CŒt; t�1�, ejt j`. �'/ has moderate growth along D in a neighbourhood of U in X
intersected with X�. In particular, a Stokes filtration as defined previously has level
> 0. level > 0.

Lemma 9.22. The natural morphism I ! I.`/ is compatible with the order.

Proof. Let U be a connected open set in .S1/n and let K be a compact set in U .
Let � 2 Pn (or a representative of it). We have to show that if e� has moderate
growth alongD on nb.K/ XD, then so does ejt j`�. Let " W X 0 ! X be a projective
modification as in the proof of Proposition 9.10, let e" be the associated morphism
of real blow-up spaces, and let K 0 � Y 0 be the inverse image of K in Y 0. Then e�

has moderate growth alongD on nb.K/XD iff e�ı" has moderate growth alongD0
on nb.K 0/XD0 ' nb.K/XD. It is therefore enough to prove the lemma when � is
purely monomial, and the result follows from (9.9). ut

Given a Stokes filtration .L ;L
�
/ (of level > 0), we set

L6Œ'�` D
X

 

ˇŒ �` 6Œ'�` L6 ;
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where the sum is taken in L . Then

L<Œ'�` WD
X

Œ �`

ˇŒ �`<Œ'�` L6Œ �` D
X

 

ˇŒ �`<Œ'�` L6 :

We can also pre-I-filter grŒ'�` L by setting, for  2 Pn,

.grŒ'�` L /6 D .L6 \ L6Œ'�` C L<Œ'�` /=L<Œ'�` :

Proposition 9.23. Assume .L ;L
�
/ is a Stokes filtration (of level > 0) and let ˚

be the finite set of its exponential factors.

1. For each ` 2 N
n, L6Œ��` defines a Stokes filtration .L ;LŒ��` / of level > ` on L ,

grŒ'�` L is locally isomorphic to
L

 ; Œ �`DŒ'�` gr L , and the set of exponential
factors of .L ;LŒ��` / is ˚.`/ WD image.˚ ! Pn.`//.

2. For every Œ'�` 2 ˚.`/, .grŒ'�` L ; .grŒ'�` L /
�
/ is a Stokes filtration and its set of

exponential factors is the pull-back of Œ'�` by ˚ ! ˚.`/.
3. Let us set

�

gr` L ; .gr` L /
�

� WD L

Œ �`2˚.`/
�

grŒ �` L ; .grŒ �` L /
�

�

:

Then .gr` L ; .gr` L /
�
/ is a Stokes-filtered local system (of level > 0) which is

locally isomorphic to .L ;L
�
/.

Proof. Similar to that of Proposition 3.8. ut
Remark 9.24. Similarly to Remark 3.9, we note that, as a consequence of the last
statement of the proposition, given a fixed Stokes-filtered local system .G`;G`;�/
graded at the level ` > 0, the pointed set of isomorphism classes of Stokes-filtered

local systems .L ;L
�
/ equipped with an isomorphism f` W .gr` L ; .gr` L /

�
/

��!
.G`;G`;�/ is in bijection with the pointed set H1

�

.S1/`;Aut<0.G`;G`;�/
�

.

Proof of Proposition 9.21. Let ˚ be a good finite set in Pn such that #˚ > 2. As in
Remark 9.13(5), let us set m D m.˚/ D maxfm.' �  / j ' ¤  2 ˚g and let
us fix 'o 2 ˚ for which there exists ' 2 ˚ such that m.' � 'o/ D m. The subset
fm.' � 'o/ j ' 2 ˚g is totally ordered, its maximum is m, and we denote by ` its
submaximum (while m is independent of 'o, ` may depend on the choice 'o).

Let ' 2 ˚ � 'o. If m.'/ D m, then the image of ' in .˚ � 'o/.`/ is
nonzero, otherwise ' is zero. For every ' 2 ˚ � 'o, the subset .˚ � 'o/Œ'�` WD
f 2 ˚ � 'o j Œ �` D Œ'�`g is good (any of a good set is good) and
m..˚ � 'o/Œ'�` / 6 ` < m (see Remark 9.13(6)).

Corollary 9.25 (of Proposition 9.23). Let .L ;L
�
/ be a good Stokes filtration,

let˚ 00 be a good finite subset of Pn containing˚.L ;L
�
/, set m D m.˚ 00/, fix 'o as

above and let ` be the corresponding submaximum element of fm.' �'o/j' 2˚ 00g.
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Then, for every Œ'�` 2 .˚ 00 �'o/.`/, .grŒ'�` L Œ�'o�; .grŒ'�` L Œ�'o�/�
/ is a good

Stokes filtration and mmax.grŒ'�` L Œ�'o�; .grŒ'�` L Œ�'o�/�
/6`<m. ut

Let us fix �o 2 .S1/n and ˛1; : : : ; ˛n 2 N
� such that gcd.˛1; : : : ; ˛n/ D 1.

The map � 7! .˛1� C �o;1; : : : ; ˛n� C �o;n/ embeds S1 in .S1/n. In the following,
S1˛;�o denotes this circle.

Let ˚ � Pn be good finite set. Let us describe the Stokes hypersurfaces St.';  /
with ' ¤  2 ˚ . Since ' �  is purely monomial, it is written um.t/t

�m with
m D .m1; : : : ; mn/ 2 N

n X f0g and um.0/ ¤ 0. Then

St.';  / D
n

.�1; : : : ; �n/ 2 .S1/n j P

j mj �j � arg um.0/ D ˙�=2 mod 2�
o

;

so in particular it is the union of translated subtori of codimension one. As a
consequence, the circle S1˛;�o intersects transversally every Stokes hypersurface. We
call Stokes points with respect to ˚ the intersection points when '; vary in ˚ .

Lemma 9.26. Let I be any open interval of S1˛;�o such that, for any '; 2 ˚ ,
card.I \ St.';  // 6 1. Then there exists an open neighbourhood nb.I / such that
the decompositions (1.38) hold on nb.I /.

Proof. A proof similar to that of Lemma 3.12 gives that H1.I;L< jI / D 0 for
any  . We can then lift for any  2 ˚ a basis of global sections of gr LjI as a
family sections of L6 jI , which are defined on some nb.I /. The images of these
sections in gr Ljnb.I / restrict to the given basis of gr LjI and thus form a basis
of gr Ljnb.I / if nb.I / is simply connected, since gr L is a locally constant sheaf.
We therefore get a section gr Ljnb.I / ! L6 jnb.I / of the projection L6 jnb.I / !
gr Ljnb.I /.

For every ' 2 ˚ , we have a natural inclusion ˇ 6'L6 ,! L6' , and we
deduce a morphism

L

 2˚ ˇ 6' gr Ljnb.I / ! L6'jnb.I /, which is seen to be an
isomorphism on stalks at points of I , hence on a sufficiently small nb.I /, according
to the local decomposition (1.38). The same result holds then for any � 2 Pn instead
of ', since L6� D P

'2˚ ˇ'6�L6' and similarly for the graded pieces. ut
Corollary 9.27. In the setting of Corollary 9.25, let us set m D .m1; : : : ; mn/ and
m D P

i mi˛i . Let I be any open interval of S1 of length �=mwith no Stokes points
as boundary points. Then, if nb.I / is a sufficiently small tubular neighbourhood
of I , .L ;L

�
/jnb.I / ' .gr` L ; .gr` L /

�
/jnb.I /.

Proof. By the choice of m and the definition of m, I satisfies the assumption
of Lemma 9.26 for both .L ;L

�
/ and .gr` L ; .gr` L /

�
/, hence, when restricted

to nb.I /, both are isomorphic to the trivial Stokes filtration determined by gr L
restricted to nb.I /. ut
End of the proof of Proposition 9.21. Let � W .L ;L

�
/ ! .L 0;L 0

�
/ be a morphism

of Stokes-filtered local systems on .S1/n with set of exponential factors contained
in ˚ 00. The proof that � is strict and that Ker �, Im� and Coker � (equipped with
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the naturally induced pre-Pn-filtrations) are Stokes filtrations follows from the local
decomposition of the morphism, the proof of which is be done by induction on
m D m.˚ 00/, with ˚ 00 D ˚ [ ˚ 0. The result is clear if m D 0 (so ˚ 00 D f0g),
as both Stokes filtrations have only one jump. The remaining part of the inductive
step is completely similar to the end of the proof of Theorem 3.5 by working on
nb.I / instead of I , and we will not repeat it. We obtain that, for any such I , �jnb.I /

is graded, so this ends the proof of the proposition. ut

9.6 Behaviour by Pull-Back

Let f W .X 0;D0/ ! .X;D/ be a mapping as in Remark 9.13(2). According
to Sect. 8.2, there is a natural morphism ef W eX 0.D0

j 02J 0/ ! eX.Dj2J / lifting

f W X 0 !X . There are natural inclusions ej W X X D D X� ,! eX.Dj2J / and
ej 0 W X 0 XD0 D X 0� ,! eX 0.D0

j 02J 0/, and we have ef ı ej 0 D ej ı f .
Let us describe such a mapping in a local setting: the space .X;D/ is the

polydisc �n with coordinates .x1; : : : ; xn/ and D D fx1 � � �x` D 0g, and
similarly for .X 0;D0/, and f .0/ D 0 in these coordinates. We have coordinates
.�1; : : : ; �`; �1; : : : ; �`; x`C1; : : : ; xn/ on eX , and similarly for eX 0. In these local
coordinates, we set f D .f1; : : : ; fn/, with

f1.x
0/ D u0

1.x
0/x0k1 ; : : : ; f`.x0/ D u0̀ .x0/x0k` ; (9.28)

where u0
j .x

0/ are local units, and kj D .kj;1; : : : ; kj;`0/ 2 N
`0 X f0g. We also have

fj .0/ D 0 for j > ` C 1. We note that the stratum D0
L0 going through the origin

in X 0 (defined by x0
1 D � � � D x0

`0 D 0) is sent to the stratum DL going to the origin
in X (defined by x1 D � � � D x` D 0), maybe not submersively.

When restricted to $ 0�1.D0
L0/ defined by the equations �0

j 0 D 0, j 0 D 1; : : : ; `0,
the map ef takes values in $�1.DL/ and is given by the formula (with �1 D � � � D
�` D 0):

.� 0
1; : : : ; �

0
`0 ; x

0
`0C1; : : : ; x

0
n0/ 7!

0

B

B

B

B

B

B

B

B

B

@

P

k1;i �
0
i C arg u0

1.0; x
0̀
0C1; : : : ; x0

n0/
:::

P

k`;i �
0
i C arg u0̀ .0; x 0̀

0C1; : : : ; x0
n0/

f`C1.0; x 0̀
0C1; : : : ; x0

n0/
:::

fn.0; x
0
`0C1; : : : ; x

0
n0/

1

C

C

C

C

C

C

C

C

C

A

(9.29)

Going back to the global setting, we have a natural morphism f � W
ef �1

ej�OX� ! ej 0�OX 0� , which sends ef �1.ej�OX�/lb to .ej 0�OX 0�/lb. This morphism
is compatible with the order: it sends ef �1A modD

eX.Dj2J /
to A modD0

eX 0.D0

j 0
2J 0

/
.
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We consider the sheaves eI and I on eX and eI0 and I0 on eX 0, relative to the
divisorsD and D0.

Proposition 9.30. The morphism f � sends ef �1
eI to eI0 and induces a morphism

f � W ef �1I ! I0, which is compatible with the order. Moreover, if ef W eX 0 ! eX is
open, the morphism f � is injective and strictly compatible with the order.

Remark 9.31. If dimX D 1, then ef is open. Indeed, there are local coordinates
in X 0 where f is expressed as a monomial. The assertion is easy to see in this case.

Proof of Proposition 9.30. Let us prove the first statement. It is clear that f � sends
ef �1

eI1 to eI0
1. In general, we note that the assertion is local on X and X 0 and, given a

local ramified covering �d W Xd ! X , there is a commutative diagram

X 0
d 0

g
��

�0
d 0

�� X 0

f
��

Xd

�d
�� X

for a suitable d 0 (this is easily seen in local coordinates in X and X 0 adapted to D
and D0). The morphism �0�1

d 0 f
� W �0�1

d 0 f
�1OX� ! �0�1

d 0 OX 0� is identified with
g� W g�1OX�

d
! OX 0�

d0

since �d and �0
d 0 are coverings, and f � is recovered from g�

as the restriction of �0
d 0;�.g

�/ to OX 0� � �0
d 0;�OX 0�

d0

.

As we know that g� sends eg�1$�1
d OXd

.�D/ to $ 0�1
d 0 OX 0

d0

.�D0/, we conclude

by applying �0
d 0;� and intersecting with ej 0�OX 0� that f � sends ef �1

eId to eI0
d 0 , hence

in eI0.
For the injectivity statement, it is enough to prove that, if ef W eX 0 ! eX is open,

then f � W ef �1
ej�OX�= ef �1.ej�OX�/lb ! ej 0�OX 0�=.ej 0�OX 0�/lb is injective. Let y0 2

@eX 0 and set y D ef .y0/ 2 @eX . Note first that @eX 0 D ef �1.@eX/. If V.y0/ is an open
neighbourhood of y0 in eX 0, then ef .V.y0// is an open neighbourhood of y in eX by
the openness assumption, and we have

ef .V.y0// X @eX D ef
�

V.y0/ X ef �1.@eX/
� D ef .V.y0/ X @eX 0/:

If � is a local section of ef �1
ej�OX� at y0, it is defined on such a V.y0/. If f ��

is bounded on V.y0/ X @eX 0, then � is a bounded section of OX� on the open set
ef .V.y0/ X @eX 0/ D ef .V.y0// X @eX , hence is a local section of ef �1.ej�OX�/lb.

Let us show the strictness property. It means that, for any y0 2 ef �1.y/, 'ıf 6
y0
0

implies ' 6y 0 if ' 2 I
eX;y . Let h be a local equation of D and set h0 D h ı f . The

relation ' ı f 6
y0
0 means je' ı f j 6 jh0j�N D jh ı f j�N for some N > 0 on

V.y0/X@eX 0. We then have je' j 6 jhj�N on ef .V.y0//X@eX , hence ' 6y 0 according

to the openness of ef . ut
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In general, the map f � may not be injective. Indeed, (in the local setting) given
' 2 OX;0.�D/=OX;0, f �' may have no poles along D0 near 0 2 X 0. More
precisely, let ' be a local section of I at 0 2 X and let e˙' � Iét be the image
by ' of a small open neighbourhood of 0. Then f � induces a map from ef �1

e˙'

to I0ét whose image is equal to e˙f �' .
With a goodness assumption (which is automatically satisfied in dimension one)

we recover the injectivity.

Lemma 9.32. Assume that ' 2 OX;0.�D/=OX;0 is purely monomial. Then,

f �' D 0 H) ' D 0:

Proof. If ' ¤ 0 let us set ' D U.x/=xm, where U.x/ is a local unit and
m D .m1; : : : ; m`/ 2 N

` X f0g. Using the notation above for f , we have
f �' D U 0.x0/=x0m0

, where U 0 D f �U=u0m1
1 � � � u0m`

` is a local unit and m0 D
m1k1 C � � � Cm`k`. Then m0 2 N

`0 X f0g, so f �' ¤ 0. ut
Corollary 9.33. Let ' be a local section of I at 0 2 X which is purely monomial.
Then f � in injective on ef �1˙' . ut

We also recover a property similar to strictness.

Lemma 9.34. With the same assumption as in Lemma 9.32, if f �' 6 0 (resp.
f �' < 0) at .� 0

o; 0/ 2 @eX 0
jDL0

, then ' 6 0 (resp. ' < 0) at .�o; 0/ D ef .� 0
o; 0/.

Proof. We keep the same notation as above, and it is enough to consider the case
f �' < 0, according to Lemma 9.32. The assumption can then be written as

argU 0.0/� ˝

m1k1 C � � � Cm`k`; �
0
o

˛ 2 .�=2; 3�=2/ mod 2�;

where h ; i is the standard scalar product on R
`0

. Notice now that �o;j D hkj ; � 0
oi C

arg u0
j .0/ for j D 1; : : : ; `, so that the previous relation is written as

argU.0/�
X

mj�o;j 2 .�=2; 3�=2/ mod 2�;

which precisely means that ' <
�o
0. ut

Let now .L ;L
�
/ be a Stokes-filtered local system on @eX . Its pull-back

f C.L ;L
�
/ (see Definition 1.33), which is a priori a pre-I-filtered local system,

is also a Stokes-filtered local system (see Lemma 1.40), and its associated stratified
I-covering is f �. ef �1

e˙.L // (see Lemma 1.48).

Proposition 9.35. With the previous assumptions on f , let us assume that .L ;L
�
/

is good. Then f C.L ;L
�
/ is also good.

Proof. According to the previous considerations, it remains to check that, if e˙ is a
good stratified I-covering, then f �. ef �1

e˙/ is also good, and this reduces to showing
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that, if ' 2 OX;0.�D/=OX;0 is purely monomial, then so is f �', a property that we
already saw in the proof of Lemma 9.32. ut

9.7 Partially Regular Stokes-Filtered Local Systems

In the setting of Sect. 9.2, let .L ;L
�
/ be a Stokes-filtered local system on

@eX.Dj2J / with associated stratified I-covering e˙ equal to the zero section of Iét
j@eX

.
In such a case, we will say that .L ;L

�
/ is regular. Then .L ;L

�
/ is the graded

Stokes-filtered local system with jump at ' D 0 only. The category of regular
Stokes-filtered local systems is then equivalent to the category of local systems on
@eX.Dj2J /.

We now consider the case where .L ;L
�
/ is partially regular, that is, there

exists a decomposition J D J 0 [ J 00 such that its associated stratified covering e˙

reduces to the zero section when restricted overD.J 00/XD.J 0/ (recall thatD.I/ D
S

j2I Dj ). We will set D0 D D.J 0/ and D00 D D.J 00/ for simplicity. Near each
point ofD00 XD0 the Stokes-filtered local system is regular. We will now analyze its
local behaviour nearD00 \D0. We will restrict to a local analysis in the non-ramified
case.

According to Sect. 8.2, the identity map X ! X lifts as a map � W eX WD
eX.Dj2J / ! eX 0 WD eX.Dj2J 0/ and we have a commutative diagram

Iét
eX

�
��

��1Iét
eX 0

q
��

e�
��

����
��
��
��
�

Iét
eX 0

�0
��

eX
�

��

$ ���
��

��
��

��
�

eX 0

$ 0
����
��
��
��
��

X

(9.36)

The boundary @eX of eX is $�1.D/ and @eX 0 D $ 0�1.D0/.
We now consider the local setting of Sect. 9.4 and we set ` D `0 C `00,

L0 D f1; : : : ; `0g and L00 D f`0 C 1; : : : ; `g. If .L ;L
�
/ is a non-ramified Stokes-

filtered local system with associated I-covering equal to e˙ , we assume that e˙jDL
is a trivial covering of YL D $�1.DL/. Then e˙ is determined by a finite set ˚ �
OX;0.�D/=OX;0. The partial regularity property means that the representatives ' of
the elements of ˚ are holomorphic away from D0, that is, have no poles along D00,
that is also,˚ � OX;0.�D0/=OX;0, and˚ defines a trivial stratified I

eX 0-covering e˙ 0.
The map q induces an homeomorphism of ��1

e˙ 0 onto e˙ .
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Proposition 9.37. In this local setting, the category of non-ramified Stokes-filtered
local systems on @eX.Dj2L/jDL with associated stratified I-covering contained
in e˙ is equivalent to the category of non-ramified Stokes-filtered local systems on
@eX.Dj2L0/jDL with associated stratified I-covering contained in e˙ 0, equipped with
commuting automorphisms Tk (k 2 L00).

Proof. Let us first consider the following general setting: F is a R-constructible
sheaf on Z � .S1/k , where Z is a nice space (e.g. a subanalytic subset of R

n).
We denote by � W Z � .S1/k ! Z the projection and by � W Z � R

k ! Z � .S1/k
the map .z; �1; : : : ; �k/ 7! .z; ei�1 ; : : : ; ei�k /. We will also set e� D � ı � .

Lemma 9.38. The category of R-constructible sheaves F on Z � .S1/k whose
restriction to each fibre of � is locally constant is naturally equivalent to the
category of R-constructible sheaves onZ equipped with commuting automorphisms
T1; : : : ; Tk .

Proof. Let 	i (i D 1; : : : ; k) denote the translation by one in the direction of the
i -th coordinate in R

k . Then the functor ��1 induces an equivalence between the
category of sheaves F on Z � .S1/k and that of sheaves G on Z � R

k equipped

with isomorphisms 	�1
i G

��! G which commute in a natural way. It induces
an equivalence between the corresponding full subcategories of R-constructible
sheaves which are locally constant in the fibres of � and e� .

Let G be a R-constructible sheaf onZ �R
k . We have a natural (dual) adjunction

morphism G ! e�ŠRe�ŠG D e��1Re�ŠG Œk� (see [39, Proposition 3.3.2] for the
second equality), which is an isomorphism if G is locally constant (hence constant)
in the fibres of e� (see [39, Proposition 2.6.7]). This shows that (via Rke�Š and e��1)
the category of R-constructible sheaves on Z � R

k which are constant in the fibres
of e� is equivalent to the category of R-constructible sheaves on Z. If now H is
a R-constructible sheaf on Z with commuting automorphisms Ti (i D 1; : : : ; k),
it produces a sheaf G D e��1H with commuting isomorphisms 	�1

i G ' G by
composing the natural morphism 	�1

i e��1H ! e��1H with Ti . ut
Let us end the proof of the proposition. We know that the first category

considered in the proposition is equivalent to that of Stokes-filtered local systems
indexed by ˚ . Each L6' is locally constant in the fibres of � , due to the local
grading property of .L ;L

�
/. We can therefore apply Lemma 9.38, since each L6'

is R-constructible, to get the essential surjectivity. The full faithfulness is obtained
in the same way. ut
Remark 9.39. The statement of Proposition 9.37 does not extend as it is to the
ramified case. Indeed, even if e˙ is regular along D00, a ramification may be
necessary along D00 to trivialize e˙jYL (e.g. a local section of e˙jYL is written
a.y0; y00/=y0k for ramified coordinates y0; y00, and a is possibly not of the form
a.y0; x00/).



Chapter 10
The Riemann–Hilbert Correspondence for Good
Meromorphic Connections (Case of a Smooth
Divisor)

Abstract This chapter is similar to Chap. 5, but we add holomorphic parameters.
Moreover, we assume that no jump occurs in the exponential factors, with respect to
the parameters. This is the meaning of the goodness condition in the present setting.
We will have to treat the Riemann–Hilbert functor in a more invariant way, and more
arguments will be needed in the proof of the main result (equivalence of categories)
in order to make it global with respect to the divisor. For the sake of simplicity, we
will only consider the case of germs of meromorphic connections along a smooth
divisor.

10.1 Introduction

How to deform a meromorphic bundle with connection .Mo;ro/ on a Riemann
surface Xo with poles along a discrete set of points Do, as considered in Chap. 5?
Classically one looks for isomonodromy deformations. Let us forget for a moment
the deformation of the Riemann surface itself (i.e., its holomorphic structure) and
the divisor on it, to focus on the deformation of the connection itself, so that the
ambient space of the deformation takes the form .X;D/ D .Xo � T;Do � T / for
some parameter space T , that we usually assume to be a complex manifold and
simply connected for a while. If the connection has regular singularities at each
point of Do, it is completely determined by its monodromy representation, i.e.,
the associated locally constant sheaf, and a natural condition for the deformation
is that the monodromy remains constant along the deformation. In other words, the
local systems corresponding to the family of deformed connections form themselves
a locally constant sheaf on X X D (since from our assumption �1.X X D/ D
�1.Xo X Do/). By the Riemann–Hilbert correspondence for regular meromorphic
connections, giving such an isomonodromy deformation of the connection is
equivalent to giving a meromorphic bundle with integrable connection .M ;r/
having regular singularities along D, whose restriction at t D to 2 T is equal to
.Mo;ro/.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 10, © Springer-Verlag Berlin Heidelberg 2013
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If we now start from .Mo;ro/ with possibly irregular singularities at some
points of Do, the monodromy representation may be a poor invariant to control
deformations. An isomonodromy deformation has then to be taken in the sense
of an integrable deformation of the connection. However, not any integrable
deformation can be allowed. Let us consider the simple case where Xo is a
disc and Do is its origin. Assume also that .Mo;ro/ D E 'o.x/˝Ro, where
'o 2 � .Xo;OXo.�Do//=� .OXo/ and Ro has a regular singularity at 0 2 Xo. An
isomonodromy deformation deforms Ro in a constant way, while it can deform 'o
as a section ' 2 � .X;OX.�D//=� .X;OX/. However, if 'o D ak=xkC� � �Ca1=x
with ak 2 C� in a local coordinate x on Xo, it is natural to consider deformations
'.x; t/ D ak.t/=xkC� � �Ca1.t/=x with ak.to/ D ak (that is, a`.t/ � 0 for ` > k).

Conversely, given a meromorphic bundle with integrable connection .M ;r/ on
.X;D/, it is a natural question to ask whether it is an isomonodromy deformation
(in the previous extended meaning) of its restriction to some slice .Xo;Do/, or
not. In order to apply the previous criterion, it is necessary to find a Levelt–
Turrittin decomposition after formalization along D, and possibly after some
ramification around D, and to check whether the exponential factors ' behave in
the expected way.

It happens that such a formal Levelt–Turrittin decomposition after ramification
exists generically along D, as follows from a straightforward adaptation to higher
dimensions of the various proofs of the Levelt–Turrittin theorem in dimension one
and by using the integrability property of the connection, but there may exist a
subset S of the parameter space T such that, for t 2 S , the formal the Levelt–
Turrittin decomposition after ramification of the restriction .Mt ;rt / is not related
in a natural way to the formal the Levelt–Turrittin decomposition after ramification
of the generic neighbouring restriction .Mt 0 ;rt 0/. The points of the subset S are
called turning points of .M ;r/ in [1], and we introduce the notion of a good
formal structure along D to specify the properties of .M ;r/ which make it an
isomonodromy deformation of its restriction to slices.

Eliminating the turning points is a new problem in the theory. A conjecture in
[81] (and proved in some cases there), asserting that this can be performed by a
locally finite sequence of complex blowing-ups, was proved independently and very
differently by K. Kedlaya [41, 42] and T. Mochizuki [67, 70]. However, the pull-
back of the smooth divisorD acquires singularities under this process, that one can
assume to be of normal crossing type. The analysis of the corresponding situation
will be the subject of Chap. 11.

In this chapter, we restrict ourselves to the case of a smooth divisor in the absence
of turning points, and prove a Riemann–Hilbert correspondence, analogous to that of
Chap. 11, with a parameter. In the approach used in this chapter, the new ingredient
is the Stokes sheaf, which is a locally constant sheaf of (possibly nonabelian) groups.

We consider the following setting:

� X is a complex manifold andD is a smooth divisor in X , X� WD X XD.
� $ W eX WD eX.D/ ! X is the oriented real blowing-up of D in X , so that $ is

a S1-fibration.
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� j W X� ,! X and ej W X� ,! eX denote the open inclusions, and i W D ,! X and
e{ W @eX ,! eX denote the closed inclusions.

� The ordered sheaf I on @eX is as in Definitions 9.1 and 9.2.

Since Iét is Hausdorff, the notion of I-filtration that used in this chapter is the
notion introduced in Sect. 1.7.

10.2 Good Formal Structure of a Meromorphic Connection

We anticipate here the general definitions of Chap. 11. Let M be a meromorphic
connection on X with poles along D (see Sect. 8.4) and let xo 2 D. We say that
M has a good formal structure at xo if, after some ramification �d around D
in some neighbourhood of xo, the pull-back connection �C

d M has a good formal

decomposition, that is, denoting by bDd the space Dd D D equipped with the sheaf
O

bDd
WD lim �k OXd =OXd .�kDd /,

O
bDd ŐXd

�C
d M ' L

'2˚d
.E ' ˝ bR'/; (10.1)

where ˚d is a good subset of OXd ;xo .�Dd/=OXd ;xo (see Definition 9.12),
E ' D .O

bDd
; d C d'/ and bR' is a free OXd ;xo .�Dd/-module equipped with

a connection having regular singularities along Dd . We will usually make the
abuse of identifying ˚d � OXd ;xo .�Dd/=OXd ;xo with a set of representatives in
� .U;OXd .�Dd//=� .U;OXd / for some open neighbourhood U of xo in Xd (for
instance choose U Stein so that H1.U;OXd / D 0).

Remarks 10.2.

1. In the neighbourhood of xo, each bR' is obtained, after tensoring with O
bDd

, from
a meromorphic connection with regular singularity, hence is locally free over
O

bDd
.�Dd/. As a consequence, if M has a good formal structure, it is OX.�D/-

locally free.
2. In [71, Lemma 5.3.1], T. Mochizuki gives a criterion for M to have a good formal

structure at xo: choose a local isomorphism .X; xo/ ' .D; xo/ � .C; 0/; if there
exists a good set ˚d � OXd ;xo.�Dd/=OXd ;xo defined on some neighbourhood
U � D of xo such that, for any x 2 U , the set of exponential factors of
�C
d Mjfxg�.C;0/ is ˚d jfxg�.C;0/, then M has a good formal structure at xo.

In [1, Theorem 3.4.1], Y. André gives a similar criterion in terms of the
Newton polygon of Mjfxg�.C;0/ and that of End.M /jfxg�.C;0/ (so with weaker
conditions a priori than in Mochizuki’s criterion). Lastly, in [41], K. Kedlaya
gives another criterion in terms of an irregularity function.

3. For any given M with poles along D, the good formal structure property holds
generically on D (see [58]). Here, we assume that it holds all overD.
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We now associate to a germ along D of meromorphic connection having a good
formal structure a I-covering e˙ � Iét in an intrinsic way. Notice that, due to the
goodness assumption, the decomposition (10.1) is locally unique, as follows from
the following lemma.

Lemma 10.3. If ' �  is nonzero and purely monomial, there is no nonzero
morphism bR ! E '� ˝ bR' .

Proof. Since bR and bR' are successive extensions of regular formal meromorphic
flat bundles of rank one, one can reduce the proof of the assertion to the case
where both have rank one, and then to proving that for such a rank one object bR,
E '� ˝ bR has no nonzero section, which can be checked easily by considering the
order of the pole of such a section. ut

Recall now that we have locally a cartesian square

��1
d Iét

d

�d
��

�ét
d

�� Iét
d

�
��

@eXd

�d
�� @eX

and ��1
d Id D $�1

d OXd .�Dd/=OXd . The set ˚d defines a finite (trivial) covering
e˙d � ��1

d Iét
d locally on Dd , which is invariant under the Galois group of �ét

d , and
is therefore equal to .�ét

d /
�1.e˙/ for some locally defined I-covering e˙ � Iét. The

uniqueness statement above implies that e˙d is uniquely determined from M , and
therefore so is e˙ , which thus glues globally as a I-covering e˙.M / all overD, since
the goodness assumption is made all over D. We call e˙.M / the good I-covering
associated to M .

10.3 The Riemann–Hilbert Functor

The sheaf A modD
eX

is defined in Sect. 8.3. Its restriction to @eX will be denoted by
A modD
@eX

. We define the sheaf A modD
Iét exactly as in Sect. 5.2. The Riemann–Hilbert

functor will then be defined as a functor from the category of germs along D of
meromorphic connections onX with poles onD, that is, germs alongD of coherent
OX.�D/-modules with a flat connection, to the category of Stokes-filtered local
systems on @eX .

Let M be a meromorphic connection on X with poles along D. We define
DRmodD

Iét .M / as in Sect. 5.4. The sheaf L6 WD H 0 DRmodD
Iét .M / is naturally

a subsheaf of ��1L , with L WD e{�1ej�H 0 DR.MjX�/. At this point, we do
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not even claim that L6 is a pre-I-filtration of L . Nevertheless, we have defined
a correspondence RH from the category of germs along D of meromorphic
connections on X with poles along D to the category of pairs .L ;L6/ consisting
of a local system L on @eX and a subsheaf L6 of ��1L . It is clear that this
correspondence is functorial.

Definition 10.4. The Riemann–Hilbert functor RH is the functor defined above.

In order to obtain an equivalence, it is however necessary to have a goodness
assumption, that we fix by the choice of a good I-covering e˙ of @eX , i.e., a closed
subset e˙ � Iét such that � induces a finite covering � W e˙ ! @eX which is good
(see Definition 9.15 with only one stratum). This choice will be made once and for
all in this chapter. We now describe the categories involved in the correspondence.

On the one hand, the category of germs along D of good meromorphic
connections with poles along D and with associated I-covering e˙.M / contained
in e˙ , as defined in Sect. 10.2 above.

On the other hand, the definition of the category of Stokes-filtered local systems
on @eX with associated stratified I-covering contained in e˙ has been given in
Definitions 9.16 and 9.18.

Lemma 10.5. If M has a good formal structure along D, then RH.M / D
.L ;L6/ is a good Stokes-filtered local system on @eX , that we denote by .L ;L�/.

Proof. The question is local on @eX , and we easily reduce to the case where M
has a good formal decomposition. The Hukuhara–Turrittin theorem with a “good
holomorphic parameter” is due to Sibuya [91,92]. It implies that, near any y 2 @eX ,

A modD
@eX

˝M ' A modD
@eX

˝
�

L

 2˚
.E  ˝R /

�

; (10.6)

where each R is a locally free OX;x.�D/-module (x D $.y/) with a flat
connection having a regular singularity along D. So, by Hukuhara–Turrittin–
Sibuya, we can assume that M 'L

 2˚.E  ˝R /, where˚ is good. Arguing on
each summand and twisting by E � reduces to the case where M D R is regular.
In such a case, we have to show that L6 is a pre-I-filtration of L , which moreover is
the trivial graded I-filtration. Since horizontal sections of R have moderate growth
in any meromorphic basis of R, we have, for any y 2 @eX , L6';y D Ly if
Re.'/ 6 0 in some neighbourhood of y, and L6';y D 0 otherwise. This defines the
graded I-filtration on L with ˚ D f0g, according to Example 2.11 (2). ut
Remark 10.7. Unlike the dimension-one case, the complex DRmodD

Iét .M / has
cohomology in degrees ¤ 0 even if M D R has regular singularities along D,
as shown by Example 8.18.

The main result of this chapter is:

Theorem 10.8. In the previous setting, the Riemann–Hilbert functor induces an
equivalence between the category of good meromorphic connections with poles
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along D and associated I-covering contained in e˙ , and the category of Stokes-
filtered local systems on @eX with associated I-covering contained in e˙ .

10.4 Proof of the Full Faithfulness in Theorem 10.8

Let us start with a statement analogous to Theorem 5.3:

Lemma 10.9. Let M be a germ at xo 2 D of meromorphic connection with
poles along D. Assume that, after some ramification �d of order d around D,
the pull-back connection satisfies (10.6) near any y 2 $�1.xo/, where every  
entering in the decomposition is purely monomial (see Definition 9.8). Then
$�H 0 DRmodD.M / DH 0 DR.M /.

Proof. The complex DR.M / is regarded as a complex on D (i.e., we consider the
sheaf restriction to D of the usual de Rham complex, since M is a germ alongD).

We first claim that DRmodD.M / (see Sect. 8.4) has cohomology in degree 0 at
most. This is a local statement on @eX . Assume first d D 1. By the decomposi-
tion (10.6), we are reduced to the case where M D E  ˝R, and by an argument
similar to that used in (2) of the proof of Theorem 5.3, we reduce to the case where
M D E  , where  is purely monomial. The assertion is then a consequence of
Proposition 8.17. If d > 2, as M is locally stably free (see [58]), we can apply the
projection formula

e�d;�
�

A modDd

@eXd
˝$�1

d .�C
d M /

� D .e�d;�A modDd

@eXd
/˝$�1M ;

and, as e�d is a covering or degree d , e�d;�A modDd

@eXd
' .A modD

@eX
/d locally on @eX . This

isomorphism is compatible with connections, hence, applying this to the moderate
de Rham complex gives that, locally on @eX , DRmodD.M / is a direct summand of
Re�d;� DRmodDd .�C

d M /. By the first part of the proof, and since e�d is finite, the
latter term has cohomology in degree zero at most, hence the claim for general d .

As indicated in Remark 8.10, we have

R$� DRmodD.M / D DR.M / in Db.X/: (10.10)

Recall that this uses

R$�
�

A modD
@eX

˝
$�1OX .�D/

$�1M
�

D R$�
�

A modD
@eX

L˝
$�1OX .�D/

$�1M
�

(10.11)

D �

R$�A modD
@eX

� L˝
OX.�D/

M (10.12)

DM ; (10.13)
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where (10.11) holds because M is locally stably free, (10.12) because of the
projection formula, and (10.13) because of Proposition 8.7 and M is locally stably
free. Extending this to DRmodD.M / as in the proof of Proposition 8.9 gives (10.10).

By the first part of the proof, the left-hand side of (10.10) is R$�H 0 DRmodD.M /.
Taking H 0 on both sides gives the lemma. ut
Corollary 10.14. The Riemann–Hilbert functor in Theorem 10.8 is fully faithful.

Proof. The proof is similar to that given in dimension one (Sect. 5.4), as soon as
we show that Lemma 10.9 applies to HomOX .M ;M 0/ and that the analogue of
Lemma 5.13 (compatibility with Hom) holds. The point here is that the goodness
property for M ;M 0 does not imply the goodness property for Hom.M ;M 0/.
But clearly, if Hukuhara–Turrittin–Sibuya’s theorem applies to M ;M 0, it applies
to HomOX .M ;M 0/. Moreover, since e˙.M /; e˙.M 0/ � e˙ and e˙ is good, the
assumption of Lemma 10.9 holds for HomOX .M ;M 0/. The argument is similar
in order to prove the compatibility with Hom. ut

10.5 Elementary and Graded Equivalences

Recall that bD denotes the formal completion of X along D, and O
bD WD

lim �k OX=OX.�kD/. Let cM be a coherent O
bD.�D/-module with a flat connection.1

We assume that it is good, that is, (10.1) holds for cM near each point xo 2 D, with
a good index set ˚d .

Proposition 10.15.

1. Locally at xo 2 D, any irreducible good coherent O
bD.�D/-module cM with a

flat connection takes the form �d;C.E ' ˝R
bDd
/, for some d > 1, some purely

monomial ' 2 OXd ;xo .�Dd/=OXd ;xo , and some free rank-one OXd ;xo .�Dd/-
module R with a connection having regular singularities alongDd .

2. Locally at xo 2 D, any good coherent O
bD.�D/-module cM with a flat connection

has a unique decomposition cM DL

˛
cM˛, where

� Each cM˛ is isotypical, that is, takes the form �d˛;C.E '˛ ˝R˛j bDd˛
/, for some

d˛ > 1, some purely monomial '˛ 2 OXd˛ ;xo
.�Dd˛/=OXd˛ ;xo

, and some
free OXd˛ ;xo

.�Dd˛/-module R˛ with a connection having regular singularities
alongD.

� Each �d˛;CE '˛ is irreducible.
� If ˛ ¤ ˇ, �d˛;CE '˛ 6' �dˇ;CE 'ˇ .

1Be careful that the notation cM will have a different meaning in Chap. 11.
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3. Assume D is connected. Then, any good coherent O
bD.�D/-module cM with a

flat connection and associated I-covering e˙ has a unique decomposition cM D
L

e˙i
cMi , where e˙i runs among the connected components of e˙ and each cMi is

globally isotypical, i.e., has associated I-covering equal to e˙i .

Proof. The proof of (1) and (2) is similar to the analogous statements when
dimX D 1, see the unpublished preprint [7], see also [86, Proposition 3.1 &
Corollary 3.3]. Then (3) follows by local uniqueness. ut
Definition 10.16 (Good elementary meromorphic connections). Let M be a
coherent OX.�D/-module with a flat connection. We say that M is a good
elementary connection if, locally near any xo on D and after some ramification �d
around D, �C

d M has a decomposition as
L

'2˚d .E
' ˝R'/ with a good set ˚d ,

and where each R' is a free OXd ;xo .�Dd/-module of finite rank with connection
having regular singularities alongD. We then denote it by M el.

Proposition 10.17. The formalization functor O
bD
˝OX jD � is an equivalence

between the category of elementary germs of meromorphic connection along D
with associated I-covering contained in e˙ (full subcategory of that of germs
along D of meromorphic connections) and the category of formal connections
alongD with associated I-covering contained in e˙ .

Proposition 10.18. The RH functor induces an equivalence between the cate-
gory of elementary germs of meromorphic connection along D with associated
I-covering contained in e˙ and the category of graded I-filtered local systems on
@eX with associated I-covering contained in e˙ .

Proof of Propositions 10.17 and 10.18. We notice first that, for both propositions,
it is enough to prove the equivalence for the corresponding categories of germs
at xo 2 D for any xo 2 D, to get the equivalence for the categories of germs
along D. Indeed, if this is proved, then, given an object in the target category, one
can present it as the result of gluing local objects for a suitable open cover of D.
By the local essential surjectivity, one can locally lift each of the local objects, and
by the local full faithfulness, one can lift in a unique way the gluing isomorphisms,
which satisfy the cocycle condition, also by the local full faithfulness. This gives the
global essential surjectivity. The global full faithfulness is obtained in a similar way.

Similarly, it is enough to prove both propositions in the case where the cover-
ing e˙ is trivial: if the equivalence is proved after a cyclic covering around D, then
the essential surjectivity is obtained by using the full faithfulness after ramification
to lift the Galois action, and the full faithfulness is proved similarly.

In each category, each object is decomposed, and the decomposition is unique
(see Lemma 10.3). Moreover, each morphism is also decomposed, by the goodness
property. One is then reduced to proving the equivalences asserted by both
propositions in the case when e˙ is a covering of degree one and, by twisting, in
the regular case, where it is standard. ut
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10.6 Proof of the Essential Surjectivity in Theorem 10.8

The important arguments have already been explained in [85, Sect. II.6]. They
are an adaptation to the case with a good parameter, of the arguments given in
[52, 53]. We will not recall all details. Firstly, as already remarked in the proof of
Propositions 10.17 and 10.18, one can reduce to the case of germs at a point of D
and it is enough to consider the case where e˙ is a trivial covering. This is the
setting considered below.

Let .L ;L�/ be a good Stokes-filtered local system on @eX with associated
I-covering contained in e˙ . Our goal is construct a germ MD of meromorphic
connection alongD with RH.MD/ ' .L ;L�/.

Step one. The good Stokes-filtered local system .L ;L�/ is determined in a
unique way, up to isomorphism, by the graded Stokes filtration gr L and an
element of H1.@eX;Aut<0.�grL // (see Proposition 1.42). On the other hand, by
Proposition 10.18, the graded Stokes filtration gr L is isomorphic to RH.M el/ for
some germ alongD of good elementary meromorphic connection M el.

Lemma 10.19. Let EndmodD.M el/ be the sheaf of horizontal sections of
A modD
@eX

˝$�1 HomOX .M
el;M el/ and let EndrdD.M el/ be the subsheaf

of sections with coefficients in A rdD
@eX

of holomorphic functions on X�

having rapid decay along @eX . Then EndmodD.M el/ D End.�grL /60 and
EndrdD.M el/ D End.�grL /<0.

Proof. This is a special case of the compatibility of the Riemann–Hilbert functor
with Hom, already used above, and similar to Lemma 5.13. ut

We denote by AutrdD.M el/ the sheaf IdC EndrdD.M el/. Then AutrdD.M el/ D
Aut<0.�grL /.

Step two. Consider the presheaf HD on D such that, for any open set U of D,
HD.U / consists of isomorphism classes of pairs .M ;b�/, where M is a germ

along U of meromorphic connection on X and b� is an isomorphism M
bD

��! cM el.

Lemma 10.20. The presheaf HD is a sheaf.

Proof. See [85, Lemma II.6.2]. ut
Similarly, let us fix a graded Stokes-filtered local system gr L o with associated

covering contained in e˙ , and let StD be the presheaf on D such that, for any
open set U of D, StD.U / consists of isomorphism classes of pairs Œ.L ;L�/;e��,
where .L ;L�/ is a Stokes-filtered local system on @eXjU and e� is an isomorphism
gr L ' gr L o

jU of graded Stokes-filtered local systems. In particular, the associated

covering e˙.L ;L�/ is contained in e˙ .

Lemma 10.21. The presheaf StD is a sheaf.

Proof. The point is to prove that, given two pairs Œ.L ;L�/;e�� and Œ.L 0;L 0
�
/;e�0�,

there is at most one isomorphism between them. If there exists one isomorphism,
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we can assume that .L 0;L 0
�
/ D .L ;L�/ and we are reduced to proving that an

automorphism � of .L ;L�/ is completely determined by gr�. Arguing as in the
proof of Theorem 3.5, locally with respect to D, there exists a local trivialization
of .L ;L�/ such that � is equal to gr� in this trivializations. It is thus uniquely
determined by gr�. ut
Remark 10.22. Lemma 10.21 is not needed for the essential surjectivity, it is given
by symmetry with Lemma 10.20. Note that the main argument in Lemma 10.20 is
the faithful flatness of O

bD over OX jD . The corresponding argument after applying
RH comes from Theorem 3.5.

Step three. Arguing as in [52], we have a natural morphism of sheaves

HD �! StD :

where the left-hand side is associated to M el and the right-hand side to RH.M el/.

Theorem 10.23. This morphism is an isomorphism.

Proof. See [85, Theorem II.6.3]. ut
Remark 10.24. The proof uses the Malgrange–Sibuya theorem on$�1.xo/ ' S1,
and a base change property for the Stokes sheaf StD is needed for that purpose (see
[85, Proposition 6.9]). Note also that it is proved in loc. cit. that the Stokes sheaf
StD is locally constant onD.

Step four. We can now end the proof. Given a good Stokes-filtered local system
.L ;L�/, we construct M el with RH.M el/ ' gr L , according to Proposi-
tion 10.18. We are then left with a class in H1.@eX;Aut<0.�grL //. This defines
a global section in � .D; StD/ (in fact, Lemma 10.21 says that it is a global section
of StD onD). By Theorem 10.23, this is also a class in � .D;HD/, that is, it defines
a pair .M ;b�/. It is now clear from the construction that RH.M / ' .L ;L�/. ut
Remarks 10.25. 1. One can shorten the proof above in two ways: firstly, one

can use directly a version of the Malgrange–Sibuya theorem with a parameter;
secondly, one can avoid the introduction of the sheaves HD;StD , and use the
full faithfulness of the Riemann–Hilbert functor to glue the locally defined
meromorphic connections obtained by applying the local Riemann–Hilbert
functor. This will be the strategy in the proof of Theorem 12.16. Nevertheless, it
seemed interesting to emphasize these sheaves.

2. One can deduce from the base change property mentioned in Remark 10.24 that,
if we are given a holomorphic fibration � W X ! D (such a fibration locally
exists near any point of D) with D (smooth and) simply connected, and for a
fixed good I-covering e˙ of @eX D $�1.D/, the restriction functor from germs
of meromorphic connections alongD with associated I-covering contained in e˙

to germs of meromorphic connections on ��1.xo/ with associated I-covering
contained in e˙j$�1.xo/ is an equivalence of categories. A similar result holds for
Stokes-filtered local systems.
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Such a result has been generalized by T. Mochizuki to the case where D has
normal crossings (see [72]).

3. The arguments of Sect. 10.5 are useful to prove the analogue of Proposition 5.10,
that is, the compatibility with the formal Riemann–Hilbert correspondence,
which also holds in this case.



Chapter 11
Good Meromorphic Connections
(Formal Theory)

Abstract This chapter is a prelude to the Riemann–Hilbert correspondence in
higher dimensions, treated in Chap. 12. We explain the notion of a good formal
structure for germs of meromorphic connections having poles along a divisor with
normal crossings.

11.1 Introduction

Understanding the notion of a good formal decomposition—which is the good
analogue in higher dimensions of the Turrittin–Levelt decomposition in dimension
one—leads to solving new questions, compared to the one-variable case or the
smooth case away from turning points, when considering the formalization along
a variety of codimension > 2. For instance, there may be the question whether the
set of exponential factors can be represented by convergent elements; or whether
a given formal lattice can be lifted as a convergent lattice of a meromorphic
connection. This chapter is therefore dedicated to proving such lifting properties,
from the formal neighbourhood of a point to an ordinary neighbourhood, when
the meromorphic connection is assumed to have a good formal structure along a
normally crossing divisor at the given point.

The usefulness of the formal goodness property for a meromorphic connection
lies in the consequences it provides in asymptotic analysis. This goodness property
is strong enough to be used in the proof of the many-variable version of the
Hukuhara–Turrittin theorem, that we have already encountered in the case of a
smooth divisor (proof of Lemma 10.5). This theorem will be proved in Sect. 12.4.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 11, © Springer-Verlag Berlin Heidelberg 2013
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11.2 Preliminary Notation

All along this chapter, we will use the following notation, compatible with that
of [70]:

� � is the open disc centered at 0 in C and of radius one, and X D �n, with
coordinates t1; : : : ; tn.

� D is the divisor defined by
Q`
iD1 ti D 0.

� For any I � f1; : : : ; `g, DI D Ti2I fti D 0g, and D.I c/ D Sj6`
j 62I

Dj . It will be

convenient to set L D f1; : : : ; `g, so that DL is the stratum of lowest dimension
of D.

� bDI is DI endowed with the sheaf lim �k OX=.ti2I /k , that we denote ObDI
(it is

sometimes denoted by O
̂X jDI ). A germ f 2 ObDI ;0

is written as
P

�2NI f�t�I with
f� 2 O.U \DI/ for some open neighbourhoodU of 0 independent of �.

� We will also denote byb0 the origin endowed with the sheaf Ob0 WD CŒŒt1; : : : ; tn��.

Example 11.1. If ` D n D 2, we haveD1 D ft1 D 0g,D2 D ft2 D 0g,D12 D f0g,
D.1c/ D D2, D.2c/ D D1, D.f1; 2gc/ D D.¿/ D ¿. Given a germ f 2 Cft1; t2g,
we can consider various formal expansions of f :

� f D P
i2N f

.1/
i .t2/t

i
1 in ObD1

, where all f .1/
i .t2/ are holomorphic in some

common neighbourhood of t2 D 0.
� f D P

j2N f
.2/
j .t1/t

j
2 in ObD2

, where all f .2/
j .t1/ are holomorphic in some

common neighbourhood of t1 D 0.
� f DP.i;j /2N2 fij t i1t

j
2 , with fij 2 C.

These expansions are of course related in a natural way. We will consider below the
case of meromorphic functions with poles onD.

Any f 2 OX;0.�D/ has a unique formal expansion f D P
�2Z` f�t

� with
f� 2 ODL;0. When it exists, the minimum (for the natural partial order) of the
set f� 2 Z

` j f� ¤ 0g [ f0`g is denoted by ordL.f /. It belongs to .�N/` and
only depends on the class fL of f in OX;0.�D/=OX;0. With this definition, we have
ordL.f / D 0 2 .�N/` iff fL D 0 2 OX;0.�D/=OX;0. As in Definition 9.12, we
then set m.fL/ D � ordL.f / 2 N

` for some (or any) lifting f of fL.
Similarly, for I � L and f 2 OX;0.�D/, the minimum (for the natural partial

order) of the set .f� 2 Z
` j f� ¤ 0g X Z

I c
/ [ f0`g, when it exists, is denoted

by ordI .f /. It belongs to
�
.�N/` X Z

I c� [ f0`g, and only depends on the class fI
of f in OX;0.�D/=OX.�D.I c//. We have fI D 0 iff ordI .f / D 0`. We then set
m.fI / D � ordI .f / 2 N

` for some (or any) lifting f of fI in OX;0.�D/. We will
also denote by mI 2 N

I the I -component of m 2 N
`. Then, when ordI .fI / exists,

fI D 0 iff mI D 0.
As a ODL;0-module, OX;0.�D/=OX;0 is isomorphic to

L

¿¤J�L

�
ODJ ;0

C̋

.t�1JCŒt�1J �/
�
:
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Under such an identification, we have for any I � L:

OX;0.�D/=OX;0.�D.I c// D L

¿¤J�L
J\I¤¿

�
ODJ ;0

C̋

.t�1JCŒt�1J �/
�
:

Lemma 11.2. A germbf 2Ob0.�D/=Ob0 belongs to OX;0.�D/=OX;0 iff for any i 2L,

the class bfi of bf in Ob0.�D/=Ob0.�D.i c// belongs to OX;0.�D/=OX;0.�D.i c//.

Proof. We also have a decomposition of Ob0.�D/=Ob0 as a Ob0\DL-module:

L

¿¤J�L

�
Ob0\DJ

C̋

.t�1JCŒt�1J �/
�
:

Then, a germ bf belongs to OX;0.�D/=OX;0 iff, for any J ¤ ¿, its J -component
has coefficients in ODJ ;0. The assumption of the lemma means that, for any i 2 L
and for any J � L with J ¤ ¿ and J 3 i , the J -component of bf has coefficients
in ODJ ;0. This is clearly equivalent to the desired statement. ut

11.3 Good Formal Decomposition

Case of a smooth divisor. Let us first revisit the notion of good formal decom-
position in the case where D is smooth (i.e., #L D 1), as defined by (10.1).
We will have in mind possible generalizations to the normal crossing case, where
formal completion along various strata will be needed. Let M be a meromorphic
connection on X with poles along D1. We wish to compare the following two
properties:

1. M has a good formal decomposition alongD1 near the origin, that is, there exists
a good set ˚ � OX;0.�D1/=OX;0 and a decomposition stable by the connection

MbD1
WD ObD1;0 ŐX;0

M ' L

'2˚
MjbD1;';

where, for each ' 2 ˚ , the ObD1;0
.�D/-free module with integrable connection

MjbD1;' is isomorphic to .E ' ˝R'/bD1 for some germ R' of meromorphic
connection with regular singularity along D1, and E ' D .OX;0.�D1/; dC d'/.

2. The formal germ cM D Mb0 WD Ob0˝OX;0 M has a good decomposition

along D1, that is, there exists a good set b̊� Ob0.�D1/=Ob0 and a decomposition

cM ' L

b'2 b̊
cMb' with cMb' ' .E b' ˝ bRb'/;

where bRb' is a regular Ob0.�D1/-connection.
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Problem 11.3. Let M be a meromorphic connection with poles along D1. If the
formalization Mb0 satisfies (2), is it true that b̊ � OX;0.�D1/=OX;0 (set then

˚ D b̊) and that M satisfies (1)?

The problem reduces in fact, given a local basis be of the Ob0.�D1/-module cM
adapted to the decomposition given by (2), to finding a local basis e of the
OX;0.�D1/-module M such that the base change e D be � bP is given by a matrix in
GL.Ob0/ (while there is by definition a base change with matrix in GL.Ob0.�D1//).
Notice also that, according to [58, Proposition 1.2], it is enough to find a basis ebD1 of
MbD1

with a similar property with respect tobe. The solution to the problem in such
a case is given by Lemma 11.23 below, in the particular case where I D L D f1g.

The conclusion is that, even in the case of a smooth divisor, the two conditions
may not be equivalent, and considerations of lattices make them equivalent.

General case. Let ˚ be a finite subset of OX;0.�D/=OX;0. There exists an
open neighbourhood U of 0 on which each element of ˚ has a representa-
tive ' 2 � .U;OX.�D// (take U such that H1.U;OX/ D 0). Let I be a
subset of L. Then the restriction of ' to U X D.I c/ only depends on the
class 'I of ' in OU .�D/=OU .�D.I c//. We denote by ˚I the image of ˚ in
OX;0.�D/=OX;0.�D.I c//.

Definition 11.4 (Good decomposition and good formal decomposition).

1. Let cM be a free Ob0.�D/-module equipped with a flat connection br W cM !
˝1
b0
˝ cM . We say that cM has a good decomposition if there exist a good finite

set b̊ � Ob0.�D/=Ob0 (see Definition 9.12) and a decomposition

cM D L

b'2 b̊
cMb' with cMb' ' .E b' ˝ bRb'/; (11.4 �)

where bRb' is a free Ob0.�D/-module equipped with a flat regular connection.
2. Let M be a free OX;0.�D/-module equipped with a flat connection r W M !
˝1
X;0˝M . We say that M has a punctual good formal decomposition near the

origin if, for any x 2 D in some neighbourhood (still denoted by) X of the
origin, the formal connection Obx.�D/˝OX M has a good decomposition.

3. Let M be a free OX;0.�D/-module equipped with a flat connection r W M !
˝1
X;0˝M . We say that M has a good formal decomposition if there exists a

good finite set ˚ � OX;0.�D/=OX;0 and for any I � L and any 'I 2 ˚I a
free ObDI ;0

.�D/-module I bR'I equipped with a flat connection such that, on some

neighbourhoodU of 0where all objects are defined, I bR'I jDı

I
is regular, and there

is a decomposition

MU\bDı

I
WD OU\bDı

I
˝

OUXD.Ic/

MjUXD.I c/ D
L

'I2˚I
MU\bDı

I ;'I
; (11.4 ��)

where Dı
I WD DI XD.I c/, and MU\bDı

I ;'I
' .E 'I ˝ I bR'I /jU\bDı

I
.
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In the previous definition, for a germ M of OX;0.�D/-module with connection,
we consider a representative in some neighbourhood of the origin, and a represen-
tative of the connection.

Remarks 11.5.

1. We note that the property in Definition 11.4(3) is stronger than the notion
introduced in [81], as the same set ˚ is used for any stratum Dı

I whose closure
contains the stratum DL going through the base point 0.

Note also that this property is open, that is, if M has a good formal
decomposition then, for any x 2 D \ U (U small enough), Mx has a good
decomposition with data ˚x � OX;x.�D/=OX;x and R';x . That ˚x is good
has been checked in Remark 9.13(3), so M satisfies Definition 11.4(2) near the
origin.

2. On the other hand, in Definition 11.4(2), we do not insist on the relation between
the various b̊x . The point which will occupy us later is whether we can choose
b̊
x � OX;x.�D/=OX;x instead of b̊x � Obx.�D/=Obx . This is one difference

between dimension one and dimension > 2. In dimension two, this has been
positively solved in [81, Proposition I.2.4.1]. In general, this will be stated and
proved in Theorem 11.7 below.

3. These definitions are stable by a twist: for instance, cM has a formal
b̊-decomposition iff for some b� 2 Ob0.�D/=Ob0, bEb�˝ cM has a . b̊ C b�/-
decomposition.

4. In [70], T. Mochizuki uses a goodness condition which is slightly stronger than
ours (see Definition 9.12). For our purpose, the one we use is enough.

Lemma 11.6. If cM has a good decomposition, this decomposition is unique
and b̊ is unique. Moreover, this decomposition induces on any Ob0.�D/-submodule
invariant by the connection a good decomposition.

Proof. For the first point, it is enough to prove that, if b' ¤ b 2 Ob0.�D/=Ob0, then

there is no nonzero morphism E b' ˝ bRb' ! E
b ˝ bRb . This is analogous, in the case

of normal crossings, of Lemma 10.3, and amounts to showing that E b �b' ˝ bR has
no horizontal section, when bR is regular. We can even assume that bR has rank one,
since a general bR is an extension of rank-one regular meromorphic connections.
So, we are looking for horizontal sections of .Ob0.�D/; d C db� C !/ with b� 2
Ob0.�D/=Ob0,b� ¤ 0, and ! DP`

iD1 !idti =ti , !i 2 C.

Assume that bf 2 Ob0.�D/ is a nonzero horizontal section. Then for any i 2 L, it

satisfies ti @ti . bf /C ti @ti .b�/ � bf C !i bf D 0. Let us consider its Newton polyhedron
(in a sense slightly different from that used after Definition 9.8), which is the convex
hull of the union of octants � C R`C for which bf� ¤ 0 (see Notation in Sect. 11.2).
By assumption, there exists i 2 L for which the Newton polyhedron of ti @ti .b�/ is
not contained in R`C. Then, on the one hand, the Newton polyhedron of ti @ti .b�/ � bf is

equal to the Minkowski sum of that of bf and that of ti @ti .b�/, hence is not contained
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in that of bf . On the other hand, the Newton polyhedron of ti @ti . bf / C !i bf is
contained in that of bf . Therefore, the sum of the two corresponding terms cannot
be zero, a contradiction.

For the second point, we argue by induction on #˚ , the result being clear if
#˚ D 1, since regularity is stable by taking submodules. By twisting cM , we
can assume that the regular part cMreg of cM is nonzero, and thus the inductive

assumption applies to cMirr. We have a decomposition cM D cMreg ˚ cMirr Let cN

be a bOb0.�D/-submodule of cM stable by the connection. Denoting by cN irr (resp.
cN reg) the image of cN by the projection cM ! cMirr (resp. cM ! cMreg), we have
cN � cN reg ˚ cN irr and, by the inductive assumption, cN irr decomposes according

to the decomposition of cMirr (and cN reg is regular). We can therefore assume that
cN reg D cMreg and cN irr D cMirr, that is, the two projections of cN to cMreg and
cMirr are onto. We wish to show that, in such a case, cN D cMreg ˚ cMirr in a way

compatible with the connections, and it is enough to show that rk cN D rk cM .
Assume first that cMirr has rank one. If rk cN < rk cM , then rk cN D rk
cM � 1 D rk cMreg, and thus the surjective map cN ! cMreg is an isomorphism.

It follows that cN ! cMirr is zero, according to the first part of the lemma, which
contradicts the surjectivity assumption.

In general, due to the decomposition of cMirr and the fact that any regular
meromorphic connection has a rank-one sub-meromorphic connection, there exists
a rank-one formal meromorphic sub-connection cMirr;1 � cMirr. Let us denote by cN1

its inverse image in cN and by cMreg;1 the image of cN1 by the projection to cMreg.
We have a commutative diagram of exact sequences

0 �� cN1
��

��

cN ��

��

cN = cN1
��

��

0

0 �� cMreg;1
�� cMreg

�� cMreg= cMreg;1
�� 0

where the first two vertical morphism are onto, hence so is the third one. But
cN = cN1 ' cMirr= cMirr;1 is purely irregular, hence the first part of the lemma implies

that cMreg= cMreg;1 D 0, i.e., cMreg;1 D cMreg. Applying the previous case to cN1 shows

that rk cN1 D rk cMreg C 1, and thus rk cN D rk cMreg C rk cMirr. ut
With the previous definition of a (punctual) good formal decomposition, it is

natural to set the analogue of Problem 11.3, namely, to ask whether, given M , the
existence of a punctual good formal decomposition of M (near 0) comes from a
good formal decomposition of M . This is a tautology if dimX D 1.

Theorem 11.7 (T. Mochizuki [70, 72]). Let M be a free OX;0.�D/-module
equipped with a flat connection. If M has a punctual good formal decomposition
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near the origin, then M has a good formal decomposition near 0, so in particular
the sets b̊

x � Obx.�D/=Obx (x 2 D near 0) are induced by a single subset
˚ � OX;0.�D/=OX;0.

Remark 11.8. In dimension two, T. Mochizuki already proved in [70] that the
theorem holds with the a priori weaker condition of the existence of a formal good
decomposition of Mb0. However, due to known results on the generic existence of a
good decomposition (see e.g. [58]), the weaker condition is in fact equivalent to the
stronger one.

The difficulty for solving Problem 11.3 (under Condition 11.4(2) in dimen-
sion > 3) comes from the control of the formal coefficients of the polar parts of
elements of b̊, like a.x2/=xk1 . The original idea in [70] consists in working with
lattices (that is, locally free OX -modules) instead of OX.�D/-modules. The notion
of a good lattice will be essential (see Definition 11.13 below). One of the main
achievements in [72] is to prove the existence of good lattices under the assumption
of punctual formal decomposition of M . This was already done in dimension two
in the first version of [70].

The proof of Theorem 11.7 is done in two steps. In [72], T. Mochizuki proves
the existence of a good lattice (see Proposition 11.19). The second step is given by
Theorem 11.18 below, which follows [70]. We will only explain the second step.

Definition 11.9 (Good meromorphic connection). Let M be a meromorphic
connection with poles along a divisor D with normal crossings. We say that M
is a good meromorphic connection if, near any xo 2 X , there exists a ramification
�d W Xd ! X around the components of D going through xo, such that �C

d M has
a good formal decomposition near xo (Definition 11.4(3)).

Remark 11.10. It follows from Theorem 11.7 and from the second part of
Lemma 11.6 that any sub-meromorphic connection of a good meromorphic
connection is also good. In particular, such a OX.�D/-submodule is locally free.

Remark 11.11 (Existence after blowing-up). As recalled in Sect. 10.1, the basic
conjecture [81, Conjecture I.2.5.1] asserted that, given any meromorphic bundle
with connection on a complex surface, there exists a sequence of point blowing-
ups such that the pull-back connection by this proper modification is good along the
divisor of its poles. Fortunately, this conjecture has now been settled, in the algebraic
setting by T. Mochizuki [67] and in general by K. Kedlaya [41]. The natural
extension of this conjecture in higher dimension is also settled in the algebraic case
by T. Mochizuki [70] (see also the survey [68]) and in the local analytic case by K.
Kedlaya [42].

Remark 11.12 (The stratified I-covering attached to a good meromorphic
connection). Let M be a germ at 0 of good meromorphic connection with poles
on D at most. Assume first that M has a good formal decomposition indexed by
a good finite set ˚ � OX;0.�D/=OX;0. If U is small neighbourhood of 0 in D on
which each ' 2 ˚ is defined, the subset ėj$�1.U / WD

S
'2˚ '.$�1.U // � Iét

1

defines a stratified I1-covering of $�1.U / relative to the stratification induced by
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the .YI /I�L (see Sect. 9.3 for the notation). If M is only assumed to be good
(Definition 11.9), i.e., has a good formal decomposition after a ramification of
order d , one defines similarly a subset ėj$�1.U / of Iét

d , hence of Iét, which is a
stratified I-covering with respect to the stratification .YI /I�L.

By the uniqueness of the decomposition, this set is intrinsically attached to M ,
and therefore is globally defined alongD when M is so. We denote it by ė.M /.

11.4 Good Lattices

It will be implicit below that the poles of the meromorphic objects are contained
in D. The following is due to T. Mochizuki [70].

Definition 11.13 (Good decomposition and good lattice).

1. Let bF be a free Ob0-module equipped with a flat meromorphic connection br W
bF ! ˝1

b0
.�D/˝ bF . We say that bF has a good decomposition if there exist a

good finite set b̊� Ob0.�D/=Ob0 and a decomposition

.bF ;br/ D L

b' 2 b̊

.bFb'br/ with .bFb'br/ ' .bEb' ˝ bRb';br/;

where bRb' is a free Ob0-module equipped with a flat meromorphic connection br
such that br is logarithmic and .bEb';br/ D .Ob0; dC db'/.

2. Let F be a free OX;0-module equipped with a flat meromorphic connection r W
F ! ˝1

X;0.�D/˝F . We say that .F;r/ is a (non-ramified) good lattice if
.F;r/b0 WD Ob0˝OX;0 .F;r/ has a good decomposition indexed by some good

finite set b̊.

In order to better understand the notion of a good lattice over OX;0, we need
supplementary notions, using the notation of Sect. 11.2. Moreover, it will be useful
later to distinguish between the pole set of˚ and that of the connection, and we will
introduce a supplementary notation. Let K � L a non-empty subset and set D0 D
D.K/ D S

i2K Di . Similarly, for I � K , we still denote by I c the complement
K X I and we will use the notation D0.I c/ for

S
i2I c Di . This should not lead to

any confusion. In a first reading, one can assume that K D L and set D0 D D.

Definition 11.14 (I -goodness). Let I be a subset of K . We say that a finite
subset ˚I of OX;0.�D0/=OX;0.�D0.I c// is good if #˚I D 1 or for any
'I ¤  I in ˚I , the order ordI .'I �  I / exists (so belongs to .�N/K X Z

I c
)

and the corresponding coefficient of ' �  , for some (or any) lifting of
'I �  I , does not vanish at 0 (in other words, 'I �  I is purely I -monomial).
Setting m.'I �  I / D � ordI .'I �  I /, for any fixed  I 2 ˚I , the set

fm.'I �  I / j 'I 2 ˚I ; 'I ¤  I g � .NK X Z
I c
/ � f0LXKg
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is totally ordered and its maximum, which does not depend on the choice of
 I 2 ˚I , is denoted by m.˚I /. If #˚I D 1, we set m.˚I / D 0. We have similar
definitions for a subset b̊I � Ob0.�D0/=Ob0.�D0.I c//.

Definition 11.15 (˚ and ˚I -decompositions, T. Mochizuki [70]).

1. Let I � K . Let .IbF ; Ibr/ be a free ObDI ;0
-module with flat meromorphic

connection and let ˚I be a finite subset of OX;0.�D0/=OX;0.�D0.I c//. We say
that .IbF ; Ibr/ has a ˚I -decomposition along D if there is a decomposition

.IbF ; Ibr/ D L

'I2˚I
.IbF'I ;

Ibr/ with .IbF'I ;
Ibr/ ' .bEe'I ˝ IbR'I ;

Ibr/;

with .bEe'I ; Ibr/ D .ObDI ;0
; d C de'I / for some (or any) lifting e'I of 'I in

ObDI ;0
.�D0/, and .IbR'I ;

Ibr/ is I -logarithmic, that is,

Ibr.IbR'I / � IbR'I ˝
�
˝1
bDI ;0

.logD/C˝1
bDI ;0

.�D0.I c//
�
;

i.e., is logarithmic only partially with respect to D.I [ .L X K//, but can have
poles of arbitrary order along D0.I c/, although its residue along each Di (i 2
I [ .L XK/) does not have higher order poles. We have a similar definition for
a subset b̊I � ObDI ;0

.�D0/=ObDI ;0
.�D0.I c//. We say that .IbF ; Ibr/ has a good

˚I -decomposition alongD if ˚I is good.
2. Let .F;r/ be a free OX;0-module with flat meromorphic connection. If there

exists ˚ 2 OX;0.�D0/=OX;0 such that, denoting by ˚I the image of ˚ in
OX;0.�D0/=OX;0.�D0.I c//, .F;r/jbDI has a good ˚I -decomposition for any
I � K in a compatible way with respect to the inclusions I � I 0 � K , we
say that .F;r/ has a good formal ˚-decomposition.

Example 11.16. If I D K , Definition 11.15(1) reads as follows: .KbF ; Kbr/ is a
free ObDK;0

-module with flat meromorphic connection which has a decomposition
indexed by ˚ � OX;0.�D0/=OX;0 of the form

.KbF ; Kbr/ D L

'2˚
.KbF';

Kbr/ with .KbF'; Kbr/ ' . OE' ˝KbR';
Kbr/

and .KbR; Kbr/ is ObDK;0
-free and logarithmic with poles along D. Tensoring

.KbF ; Kbr/ with Ob0 produces .bF ;br/ having a good decomposition as in
Definition 11.13(1).

As a consequence, we see that if .F;r/ has a good formal decomposition with
good set ˚ of exponential factors (in the sense of Definition 11.15(2)), then .F;r/
is a non-ramified good lattice in the sense of Definition 11.13(2). The converse is
the content of Theorem 11.18 below.
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Remark 11.17. We have stability by twist: For any lifting � of a given �I 2
OX;0.�D0/=OX;0.�D0.I c//, .IbF ; Ibr C d�/ has a .˚I C �I /-decomposition iff
.IbF ; Ibr/ has a ˚I -decomposition.

If .IbF ; Ibr/ has a ˚I -decomposition at 0, it has such a decomposition onDI \U
for some neighbourhoodU of 0. If the ˚I -decomposition is good at 0, it is good in
some neighbourhood of 0. The same property holds for a formal ˚-decomposition.

Theorem 11.18 (T. Mochizuki [70]). Let .F;r/ be a free OX;0-module with flat
meromorphic connection. If .F;r/ is a (non-ramified) good lattice (see Defini-
tion 11.13(2)) with formal exponential factors b̊� Ob0.�D0/=Ob0, then b̊ is equal to
a subset ˚ of OX;0.�D0/=OX;0 and .F;r/ has a good formal˚-decomposition at 0
(see Definition 11.15(2)).

Let us emphasize the following result which will not be proved here.

Proposition 11.19 ([72, Proposition 2.18]). If M satisfies the assumption of
Theorem 11.7, then any good lattice of Mb0 can be locally lifted as a good lattice
of M (near the origin).

Remark 11.20. One can find more properties of good lattices in [70], in particular
good Deligne–Malgrange lattices, which are essential for proving the local and
global existence of (possibly ramified) good lattices, extending in this way the result
of Malgrange [58, 60], who shows the existence of a lattice which is generically
good.

11.5 Proof of Theorem 11.18

We first generalize to the present setting the classical decomposition with respect to
the eigenvalues of the principal part of the connection matrix.

Let U be some open neighbourhood of 0 in X and let I � L. Set OI D
O.�DI \ U /ŒŒtI ��.
Lemma 11.21 (Decomposition Lemma). Let IbF be a free OI -module with a flat
connection Ibr W IbF ! IbF ˝˝1

OI
.�D/. Let .IbFb0;

Ibrb0/ denote the formalization of

.IbF ; Ir/ at the origin. Assume that there exist m 2 N` � f0g, i 2 I and a O b0 -basis

of IbFb0 such that, setting I 0 D I X fig and OI 0 D OI=tiOI ,

1. mi > 0.
2. The matrix of Ibrb0 in the given basis can be written as t�m b̋, where the entries

of b̋ are in ˝1
b0
.logD/.

3. If b̋.i/ denotes the component of b̋ on dti =ti , then b̋.i/.0/D diag. b̋.i/1 .0/;
b̋.i/
2 .0// where b̋.i/1 .0/; b̋

.i/
2 .0/ have no common eigenvalues.
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Then, after possibly shrinking U , there exists a OI -basis of IbF such that the matrix
of Ibr in the new basis is t�m.˝C tiB/, where˝ has entries in˝1

OI 0
.logD/, B has

entries in ˝1
OI
.logD/, both are block-diagonal as b̋.i/.0/ is, and ˝.0/ D b̋.0/.

Moreover, such a decomposition .IbF ; Ibr/ D .IbF1; Ibr/˚ .IbF2; Ibr/ is unique.

Proof. Set �j D tj @tj for j 2 L and �j D @tj for j … L and let us denote

by b̋.j / the matrix of Ibrb0;�j in the given basis of IbFb0. Let us first notice that, due to

the integrability condition and to the inequality 2m > m, the matrices b̋.i/.0/ and
b̋.j /.0/ commute, hence (3) implies that b̋.0/ D diag. b̋1.0/; b̋2.0//.

The first step consists in proving that the assumptions of the lemma hold for the
matrix of Ibr in any OI -basis of IbF which coincides with the given basis of IbFb0 at

the origin. Since the matrix of tmIbr�j in some basis of IbFb0 has no pole, it has no

pole in any basis of IbFb0. Applying this to a basis of IbFb0 induced by a basis of IbF ,

this implies that the matrix of tmIbr�j in any basis of IbF has no pole, so (2) holds.

If we choose a OI -basis which coincides with the given basis of IbFb0 at the origin,
then (3) holds.

Second step. It consists in proving that, up to shrinking U , there exists a OI -basis
of IbF which coincides with the given basis when restricted to the origin, such
that the matrix of Ibr in this basis can be written as t�m.˝ C tiA/, with ˝

in ˝1
OI 0
.logD/, A 2 ˝1

OI
.logD/, ˝ D diag.˝1;˝2/ and ˝˛.0/ D b̋

˛.0/

(˛ D 1; 2).
The operator tmIbr�i sends ti IbF to itself and its residual action on IbFjDi defines

a OI 0-linear operator Ri . By assumption, the characteristic polynomial 	Ri .0/.T /
decomposes as 	01.T / � 	02.T / with a1.0/	

0
1.T / C a2.0/	

0
2.T / D 1 for some

a1.0/; a2.0/ 2 C. It follows that there exist a˛ 2 OI 0 and 	˛ 2 OI 0 ŒT � (˛ D 1; 2)
such that 	Ri .T / D 	1.T / �	2.T / and a1	1.T /Ca2	2.T / D 1, up to shrinking U .
Then IbFjDi D Ker	1.Ri /˚ Ker	2.Ri / and the matrix of Ri decomposes into two
block in a basis adapted to this decomposition. Moreover, we can realize this so that,
at the origin, the matrix of Ri.0/ is b̋.i/.0/.

For each j ¤ i , let˝.j / be the matrix of Ibr�j in the basis that we have obtained.

The commutation relation ŒIbr�i ; Ibr�j � D 0 and the fact that 2m > m imply that˝.j /

jDi
commutes with˝.i/

jDi . Therefore the associated endomorphism preserves Ker	1.Ri /

and Ker	2.Ri /, that is, ˝.j /

jDi is block-diagonal. Hence, the matrix of tmIbr�j in a

basis of IbF lifting the previous one takes the desired form.

Third step. Let ˝;A be as obtained in the second step. Let us start with the
component t�m.˝.i/C tiA.i// of t�m.˝C tiA/ on dti =ti . We wish to find a change
of basis G D IdC� 0 tiX

ti Y 0

�
, where X; Y have entries inOI , such that the matrix of
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tmIbr�i in the new basis is ˝.i/ C tiB.i/, where B.i/ has entries in OI and is block-
diagonal as˝ . The matrix G has to be a solution of the equation

tmti @ti G D G �
 
˝
.i/
1 C tiB.i/

1 0

0 ˝
.i/
2 C tiB.i/

2

!

�
 
˝
.i/
1 C tiA.i/11 tiA

.i/
12

tiA
.i/
21 ˝

.i/
2 C tiA.i/22

!

�G;

which reduces to

B
.i/
1 D A.i/11 � tiA.i/12 Y; B

.i/
2 D A.i/22 � tiA.i/21 X

and

˝
.i/
1 X � X˝.i/

2 D A.i/12 � ti
�
A
.i/
11 X �XA.i/22 C t2i XA.i/21X C tm�1i .ti @ti C 1/X

�

and a similar equation for Y . The assumption implies that the determinant of the
endomorphism Z 7! .˝

.i/
1 .0/Z � Z˝.i/

2 .0// is not zero. Choose U such that the

determinant ofZ 7! .˝
.i/
1 Z�Z˝.i/

2 / does not vanish onU . We then find a (unique)
solution of the equation forX (resp. Y ) by expandingX (resp. Y ) with respect to ti .
Let us write t�m.˝ C tiB/ the matrix of Ibr after the base change induced by G.

The integrability condition is now enough to show that the matrix B is block-
diagonal. Indeed, let us denote by

t�m

 
˝
.j /
1 C tiB.j /

11 tiB
.j /
12

tiB
.j /
21 ˝

.j /
2 C tiB.j /

22

!

the matrix of Ibr�j . Then the integrability condition ŒIbr�i ; Ibr�j � reads on the off-
diagonal blocks as

˝
.i/
1 B

.j /
12 � B.j /

12 ˝
.i/
2 D ti

�
B
.j /
12 B

.i/
2 � B.i/

1 B
.j /
12 � tm�1i .�i C 1�mi/B

.j /
12

�
;

whose unique solution is B.j /
12 D 0, as seen by expanding B.j /

12 with respect to ti ,

since Z 7! .˝
.i/
1 Z � Z˝.i/

2 / is invertible. Therefore, the matrix of Ibr�j is also
block-diagonal in the new basis.

For the uniqueness, we are reduced to proving that there is no nonzero morphism
between .IbF1; Ibr/ and .IbF 0

2;
Ibr/ (with obvious notation). The proof is similar. ut

Remark 11.22. The previous lemma also holds when one replacesOI with Ob0, by
forgetting the first step.

Proof of Theorem 11.18. We start with:

Lemma 11.23. Let I � K and let .IbF ; Ibr/ be a free ObDI ;0
-module with flat

meromorphic connection. Assume that there exists a good finite subset b̊ �
Ob0.�D0/=Ob0 such that the formalization .IbF ; Ibr/b0 at 0 satisfies:

.IbF ; Ibr/b0 D
L

b'2 b̊
.IbFb0;b';

Ibr/; with .IbFb0;b';
Ibr/ ' .bEb'˝ bRb';br/; (11.23 �)
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where
brbRb' � bRb' ˝˝1

b0
.logD/ (11.23 ��)

for any b' 2 b̊. If b̊I denotes the image of b̊ in Ob0.�D0/=Ob0.�D0.I c//, then b̊I
is equal to a subset ˚I of ObDI ;0

.�D0/=ObDI ;0
.�D0.I c//, and .IbF ; Ibr/ has a

˚I -decomposition.

Proof. The proof is by induction on # b̊I . Assume first # b̊I D 1, that is, b̊I D fb'I g.
Then for any lifting b' of b'I in Ob0.�D0/=Ob0 and any b 2 b̊, d.b �b'/ has poles in
D0.I c/ at most, hence we have

.Ibr � db'/IbFb0 � IbFb0˝
�
˝1
b0
.logD/C˝1

b0
.�D0.I c//

�
:

Writing this in some basis of IbFb0 induced by a ObDI ;0
-basis of IbF implies that b'I

belongs to the quotient ObDI ;0
.�D0/=ObDI ;0

.�D0.I c// and we denote it by 'I , hence
the first statement. After a twist by E �e'I for some lifting e'I of 'I , we can then
assume that b̊I D 0, and we choose b' D 0. Then

IbrIbFb0 � IbFb0˝
�
˝1
b0
.logD/C˝1

b0
.�D0.I c//

�
;

and this implies

IbrIbF � IbF ˝
�
˝1
bDI ;0

.logD/C˝1
bDI ;0

.�D0.I c//
�
;

which is the ˚I -decomposition with ˚I D f0g.
Assume now that # b̊I > 2. Then # b̊ > 2 and m WD m. b̊/ ¤ 0. Moreover, the

I -component mI is nonzero. Let i 2 I be such that mi > 0 and set I 0 D I � fig.
Assume first that there exists b' 2 b̊ with ordL.b'/ D �m. Set C WD

.tm b̊/.0/ � C. Note that #C > 2 since m ¤ 0. Consider the decomposition
coarser than (11.23 �) indexed by C : .IbF ; Ibr/b0 D

L
c2C .IbFb0;c ; Ibrc/. It satisfies

the assumptions of the Decomposition Lemma 11.21. Applying its existence part,
we find a decomposition .IbF ; Ibr/ D L

c2C .IbFc; Ibrc/, so the matrix of Ibr takes
the form t�m.˝ C tiB/ where B is now block-diagonal as ˝ . Let us set b̊c D
fb' 2 b̊ j .t�mb'/.0/ D cg. Then b̊ D tc b̊c and, as mI ¤ 0, b̊I D tc b̊c;I .
Thus, for every c 2 C , # b̊c;I < # b̊I . By the uniqueness in the Decomposition
Lemma 11.21 (in the variant of Remark 11.22), we have

.IbFc;
Ibrc/b0 D

L

b'2 b̊c
.bEb'˝ IbRb';br/;

so that each .IbFc;
Ibrc/ satisfies the assumption of the lemma. We conclude

by induction on # b̊I to get that b̊I � ObDI ;0
.�D0/=ObDI ;0

.�D0.I c// and the

˚I -decomposition of .IbF ; Ibr/.
Assume now that there is no b' 2 b̊ such that ordL.b'/ D �m. Then there exists

bf 2 Ob0.�D0/=t�mOb0 such that ordL.b' � bf / > �m for any b' 2 b̊ (and equality
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for some b' 2 b̊). It is thus enough to prove that bf 2 ObDI ;0
.�D0/=t�mObDI ;0

and

(see Lemma 11.2) this is equivalent to showing that, for any i 2 K , the class bf .i/

of bf in Ob0.�D0/=t�mii Ob0.�D0.i c// belongs to ObDI ;0
.�D0/=t�mii ObDI ;0

.�D0.i c//. It
will then be denoted by f .i/.

Let us fix i 2 K and set bf .i/ DP�i
�DmiC1 bf

.i/
� t��i . Let us prove by induction on

k 2 f0; : : : ; �i � mi � 1g that bf .i/

�i�k 2 ObDI\Di .�D0/=t�mii ObDI\Di .�D0.i c//. For

any b' 2 b̊ we can write b' D bf C t�mb� with b� 2 Ob0. Because of (11.23 ��), for

any b' 2 b̊we have .Ibrti @ti � ti @b'=@ti /IbFb0;b' � IbFb0;b' and thus, for any k as above,

�
t
�i
i
Ibrti @ti �

kX


D0
.
 � �i / bf .i/

�i�
t


i

�
IbFb0;b' � tkC1

i � IbFb0;b'.�D0.i c//;

hence also

�
t
�i
i
Ibrti @ti �

kX


D0
.
 � �i / bf .i/

�i�
t


i

�
IbFb0 � tkC1

i � IbFb0.�D0.i c//:

This implies (taking k D 0) that t�ii
Ibrti @ti IbF � IbF .�D0.i c//, and by induction that

the induced ObDI\Di ;0.�D0.i c//-linear endomorphism

�
t
�i
i
Ibrti @ti �

k�1X


D0
.�i � 
/f .i/

�i�
t


i

�
W tki � IbF .�D0.i c//=tkC1

i � IbF .�D0.i c//

�! tki � IbF .�D0.i c//=tkC1
i � IbF .�D0.i c//

acts as .�i � k/ bf .i/

�i�k Id. It follows that

bf
.i/

�i�k D f
.i/

�i�k 2 ObDI\Di .�D0/=t�mii ObDI\Di .�D0.i c//: ut

End of the proof of Theorem 11.18. The assumption of the theorem implies
that (11.23 �) and (11.23 ��) are satisfied by .IbF ; Ibr/ WD .F;r/bDI for any I � K ,

so b̊
I � ObDI ;0

.�D0/=ObDI ;0
.�D0.I c// for any such I , and in particular for any

I D fig. Lemma 11.2 then implies that b̊ � OX;0.�D0/=OX;0. The existence of a
˚I -decomposition in the second part of the theorem follows then from
Lemma 11.23 applied to any I � K and the compatibility with respect to the
inclusions I 0 � I follows from the uniqueness in Lemma 11.21. ut
Corollary 11.24 (Good Deligne–Malgrange lattices). Let M be as in Theo-
rem 11.7. Then there exists a good lattice .F;r/ of M satisfying the non-resonance
condition:
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� For each i 2 L X K , the eigenvalues of the residue Ri of r along Di do not
differ by a nonzero integer.

Proof. Fix i 2 LXK . Let .F;r/ be a good lattice of M . By definition, there exists
a basis of bF WD Fb0 in which the component of the matrix ofbr on dti =ti has no pole.

This holds then in any basis of bF . Choosing a basis induced by a basis of .F;r/
implies that r is logarithmic along Di . Its residue Ri is an endomorphism of FjDi
which is horizontal with respect to the connection induced on FjDi . Its eigenvalues

are then constant, and coincide with the eigenvalues of the residue bRi of .bF ;br/.
Therefore, if we start from a good lattice .bF ;br/ of Mb0 which is non-resonant

with respect toDi , that is, such that the eigenvalues of bRi do not differ by a nonzero
integer, then the good lattice .F;r/ given by Proposition 11.19 is also non-resonant
with respect to Di . ut
Remark 11.25 (Very good formal decomposition). For the purpose of asymptotic
analysis (see Theorem 12.5 below), it would be more convenient to know that M
has a very good formal decomposition near the origin, as defined in [79], that is,
considering the formal completion ObD WD lim �k OX=.x1 � � �x`/kOX , that .MbD;r/
decomposes in a way similar to (11.4 �). This property is too strong in general, and
cannot be achieved after blowing-ups (see Remark 11.11).

Nevertheless, if M has a punctual good formal decomposition near the origin,
the existence of a good lattice allows one to prove a similar but weaker property.
Let us fix 'o 2 ˚ and let us set ˚ � 'o D S

c.˚c � 'o/ where c varies in C WD
Œtm.˚ � 'o/�.0/ � C and where we set m D m.˚/. We now choose K to be
minimal with respect to ˚ � OX;0.�D/=OX;0, that is, mi > 0 iff i 2 K . Then for
each I � K , if we define CI as C , but starting from ˚I � 'o;I , we find CI D C ,
since none of the c=tm becomes zero in OX;0.�D0/=OX;0.�D0.I c//.

Corollary 11.26 (of Theorem 11.18, see [70, Sect. 2.4.3]). Let .F;r/ be a good
lattice with associated set ˚ � OX;0.�D/=OX;0 (according to Theorem 11.18).
Assume thatK � L is minimal with respect to˚ . Then there exists a decomposition

.F;r/bD0 ;0 '
L

c2C
.bFc;brc/; (11.26 �)

where each .bFc;brc/ is a free ObD0;0-module with integrable meromorphic connection
such that, for each I � K , we have compatible isomorphisms

ObDI ;0
˝.bFc;brc/ D L

'I2.˚c/I
.IbF'I ;

Ibrc/ (11.26 ��)

with .IbF'I ;
Ibrc/ ' .bEe'I ˝ IbR'I ;

Ibr/;
where the right-hand term is as in Definition 11.15(1).
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Proof. Recall that the Mayer–Vietoris complex (where we always take I � K)

MV.O/ W
�

0 �! L

#ID1
ObDI ;0

�! L

#ID2
ObDI ;0

�! � � �

�! L

#ID`�1
ObDI ;0

�! ObDK;0
�! 0

	

is a resolution of ObD0;0. By assumption, for each I one can gather the terms
in the ˚I -decomposition of .F;r/bDI ;0 so that the decomposition is indexed by
C DCI . It follows that there is a decomposition indexed byC of each ObDI ;0

˝FbD0;0

compatible with the inclusions I 0 � I . As a consequence, for each c 2 C , there is
a Mayer–Vietoris complex MV.bFc/ whose terms are made with the IbFc . Moreover,
this complex is a direct summand of the Mayer–Vietoris complex MV.O/˝FbD0;0.

Therefore, MV.bFc/ is a resolution of some free ObD0;0-submodule bFc of FbD0 ;0, and
FbD0;0 is the direct sum of these modules. Lastly, the components .c; c0/ of the matrix
of the connection r on FbD0;0 have a vanishing formal expansion along each Di

(i 2 K) if c ¤ c0. It follows that they vanish, according to the injectivity of
ObD0;0 !

L
#ID1ObDI ;0

. ut
Remark 11.27. We keep the assumption of Corollary 11.26 and we fix
'o 2 ˚ . Let us denote by ` the predecessor of m.˚/ in the totally ordered set
fm.'�'o/ j ' 2 ˚g. In order to simplify the notation, we will assume that 'o D 0.

For each c 2 C and each pair '; 2 ˚c , we have ' �  2 t�`OX;0. Let us
choose 'c 2 ˚c for each c. Then the formalization at 0 of brc satisfies

.brc;b0 � d'c Id/.bFc;b0/ � t�`˝1
b0
.logD/˝ bFc;b0;

according to (11.26 ��) for I D K , and to (11.23 �) and (11.23 ��). Therefore, in
any Ob0-basis of bFc;b0, the matrix of brc;b0� d'c Id has entries in t�`˝1

b0
.logD/. If one

chooses a basis induced by a ObD0;0-basis of bFc , one concludes that the matrix of
brc � d'c Id in such a basis has entries in t�`˝1

bD0;0
.logD/, and thus

8 c 2 C; .brc � d'c Id/.bFc/ � t�`˝1
bD0;0
.logD/˝ bFc: (11.27 �)

In conclusion, in any ObD0 ;0-basis of bFc , the matrix of brc takes the form

d'c IdCt�` b̋
c , where b̋c has entries in ˝1

bD0;0
.logD/.
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Going back to the notion of very good formal decomposition, we obtain:

Corollary 11.28. If moreover, m.' �  /i > 0 for each pair ' ¤  2 ˚ and each
i 2 L, then M has a very good formal decomposition.

In dimension two, this has been proved in [81, Theorem I.2.2.4]. This amounts
to asking that the stratified I-covering ė.M / (see Remark 11.12) is a true covering
of @eX.D/. This result will not be used but can be regarded as the simplest possible
behaviour of a flat meromorphic connection at a crossing point of D.

Sketch of proof of Corollary 11.28. The assumption implies that K D L. One can
argue by induction on #˚ , since the assumption implies that each ˚c satisfies
mi.˚c/ > 0 for each i . The case where #˚ D 1 reduces to proving that a free
ObD;0-module with an integrable meromorphic connection such that the connection
is logarithmic in a suitable ObDL;0

-basis, has a basis where the connection is
logarithmic. This is standard. ut

11.6 Comments

Although some results concerning the notion of a good formal structure have already
been considered in dimension two in [81], the much more efficient presentation
given here is due to T. Mochizuki [70, Chap. 2], [72]. The advantage of using lattices
lies in the decomposition Lemma 11.21.



Chapter 12
Good Meromorphic Connections
(Analytic Theory) and the Riemann–Hilbert
Correspondence

Abstract This chapter is similar to Chap. 10, but we now assume that D is a
divisor with normal crossings. We start by proving the many-variable version of
the Hukuhara–Turrittin theorem, that we have already encountered in the case of
a smooth divisor. It will be instrumental for making the link between formal and
holomorphic aspects of the theory. The new point in the proof of the Riemann–
Hilbert correspondence is the presence of non-Hausdorff éalé spaces, and we need
to use the level structure to prove the local essential surjectivity of the Riemann–
Hilbert functor. As an application of the Riemann–Hilbert correspondence in the
good case and of the fundamental results of K. Kedlaya and T. Mochizuki on
the elimination of turning points by complex blowing-ups, we prove a conjecture
of M. Kashiwara asserting that the Hermitian dual of a holonomic D-module is
holonomic, generalizing the original result of M. Kashiwara for regular holonomic
D-modules to possibly irregular holonomic D-modules and the result of Chap. 6 to
higher dimensions.

12.1 Introduction

This chapter achieves the main goal of this series of chapters, by proving the
Riemann–Hilbert correspondence between good meromorphic connections with
poles along a divisor with normal crossings and Stokes-filtered local systems on
the corresponding real blow-up space. The correspondence is stated in a global way,
by using the notion of good I-stratified covering and that of I-filtration introduced
in Chap. 1. For a general flat meromorphic connection, this correspondence can be
used together with the theorem of K. Kedlaya and T. Mochizuki (see Remark 11.11)
proving the possibility of eliminating the turning points of any meromorphic
connection.

Before proving this correspondence, we will complete the analysis of the formal
properties of good meromorphic connections given in Chap. 11 by a generalization
in higher dimensions of the Hukuhara–Turrittin theorem. The proof that we give is

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 12, © Springer-Verlag Berlin Heidelberg 2013
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due to T. Mochizuki. As in dimension one, this result plays an essential role in the
proof of the Riemann–Hilbert correspondence. Let us note however that we will not
develop the analogues with precise order of growth, related to Gevrey formal power
series. We will neither try to develop the relation with multi-summation, which is
hidden behind the level structure of the associated Stokes-filtered local system, as
considered in Sect. 9.5.

We give an application of the Riemann–Hilbert correspondence to distributions
solutions of holonomic D-modules, in order to show the powerfulness of this
correspondence, and the need of the goodness condition as a new ingredient
compared with the proof in dimension one (see Chap. 6).

In this chapter, we consider germs along D of meromorphic connections with
poles on D at most, which are locally good in the sense of Definition 11.9 (in
particular, we assume the local existence of a good lattice, but we do not care of the
global existence of such a lattice, which could be proved by using a good Deligne–
Malgrange lattice, see [70]).

12.2 Notation

We consider the following setting:

� X is a complex manifold and D is a divisor with normal crossings in X , with
smooth componentsDj (j 2 J ), and X� WD X XD.

� j W X� ,! X and ej W X� ,! eX.Dj2J / denote the open inclusions, and i W
D ,! X ande{ W @eX.Dj2J / ,! eX.Dj2J / denote the closed inclusions.

� The ordered sheaf I on @eX.Dj2J / is as in Definitions 9.4 and 9.5.

In the local setting, we keep the notation of Sect. 11.2. For short, we will denote
by eX the real blow-up space eX.Di2L/, by $ W eX ! X the real blowing-up map
and by A

eX the sheaf on eX consisting, locally, of C1 functions on eX which are
annihilated by t i @ti (i 2 L) and @ti (i 62 L). We will set A@eX D A

eX j@eX . We refer
to [48,79] and [81, Chap. 2] for the main properties of this sheaf. Notice that A

eX is
a subsheaf of the sheaf A modD

eX
introduced in Sect. 8.3.

Recall also that for each I � L one considers the formal completion A
bDI
D

lim �k A
eX=.ti2I /kA eX which is a sheaf supported on $�1DI and is a $�1O

bDI
-

module via the natural inclusion $�1O
bDI
,! A

bDI
, which is seen as follows. If

$DI W eDI ! DI denotes the real blow-up space of DI along DI \ Dj2I c ,
then A

bDI
is identified with $�1

I A
eDI
ŒŒtI ��, where $I denotes here the projection

eXjDI ! eDI . The inclusion $�1
DI

O
bDI
D $�1

DI
ODI ŒŒtI �� ,! A

eDI
ŒŒtI �� produces the

desired inclusion.
One also considers A

bD defined similarly and supported on @eX.D/. There is
a Mayer–Vietoris complex MV.A

eX/ similar to the complex MV.O/ considered
in the proof of Corollary 11.26, which is a resolution of A

bD and the inclusion
$�1MV.O/ ,! MV.A

eX/ induces an inclusion $�1O
bD ,! A

bD which makes A
bD

a $�1O
bD-module.
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Lastly, let us recall that there is an exact sequence

0 �! A rdD
@eX
�! A@eX

TD���! A
bD �! 0: (12.1)

12.3 The Malgrange–Sibuya Theorem in Higher Dimension

We consider the local setting. As in the cases treated before (Sects. 5.4 and 10.6),
an important point in the proof of the Riemann–Hilbert correspondence is the
Malgrange–Sibuya theorem. It will be also important for the proof of the higher
dimensional Hukuhara–Turrittin theorem.

Theorem 12.2 (Malgrange–Sibuya in dimension > 2). The image of

H1
�

.S1/`;GLrdD
d .A@eX/

� �! H1
�

.S1/`;GLd .A@eX/
�

is the identity.

Proof of Theorem 12.2. Since the proof of Theorem 12.2 given in [81, Sect. II.1.2]
contains a small mistake,1 we give a detailed proof here.

We denote by E
eX the sheaf of C1 functions on eX and by Ej@eX its sheaf-theoretic

restriction to @eX . We can then define the subsheaf E rdD
j@eX

of C1 functions with rapid

decay and the quotient sheaf is that of C1 formal functions along @eX . We note that
a local section of Md .Ej@eX/ (matrices of size d with entries in Ej@eX ) is a section of
GLd .Ej@eX/ if and only if its image in Md .Ej@eX=E

rdD
j@eX

/ belongs to GLd .Ej@eX=E
rdD
j@eX

/:

indeed, given a matrix in Md .Ej@eX/, the image in Ej@eX=E
rdD
j@eX

of its determinant is

the determinant of its image in Md .Ej@eX=E
rdD
j@eX

/; use now that the values of a local

section of Ej@eX at the points of @eX are also the values of its image in Ej@eX=E
rdD
j@eX

.

Lemma 12.3. We haveH1
�

.S1/`;GLrdD
d .Ej@eX/

� D Id, where we have set as above
GLrdD

d .Ej@eX/ WD IdCMd .E
rdD
j@eX

/.

Proof. Since a matrix in Md .Ej@eX/ whose image in Md .Ej@eX=E
rdD
j@eX

/ is the identity
is invertible, we have an exact sequence of groups

Id �! GLrdD
d .Ej@eX/ �! GLd .Ej@eX/ �! GLd .Ej@eX=E

rdD
j@eX

/ �! Id :

1Whose correction is available at http://www.math.polytechnique.fr/�sabbah/sabbah ast 263 err.
pdf.
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We first show that

H0
�

.S1/`;GLd .Ej@eX/
� �! H0

�

.S1/`;GLd .Ej@eX=E
rdD
j@eX

/
�

is onto. Locally, a section of the right-hand term can be lifted. Using a partition of
unity, we lift it globally as a section of Md .Ej@eX/, and by the remark above, it is a
section of GLd .Ej@eX/.

It remains thus to show that

H1
�

.S1/`;GLd .Ej@eX/
� �! H1

�

.S1/`;GLd .Ej@eX=E
rdD
j@eX

/
�

is injective, and since E rdD
j@eX
� t1 � � � t`Ej@eX , it is enough to show a similar assertion

for the restriction map

H1
�

.S1/`;GLd .Ej@eX/
� �! H1

�

.S1/`;GLd .E@eX/
�

;

where E@eX D Ej@eX=t1 � � � tdEj@eX is the sheaf of C1 functions on @eX .
Using the interpretation of an element of H1 as giving an isomorphism class of

vector bundle, we are reduced to showing that, given a C1 vector bundle in the
neighbourhood of .S1/` whose restriction to .S1/` is trivializable, it is trivializable
in some (possibly smaller) neighbourhood of .S1/`. For that purpose, it is enough to
prove that any global section of the restriction can be lifted to a global section of the
original bundle in some neighbourhood of .S1/`, because a lift of a basis of global
sections will remain a basis of sections in some neighbourhood of .S1/`. Now, such
a lifting property for a global section can be done locally on .S1/` and glued with a
partition of unity. ut

Let ˛ be a class in H1
�

.S1/`;GLrdD
d .A@eX/

�

represented by a cocycle .˛ij /
on some open cover U D .Ui/ of .S1/`. According to the previous lemma,
H1

�

U ;GLrdD
d .Ej@eX/

� D Id for any open cover U of .S1/` (see [2, Proposi-
tion II.1.2.1]), and therefore ˛ij D ˇ�1

i ˇj , where ˇi is a section over Ui of
GLrdD

d .Ej@eX/.

The operator @ is well-defined on E rdD
j@eX

. We set

�i D @ˇi � ˇ�1
i :

Then �i D �j on Ui \ Uj and the �i glue together as a matrix � of 1-forms with
entries in E rdD

X jD D $�E rdD
j@eX

, and of type .0; 1/. Moreover, the �i (hence � ) satisfy

@�i C �i ^ �i D 0

because this equality is already satisfied away from @eX . For � , this equality is read
on X .
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Lemma 12.4. There exists a neighbourhood of 0 2 X on which the equation @' D
�' � � has a solution ' which is a section of GLd .EX/.

Proof. This is Theorem 1 in [49, Chap. X]. ut
Then for each i one has @.'ˇi / D 0, so that 'ˇi is a section on Ui of GLd .A@eX/

and ˛ij D .'ˇi /�1 � .'ˇj /, in other words, the image of ˛ inH1
�

U ;GLd .A@eX/
�

is
the identity. ut

12.4 The Higher Dimensional Hukuhara–Turrittin Theorem

We keep the setting of Sect. 11.2.

Theorem 12.5. Let M be a meromorphic connection with poles along D. Assume
that M has a punctual good formal decomposition near the origin (see Defini-
tion 11.4(2)) with set of exponential factors ˚ � OX;0.�D/=OX;0. Then, for any
�o 2 $�1.0/, the decomposition (11.4 �) can be lifted as a decomposition

A
eX;�o

˝
$�1OX;0

$�1M0 ' A
eX;�o

˝
$�1OX;0

�

L

'2˚
.E ' ˝R'/0

�

;

where each R' is a meromorphic connection with poles along D, and regular
singularity alongD.

We have implicitly used Theorem 11.7 to ensure that b˚ � OX;0.�D/=OX;0. We
will also use the existence of a good lattice near the origin (Proposition 11.19).

Remark 12.6. This theorem has already been used in Lemma 10.5 when D is
smooth, referring to Sibuya [91, 92] for its proof. In order to handle the case with
normal crossings, an asymptotic theory similar to that developed by H. Majima [48]
is needed. Notice also that previous approaches to this asymptotic theory can be
found in [25]. Here, we will use the arguments given in [70, Chap. 20].

When dimX D 2, this theorem is proved in [81] (see Theorem 2.1.1 in loc. cit.)
by using Majima’s arguments. However, the proof of loc. cit. does not seem
to extend in arbitrary dimension. Here, we give an alternative proof, due to T.
Mochizuki [70]. The new idea in this proof, compared to that of [81] in dimension
two, is the use of the existence of a good lattice. See also [29, Appendix] for a
similar explanation of this proof.

Corollary 12.7. Under the assumptions of Theorem 12.5, if moreover each ' 2 ˚
is purely monomial (see Definition 9.8), that is, if ˚ [ f0g is also good, then
DRmodD M is a sheaf.

Proof. According to Theorem 12.5, it is enough to prove the result for M D
E ' ˝R' , where ' is purely monomial, since the statement is local on @eX . The
proof is then similar to that indicated for Proposition 8.17. ut
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Proof of Theorem 12.5. According to Proposition 11.19, there exists a good lattice
.F;r/ for M near the origin. We will therefore prove a statement similar to that of
Theorem 12.5 where we start with a good lattice .F;r/, that we can assume to be
non-resonant, according to Corollary 11.24 (this will be used in the end of the proof
of Lemma 12.13).

The proof is by induction on #˚ . If #˚ D 1, we can assume that ˚ D f0g by
twisting. Then the isomorphism of Theorem 12.5 already exists for O-coefficients:
indeed, by Proposition 11.19, there exists a good lattice of M lifting a good lattice
of M

b0; the latter being logarithmic, so is the former.
We now assume that #˚ > 2, so that m.˚/ ¤ 0. We will use the notation

of Sect. 11.4. More specifically, we let K � L be the minimal subset such
that ˚ � OX;0.D.K//=OX;0 and we set D0 D D.K/. We consider the formal
decomposition (11.26 �) indexed by the setC � C of Remark 11.25, which contains
at least two distinct elements, where the connection satisfies (11.27 �). The inductive
step is given by the following proposition.

Proposition 12.8. There exist good lattices .Fc;rc/c2C near the origin in X such
that, setting $ 0 W eX 0 D eX.Di2K/! X ,

1. O
bD0 ;0
˝OX;0.Fc;rc/ D .bFc;brc/ (see (11.26 �)) for each c 2 C .

2. For each � 0
o 2 $ 0�1.0/, the decomposition (11.26 �) locally lifts as an

isomorphism
A

eX 0;� 0

o
˝.F;r/ ' L

c2C
A

eX 0;� 0

o
˝.Fc;rc/: (12.8 �)

Since eX 0 is dominated by eX , (12.8 �) lifts to eX , and the inductive assumption
can be applied to get the analogue of Theorem 12.5 for good lattices, and hence
Theorem 12.5 itself. ut
Proof of Proposition 12.8. In order to simplify notation during the proof, we will
use the notation eX instead of eX 0 and �o instead of � 0

o, since we will not use the
original notation eX during the proof. Correspondingly, we will set D D D.K/

(instead ofD0) and denote by D00 the remaining componentsD.LXK/, since they
will play no essential role.

The proof will be achieved in two steps:

� We first construct, for each �o, a lifting of (11.26 �) for some .F �o
c ;r�oc / locally

defined near �o; this uses sectorial asymptotic analysis.
� We then glue the various constructions to show that they come from some

good lattice .Fc;rc/; in order to do so, one would like to consider an open
cover U of$�1.0/ such that the previous lifting exists on each open set Ui , and
consider the change of liftings on the intersections Ui \ Uj ; if #K D 1, so that
$�1.0/ D S1, one can choose an open cover with empty triple intersections, so
that we get in that way a cocycle in H1.$�1.0/;GLrdD.A

eX// and we can use
the Malgrange–Sibuya theorem to construct .Fc;rc/; however, if #K > 2, these
changes of liftings do not clearly form a cocycle, since the cocycle condition is
not trivial to check; instead, it can be proved that the Stokes filtration at the level
> ` (where ` is the predecessor of m.˚/ as in the proof of Proposition 9.21)
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is globally defined, and is locally split; then the graded object of the Stokes
filtration is a locally free A

eX -module of finite rank, globally defined on$�1.0/,
which will be proved to be of the form A

eX ˝$�1.Fc;rc/ for some good lattice
.Fc;rc/.

Step one: existence of .F �o:
c ;r�oc / for each �o 2 $�1.0/ Let us consider the

decomposition (11.26 �) for .F;r/. It induces a decomposition

A
bD
˝

$�1OX

.F;r/ D L

c2C
�

A
bD
˝

$�1O
bD

.bFc;brc/
�

:

Let us now fix �o 2 $�1.0/ and a basis be of A
bD;�o
˝$�1OX

.F;r/ compatible
with this decomposition. If " is any OX;0-basis of F , it defines a basis b" of
A

bD;�o
˝$�1OX

.F;r/. Let bP 2 GLd .AbD;�o
/ be the change of basis, so that be D

b" � bP . According to (12.1), there exists P 2 GLd .A eX;�o
/ be such that TD.P / D bP .

Let us set e D " �P , so that the basis e induces the basis be on A
bD;�o
˝$�1OX

F . In

this basis, the matrix of r�o can be written as

diag.d'c IdCt�`˝�o
c /c2C C˝d; (12.9)

where, for each c 2C , 'c is a fixed element of ˚c , ˝�o
c is a A

eX;�o
-lift of b˝c

defined in Remark 11.27, and ˝d has entries in A rdD
eX;�o

, according to the ex-
act sequence (12.1). We will show that there is a base change with entries in
GLrdD

d .A
eX;�o
/ after which the matrix of r�o is block-diagonal with blocks indexed

by C . This will be done in four steps:

� One first finds a base change in GLrdD
d .A

eX;�o
/ so that, for some i such that

mi > 0, the component˝.i/ of ˝ on dti=ti is block-diagonal.
� One then shows that the matrix˝ is then triangular with respect to the order 6

�o
.

� One then block-diagonalizes all the components ˝ by a base change in
GLd .O.S � V //, where S is a small open poly-sector in the variables ti2K
and V is a neighbourhood of tj…K D 0. If K D L, the proof is straightforward.
However, if K ¤ L, one has take care of the residues along the componentsDi

for i 2 L XK .
� By considering the relative differential equation (relative to ti2K) satisfied by the

previous base change, one shows that it belongs to GLrdD
d .A

eX;�o
/.

Let us indexC by f1; : : : ; rg, and write the matrix ofr�o in block-diagonal terms
.˝˛ˇ/˛;ˇD1;:::;r , so that TD.˝˛ˇ/ D 0 for ˛ ¤ ˇ, and TD.˝˛˛/ D d'c˛ IdCt�`

b˝c˛ .
Our final goal is to obtain a base change IdCQ D IdC.Q˛ˇ/˛;ˇD1;:::;r , where Q
has entries in A rdD

eX;�o
, Q˛˛ D Id and TD.Q˛ˇ/ D 0 for ˛ ¤ ˇ, which splits ˝ , that

is, such that dQ C ˝.IdCQ/ D .IdCQ/˝ 0 with ˝ 0 block-diagonal and of the
form (12.9). This amounts to findingQ as above such that, for ˛ ¤ ˇ,

dQ˛ˇ D �˝˛ˇ C .Q˛ˇ˝ˇˇ �˝˛˛Q˛ˇ/�
X

�¤˛;ˇ
˝˛�Q�ˇ CQ˛;ˇ.Q;˝/; (12.10)
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where Q˛;ˇ.Q;˝/ D Q˛;ˇ

� P

�¤ˇ ˝ˇ�Q�ˇ

�

is a quadratic expression in Q

with coefficients having entries in A rdD
eX;�o

. However, we will not solve directly the
system (12.10).

First step. Since m � ` > 0, there exists i 2 K such that mi � `i > 0. Assume
for simplicity that i D 1, and set t 0 D .t2; : : : ; tn/. Then each 'c˛ can be written
as t�m.u˛.t 0/ C t1v˛.t// with u˛.0/ D c˛ and both u˛; v˛ holomorphic. Let us
set t1@t1'c˛ D t�m.u.1/˛ .t 0/ C t1v

.1/
˛ .t//, with u.1/˛ .0/ D �m1c˛ . Let us also set

u.1/˛ˇ .t
0/ D u.1/ˇ .t

0/ � u.1/˛ .t 0/, so that u.1/˛ˇ .0/ D m1.c˛ � cˇ/ ¤ 0 for ˛ ¤ ˇ. The
component of (12.10) on dt1=t1 reads

t1@t1Q¤ D �˝.1/

¤ C t�mu.1/˛ˇ .t
0/Q¤ C t�mt1L.t/.Q¤/

CQ¤.Q¤;˝.1/

¤ /; (12.10)1

where the index¤means that we only consider non-diagonal blocks,L.t/ is a linear
operator with entries in A

eX;�o
on the space of matrices like Q¤, and ˝.1/

¤ has rapid
decay alongD. The existence of a solution with rapid decay to (12.10)1 is given by
[70, Proposition 20.1.1]. We fix such a solutionQ with Q˛˛ D Id for all ˛.

Let us set e0 D e � .IdCQ/ and let us denote by F �o D L

c2C F �o
c the

corresponding decomposition of F �o . Then this decomposition is r�ot1@t1 -horizontal,

and the matrix (that we still denote by) ˝ of r�o in the basis e0 has the same form
as above, with the supplementary property that ˝.1/

˛ˇ D 0 for ˛ ¤ ˇ.

Second step. As in the proof of Lemma 11.21, set �j D tj @tj for j 2 L and
�j D @tj for j … L and let us denote by ˝.j / the matrix of r�o�j in the basis e0.
The integrability property of r�o implies that Œr�o�1 ;r�o�j � D 0, which reads, setting
 ˛ˇ D 'cˇ � 'c˛ for ˛ ¤ ˇ,

t1@t1˝
.j /

˛ˇ D ˝.j /

˛ˇ ˝
.1/

ˇˇ �˝.1/
˛˛˝

.j /

˛ˇ

D t1@t1. ˛ˇ/ �˝.j /

˛ˇ C t�mt1L.t/.˝
.j /

˛ˇ /;
(12.11)

for some linear operator L.t/ as above.
We will now use the order 6

�o
on t�mC as defined by (9.9), and we forget the

factor t�m to simplify the notation.

Lemma 12.12. For each � 2 C, the subsheaves

F
�o
6
�o
� WD

L

c2C
06

�o
�Cc

F �o
c

are left invariant by the connection r�o .
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Proof. It is enough to consider those � such that�� 2 C . It amounts then to proving
that the only solution of the linear equation (12.11) is zero if �c˛ 6<�o

�cˇ or

equivalently if Re. ˛ˇ/ 6< 0 on some neighbourhood of �o. Such a solution˝.j /

˛ˇ , if
it exists, is defined on a domain

S � V D fjti j < 2� j i 2 Kg �
Y

i2K
��.i/o � "; �.i/o C "Œ � V

for some �; " > 0, and some neighbourhood V of 0 in the variables ti , i 62 K . Note
that cˇ 6<�o

c˛ means that arg.cˇ � c˛/ �P

i2K mi�
.i/
o 2 Œ��=2; �=2� mod 2� , so

that we can find a sub-polysector S 0 with the same radius as S such that, on S 0 �V ,
we have arg.cˇ � c˛/ �P

i2K mi�
.i/ 2 � � �=2; �=2Œ mod 2� , and then, up to

shrinking the radius, Re. ˛ˇ/ > ı > 0. Restricting to jti j > �=2 for i 2 K and
i ¤ 1, we find that such an inequality holds on an open set S1 � U 0, where S1 is
an open sector with respect to t1 and U 0 is an open set in the variables t 0. Then,
on S1 � U 0, we can apply the estimate of [70, Corollary 20.3.7], showing that, if
nonzero, ˝.j /

˛ˇ should have exponential growth when t1 ! 0. This contradicts the
rapid decay property. ut
Third step. The matrix ˝ D .˝˛ˇ/ of the connection r�o can now be assumed
to have the same form as in (12.9) together with the property that ˝˛ˇ D 0 if
c˛ 6>�o

cˇ . The index set f1; : : : ; rg of C can be written as a disjoint union of
maximal subsets A which are totally ordered with respect to 6

�o
. We have ˝˛ˇ D 0

if ˛ and ˇ do not belong to the same subsetA. On the other hand, the integrability of
r�o D dC˝ implies the integrability of each graded connection gr˛ r�o D dC˝˛˛:
the integrability of dC˝ implies d˝˛˛CP

ˇ ˝˛ˇ^˝ˇ˛ D 0; but only one of both
˝˛ˇ and ˝ˇ˛ can be nonzero if ˛ ¤ ˇ.

Lemma 12.13. There exists a base change P D .P˛ˇ/ 2 GLrdD
d .A

eX;�o
/ which

transforms dC˝ to dC gr˝ .

Proof. We search for P which is block-diagonal with respect to the partition by
subsets A of f1; : : : ; rg, and we will consider the A-block .P˛ˇ/˛;ˇ2A, where we fix
P˛˛ D Id and P˛ˇ D 0 for ˛ < ˇ (for the sake of simplicity, we will denote by
6 the order on A induced by 6

�o
on C ). Our final goal will therefore be to look for

P˛ˇ (˛ > ˇ) with entries in A rdD
eX;�o

, satisfying

dP˛ˇ D P˛ˇ˝ˇˇ �˝˛˛P˛ˇ �
X

ˇ6�<˛
˝˛�P�ˇ: (12.13 �)

We will search for .P˛ˇ/˛;ˇ2A as a product of terms .kP˛ˇ/ for k 2 N� so
that each kP satisfies kP˛˛ D Id and kP˛ˇ D 0 if ˛ < ˇ or ˛ > ˇ and
#f� 2 A j ˇ 6 � < ˛g ¤ k. We will assume that, after the succession of base
changes jP for j < k the matrix k˝ of r�o is as above and moreover k˝˛ˇ D 0
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if ˛ > ˇ and #f� 2 A j ˇ 6 � < ˛g < k. Then (12.13 �) for kP reads, if
#f� 2 A j ˇ 6 � < ˛g D k:

d kP˛ˇ D kP˛ˇ
k˝ˇˇ � k˝˛˛

kP˛ˇ � k˝˛ˇ: (12.13 �)k

We will start by showing the existence of a holomorphic solution of (12.13 �)k on a
domain S � V as defined in the proof of Lemma 12.12.

We first consider the case where K D L. Let us consider the connection
r˛;ˇ on the space of matrices R of the size of kP˛ˇ having matrix R 7! dR C
.k˝˛˛R � Rk˝ˇˇ/. Due to the integrability of d C k˝˛˛ and d C k˝ˇˇ , this
connection is integrable. We claim that r˛ˇ.k˝˛ˇ/ D 0. Indeed, the integrability
of dC k˝ implies d k˝˛ˇCP

�
k˝˛� ^ k˝�ˇ D 0, and the property of k˝ implies

that all terms in the sum are zero except maybe those for � D ˛ and � D ˇ.
Since r˛ˇ is integrable on S � V and since r˛ˇ.k˝˛ˇ/ D 0, the equation

r˛ˇkP˛ˇ D �k˝˛ˇ has a holomorphic solution kP˛ˇ in an open domain S � V , as
wanted.

We now consider the case where K   L. We denote by V 00 the subset of V
defined by ti D 0 for all i 2 L XK . We consider the connection kr�o on the space
of block-triangular matrices .kP˛ˇ/˛ˇ given by (12.13 �)k where we do not assume
for the moment that kP˛˛ D Id. It is written as

kr�o..kP˛ˇ//˛ˇ D d kP˛ˇ C k˝˛˛
kP˛ˇ � kP˛ˇ

k˝ˇˇ .C k˝˛ˇ
kPˇˇ/;

where the last term only exists if ˛ ¤ ˇ. This connection is integrable, has
logarithmic poles along Di for i 2 L X K (see the proof of Corollary 11.24) and
no other pole in S � V . The residue endomorphismRi alongDi is given by

Ri..
kP˛ˇ//˛ˇ D kRi;˛˛

kP˛ˇ � kP˛ˇ
kRi;ˇˇ .C kRi;˛ˇ

kPˇˇ/;

where kRi;˛ˇ is the residue of k˝˛ˇ along Di . The eigenvalues of Ri are the
differences between eigenvalues of kRi;˛˛ and kRi;ˇˇ for ˛; ˇ varying in A. Since
the original .F;r/ satisfies the non-resonance property by assumption, and since
the connection with matrix k˝ has been obtained by holomorphic base changes
from the original˝ , it also satisfies the non-resonance condition. As a consequence,
the only integral eigenvalue of Ri is zero.

Since the connections dC k˝ and dC gr k˝ are logarithmic and their residues
satisfy the non-resonance condition, there exist local frames in which these
connections have constant matrix and the residues also satisfy the non-resonance
condition. Then the following holds on S � V 00:
� The sheaf R WD T

i2LXK KerRi is a vector bundle.
� It is equipped with the residual integrable connection induced by kr�o .
� The matrix .kP˛˛ D Id˛˛; kP˛ˇ D 0 .˛ ¤ ˇ// is a section of R.
� There exists a horizontal section of R (with respect to the residual connection)

such that kP˛˛ D Id for each ˛ 2A. In order to get this point, we consider
the horizontal section of the residual connection which takes the value
.kP˛˛ D Id; kP˛ˇ D 0 .˛ ¤ ˇ// at some point of S � V 00. The kP˛˛ component
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of this section is a horizontal section of the residual connection dC k˝ 00̨̨ kP˛˛ �
kP˛˛

k˝ 00̨̨ . Since Id˛˛ is clearly horizontal, it coincides with kP˛˛ .
� Any horizontal section of R extends in a unique way as a kr�o-horizontal

section on S � nb.V 00/: this follows from the computation in a basis where the
matrix of the residual connection is constant and the fact that the only integral
eigenvalue of Ri is zero.

� Arguing as above, the kP˛˛ component of this section is Id˛˛ .

In conclusion, we have found a global solution of (12.13 �)k, as wanted.

Fourth step: End of the proof of Lemma 12.13 We now denote by˝ 0 the component
of ˝ on the dti =ti with i 2 K , and we denote correspondingly by r 0̨

;ˇ the relative

differential. Then, for a solution .kP˛ˇ of (12.13 �)k we have r 0̨
ˇ
kP˛ˇ D �k˝ 0̨

ˇ .
Let us now fix a domain S � V small enough so that Re. ˛ˇ/ < ı < 0 in S � V if
˛ ¤ ˇ and cˇ 6

�o
c˛ . We can then use [70, Lemma 20.3.1], which shows that any

holomorphic solution kP˛ˇ on S � V satisfies limjt 0j!0
kP˛ˇ D 0 and, together with

a Cauchy argument, that the same holds for all derivatives of kP˛ˇ , so that kP˛ˇ has
entries in A rdD

eX;�o
. ut

Step two: globalization of the local .F �o:
c ;r�oc / Let us first start with a uniqueness

statement.

Lemma 12.14. The subsheaves F �o
6
�o
� obtained through Q satisfying (12.10)1 do

not depend on the choice of Q.

Proof. Let P D .P˛ˇ/ be a base change between two bases in which the matrices

˝;˝ 0 of r�o are of the form considered in Step one, with ˝.1/

˛ˇ D ˝ 0.1/
˛ˇ for ˛ ¤ ˇ.

Then, for ˛ ¤ ˇ, P˛ˇ is a solution of

t1@t1P˛ˇ D ˝.1/
˛˛P˛ˇ � P˛ˇ˝ 0.1/

ˇˇ :

This equation has a form similar to that of (12.11) and the same proof as for
Lemma 12.12 shows that P˛ˇ D 0 if �c˛ 66�o

�cˇ , that is, P preserves the

subsheaves F �o
6
�o
�. ut

The subsheaves .F �o
6
�o

�c;r�o / as constructed above are uniquely determined,

and thus can be glued as subsheaves .eF6�c;er/. Setting as usual eF<�c D
P

�c0<�c eF6�c0 , which is also left invariant by er, we consider the quotient sheaf
.eFc;erc/ (that we should denote by eF�c ; see Remark 5.6(3) for the relation with
the Stokes filtration). By the local computation of Lemma 12.13, eFc is locally
isomorphic to F �o

c , hence is A
eX -locally free, and the local isomorphisms induces an

isomorphism b	 W A
bD
˝.eFc;erc/ ' A

bD
˝$�1O

bD
$�1.bFc;brc/. It is then enough to

prove that eFc ' A
eX ˝$�1OX

$�1Fc for some locally free OX -module Fc . Indeed,
this would imply that Fc D $� eFc is equipped with an integrable connection rc WD
$�erc , and 	 WD $�.b	/ would induce an isomorphism O

bD
˝.Fc;rc/ ' .bFc;brc/.
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Let U D .Ui / be an open cover of $�1.0/ with a trivialization of eFc on
each Ui . This defines a cocycle .fij / of GLd .A eX/ with respect to U . Then
TD.fij / is a cocycle of GLd .AbD/ with respect to U defining the pull-back

A
bD
˝$�1O

bD
$�1

bFc . It follows that TD.fij / D bg�1
i bgj with bgi 2 
 .Ui ;GLd .AbD//.

According to the exact sequence (12.1), up to refining the covering, one can lift
each bgi as an element gi 2 
 .Ui ;GLd .A@eX//, and the cocycle hij WD gifij g

�1
j

satisfies TD.hij / D 1. According to Malgrange–Sibuya’s theorem 12.2, .hij / is a
coboundary of GLd .A@eX/, and therefore so is .fij /, showing that eFc is globally
trivial in the neighbourhood of $�1.0/. ut

12.5 The Riemann–Hilbert Correspondence

Since the arguments of Sect. 10.3 apply exactly in the same way here, Defi-
nition 10.4 will be used below for the Riemann–Hilbert functor. Similarly to
Lemma 10.5 we have:

Lemma 12.15. If M is a good meromorphic connection with poles along D (see
Definition 11.9) with associated stratified I-covering e˙ , then RH.M / D .L ;L6/
is a good Stokes-filtered local system on @eX (see Definition 9.18) with associated
stratified I-covering e˙ , that we denote by .L ;L

�
/.

Proof. Same proof as for Lemma 10.5, if we use Theorem 12.5 instead of the
Hukuhara–Turrittin–Sibuya theorem. ut

The main result of this chapter is the following theorem, which is the direct
generalization of Proposition 5.12 to higher dimensions, under the goodness
assumption.

Theorem 12.16. Let e˙ be a good stratified I-covering with respect to the (pull-
back to @eX.D/ of the) natural stratification of D. The Riemann–Hilbert functor
induces an equivalence between the category of germs of good meromorphic
connections along D with stratified I-covering (see Remark 11.12) contained in e˙

and the category of good Stokes-filtered C-local systems on @eX with stratified
I-covering (see Definition 9.18) contained in e˙ .

The Riemann–Hilbert correspondence: local theory. We go back to the local setting
and the notation of Sect. 12.2. In particular, X D �` ��n�` and we may shrink X
when necessary. We also set D D ft1 � � � t` D 0g, and $ W eX WD eX.D/ ! X

denotes the real blowing-up of the components of D (see Sect. 8.2), so that in
particular $�1.0/ ' .S1/`. Let ˚ � OX;0.�D/=OX;0 be a good finite set of
exponential factors (see Definition 9.12). We will prove the theorem for germs at 0
of good meromorphic connections and germs along$�1.0/ of good Stokes-filtered
local systems.

As in the cases treated before (Sects. 5.4 and 10.6), we will use the corresponding
generalization of the Hukuhara–Turrittin theorem, which is Theorem 12.5. This
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gives the analogue of Lemma 10.9. It then remains to show the analogue of
Lemma 5.13 (compatibility with Hom) to conclude the proof of the full faithfulness
of the Riemann–Hilbert functor. The proof is done similarly, and the goodness
condition for ˚ [ ˚ 0 makes easy to show the property that (taking notation of the
proof of Lemma 5.13) e'�'0

u';'0 has moderate growth in some neighbourhood of
�o 2 $�1.0/ if and only if ' 6

�o
' 0.

For the essential surjectivity, let us consider a Stokes-filtered local system
.L ;L

�
/ on @eX whose associated I-covering over $�1.0` � �n�`/ is trivial and

contained in ˚ ��n�` (in particular, we consider the non-ramified case).

Proposition 12.17. Under these assumptions, there exists a germ at 0 2 X of good
meromorphic connection M (in the sense of Definition 11.9) such that, for any
local section ' of I, DR.e'A modD

@eX
˝$�1M / ' L6' in a way compatible with

the filtration.

Proof of Proposition 12.17. The proof of Proposition 12.17 will proceed by induc-
tion on the pairs .`;m.˚// (see Remark 9.13(5) for the definition of m.˚/) through
the level structure, where ` denotes the codimension of the stratum of D to which
belongs the origin.

For each ` > 1, the case m D 0 corresponds (up to a twist, see Remark 9.13(5)),
to the case where the Stokes filtration is trivial, and in such a case the regular
meromorphic connection associated with the local system L fulfills the conditions
of Proposition 12.17.

We fix ` and m D m.˚/ and we assume that Proposition 12.17 holds
for any Stokes-filtered local system .L 0;L 0

�
/ with associated I-covering over

$�1.0` � �n�`/ contained in ˚ 0 � �n�`, with a good ˚ 0 � OX;0.�D/=OX;0

satisfying m.˚ 0/ < m (with respect to the partial order of N`), and also for any
pair .`0;m0/ with `0 < `, and we will prove it for the pair .`;m/. We will therefore
assume that m > 0 (in N`). We also fix some element 'o 2 ˚ and we denote by
`'o D ` D2 N` the submaximum of ˚ � 'o. By twisting we may assume for
simplicity that 'o D 0.

Let .L ;L
�
/ be a good Stokes-filtered local system on .S1/` with set of

exponential factors contained in ˚ . According to Proposition 9.23 (applied with
` D `'o ) and to Remark 9.13(6), this Stokes-filtered local system induces a Stokes-
filtered local system .L ;LŒ��` / of level > `, such that each

�

grŒ'�` L ; .grŒ'�` L /
�

�

is a Stokes-filtered local system to which we can apply the inductive assumption.
If Œ'�` 2 ˚.`/ D image.˚ ! P`.`//, it takes the form ct�m mod .t�`CŒt �/ for

some c 2 C.
By induction, we get germs of meromorphic connections Mc (c 2C) corres-

ponding to
�

grŒct�m�`
L ; .grŒct�m�`

L /
�

�

. Each Mc is good (by the inductive
assumption) and its set of exponential factors is contained in the set of ' 2 ˚

of the form ' � ct�m mod .t�`CŒt �/.
We will now construct M from M` WD L

c2C Mc , by considering the Stokes-
filtered local system .L ;LŒ��` / of level > `, whose corresponding graded object is
the Stokes-filtered local system .gr` L ; .gr` L /

�
/ graded at the level > `.
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Lemma 12.18. We have a natural isomorphism

EndmodD
D .M`/ ' End.gr` L /60:

Proof. Since by definition H 0 DRmodD
Iét .M`/ ' .gr` L ; .gr` L /

�
/, the assertion is

proved as in Lemma 10.19, using the compatibility of the Riemann–Hilbert functor
with Hom mentioned above. ut
The case where mi > 0 for all i D 1; : : : ; `.
Lemma 12.19. In this case, the isomorphism of Lemma 12.18 induces an inclusion
End.gr` L /<Œ��` 0 � EndrdD

D .M`/.

Proof. Recall that the left-hand side consists of those endomorphisms 	 which
satisfy grŒ'�` 	 D 0 for each '. Note that the condition ' <Œ��`  near � 2 .S1/`
implies that the m-dominant part of ' and  are distinct, and so, by our assumption
on m, ' �  has a pole along each component of D and ' <  near � , so
e'� has rapid decay. This applies to the .';  / components of 	, expressed as
in Lemma 5.13. ut

Let us finish the proof of Proposition 12.17 in this case. According to
Remark 9.24, given the Stokes-filtered local system .gr` L ; .gr` L /

�
/ graded

at the level > `, the Stokes-filtered local system .L ;L
�
/ determines (and is

determined by) a class � in the pointed set H1
�

.S1/`;Aut<Œ��` 0.gr` L /
�

, hence a
class � in H1

�

.S1/`;AutrdD
D .M`/

�

, after Lemma 12.19.
The germ M` is a free OX;0.�D/-module with connection r` . With respect to

some basis of M` , the class � becomes a class in H1
�

.S1/`;GLrdD
d .A@eX/

�

. By
the Malgrange–Sibuya Theorem 12.2, this class is a coboundary of GLd .A@eX/ on
.S1/`. Let .Ui / be an open cover of .S1/` on which this coboundary is defined by
sections gi 2 


�

Ui;GLd .A@eX/
�

with bgi D bg 2 GLd .ObD;0/ for all i . On Ui we
twist the connection on M` by setting ri D g�1

i r`gi . Since gig�1
j D �ij is r`-flat

onUi\Uj , theri glue together to define a new connectionr on the free OX;0.�D/-
module M`, that we now denote by .M ;r/. By construction, H 0 DRmodD

Iét .M / is
the Stokes-filtered local system determined by .gr` L ; .gr` L /

�
/ and the class � ,

hence is isomorphic to .L ;L
�
/.

The case where mi D 0 for some i D 1; : : : ; `. In this case, .L ;L
�
/ is partially

regular along D and we shall use the equivalence of Proposition 9.37. We set
LDL0 [ L00 with mi D 0 if and only if i 2 L00, and we have ˚ �
OX;0.�D.L0//=OX;0. By Proposition 9.37, giving .L ;L

�
/ is equivalent to

giving a Stokes-filtered local system .L 0;L 0
�
/ on @eX 0 together with commuting

automorphisms Tk , k 2 L00. By induction on `, there exists a free OX;0.�D.L0//-
module M 0 with flat connectionr 0 whose associated Stokes-filtered local system is
.L 0;L 0

�
/. Moreover, there exist commuting endomorphisms Ck of .L 0;L 0

�
/

such that exp.�2�iCk/ D Tk (represent the local system L 0 as a vector
space V 0 equipped with automorphisms T 0

j , j 2 L0; then Tk are automorphisms
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of V 0 which commute with the T 0
j , and any choice Ck such that �2�iCk is a

logarithm of Tk also commutes with T 0
j and defines an endomorphism of L 0;

similarly, this endomorphism is filtered with respect to the Stokes filtration L 0
�
).

By the full faithfulness of the Riemann–Hilbert correspondence, the commuting
endomorphismsCk of .L 0;L 0

�
/ define commuting endomorphismsCk of .M 0;r 0/.

The free OX;0.�D/-module M WD M 0.�D00/ can be equipped with the flat
connection r WD r 0 CP

k2L00 Ck dtk=tk. Then one checks that the Stokes-filtered
local system associated to .M ;r/ on @eX is isomorphic to .L ;L

�
/. ut

Proof of Theorem 12.16 for germs. It now remains to treat the local reconstruction
(Proposition 12.17) in the ramified case. The data of a possibly ramified .L ;L

�
/

is equivalent to that of a non-ramified one on a covering .S1/`d which is stable with
respect to the Galois action of the covering. The same property holds for germs of
meromorphic connections. By the full faithfulness of the Riemann–Hilbert functor,
the Galois action on a Stokes-filtered local system is lifted in a unique way as a
Galois action on the reconstructed connection after ramification, giving rise to a
meromorphic connection before ramification, whose associated Stokes-filtered local
system is isomorphic to .L ;L

�
/. ut

Proof of Theorem 12.16 in the global setting. Due to the local full faithfulness of
the Riemann–Hilbert functor, one gets at the same time the global full faithfulness
and the global essential surjectivity by lifting in a unique way the local gluing
morphisms, which remain therefore gluing morphisms (i.e., the cocycle condition
remains satisfied after lifting). ut

12.6 Application to Hermitian Duality of Holonomic
D-Modules

The Riemann–Hilbert correspondence for good meromorphic connections, as stated
in Theorem 12.16, together with the fundamental results of K. Kedlaya and
T. Mochizuki, allows one to give a complete answer to a question asked by
M. Kashiwara in [36], namely, to prove that the Hermitian dual CXM of a
holonomic DX -module is still holonomic. This application has also been considered
in [72].

Recall the notation of Chap. 6, but now in arbitrary dimension. We now denote by
DX the sheaf of holomorphic linear differential operators on a complex manifoldX
and by DbX the sheaf of distributions on the underlying C1 manifold, which is
a left DX ˝C DX -module. The Hermitian dual CXM of M is the DX -module
HomDX

.M ;DbX/.

Theorem 12.20. If M is holonomic, then so is CXM , and for k > 0 we have
ExtkDX

.M ;DbX/ D 0.
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Sketch of the proof. It is done in many steps, and is very similar to that in dimension
one (see Theorem 6.4), except for the goodness property, which is now essential:

1. One first reduces (see [36] see also [81]) to the case where M is a meromorphic
bundle with connection along a divisorD, and to proving that

� CmodD
X M WD HomDX

.M ;DbX.�D// is a meromorphic bundle with
connection.

� ExtkDX
.M ;DbX.�D// D 0 for k > 0.

2. The problem is local on X and one can apply the resolution of singularities in
the neighbourhood of a point of D to assume that D has normal crossings. The
problem remains local, and one can apply the result of K. Kedlaya [42] (when
dimX D 2, one refers to [41]; in the algebraic setting and dimX D 2, one can
use [67,70] for dimX > 3, see Remark 11.11) to reduce to the case where M is a
good meromorphic bundle with connection. This reduction is of course essential.
The question remains local, so we can also assume that it has no ramification.

3. As in dimension one, one reduces to proving a similar result on the real blow-up
space eX.D/, by replacing M with fM D A modD

eX
˝$�1OX

$�1M and DbmodD
X

with DbmodD
eX

. Now, Theorem 12.5 asserts that fM is of good Hukuhara–Turrittin
type (a definition analogous to Definition 6.1, supplemented of the goodness
assumption). Recall that an important point here is the existence of a good lattice
proved in [72], see Remark 11.20.

4. One now proves as in [81, Proposition II.3.2.6] the vanishing of the Extk for
k > 0, and that CmodD

eX
. fM / is a locally free A modD

eX
-module with flat connection

of Hukuhara–Turrittin type.
5. We can now repeat the arguments of Proposition 6.2 and Corollary 6.3, by

using Theorem 12.16 instead of Theorem 5.8, to prove that CmodD
eX

. fM / D
A modD

eX
˝$�1OX

$�1N for some meromorphic bundle with connection N ,
and thus N D CmodD

X M . ut

12.7 Comments

The proof of Theorem 12.5 presented here is due to T. Mochizuki [70]. In dimension
two, a proof was given in [81], relying on the work of H. Majima [48] (see also [79]).
The new approach of T. Mochizuki simplifies and generalizes previous proofs in
many ways:

� The use of good lattices brings a lot of facilities.
� While Majima tried to solve integrable systems of quasi-linear differential

equations of a certain kind, T. Mochizuki only uses the solution of a quasi-linear
differential equation (12.10)1 and uses much more the properties of the linear
differential system for which an normal form is search.



12.7 Comments 193

� Searching for a solution of an integrable quasi-linear system was motivated by the
idea of finding a solution of (12.10) in one step. Going step by step with respect
to the level structure and using the filtration like in Lemma 12.12 takes more into
account the Stokes structure intrinsically attached to a flat meromorphic bundle.

The other results of this chapter have also been obtained in [70,72], although the
language of I-filtrations is not explicitly used.



Chapter 13
Push-Forward of Stokes-Filtered Local Systems

Abstract In this chapter, we consider the direct image functor for Stokes-filtered
local systems. We experiment the compatibility of the Riemann–Hilbert correspon-
dence with direct image on a simple but not trivial example. Compared with the
computations in Chap. 7, we go one step further.

13.1 Introduction

We have introduced in Chap. 1 the notion of push-forward of a pre-I-filtration.
For a Stokes-filtered local system, one expects that, through the Riemann–Hilbert
correspondence, it corresponds to the direct image of meromorphic connections
considered as D-modules. In order to simplify the problem, we will consider pairs
.X;D/ where D D S

j2J Dj is a divisor with normal crossings and smooth
components, and morphisms � between such spaces preserve the divisors so that
they can be lifted as morphisms e� between the corresponding real blow-up space.
Two different questions arise:

� Given a meromorphic connection M with poles on a divisor D in X , to
prove that the direct image by the lifting e� W eX.Dj2J / ! eX 0.D0

j 02J 0/ of

a proper morphism � W .X;D/ ! .X 0;D0/ of the complex DRmodD.M / is
equal to DRmodD0

.�CM /, where �CM is the direct image complex of M as
a DX.�D/-module. One can also ask the same question for the rapid decay
complex. A positive answer would then be an analogue, at the level of real
blow-up spaces, of the compatibility of the irregularity complex, as defined by
Mebkhout (see [63–65]), with respect to proper direct images.

� On the other hand, if we are given a good Stokes-filtered local system on
eX.Dj2J /, we are tempted to prove that its direct image as a pre-I -filtered sheaf
is also a possibly good Stokes-filtered local system.

In the case where � is a proper modification, the first question has been answered
by Proposition 8.9.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 13, © Springer-Verlag Berlin Heidelberg 2013
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The second question is directly linked to the first one only in the case of
good Stokes-filtered local systems, through the Riemann–Hilbert correspondence
of Chap. 12.

We have solved the first question in the special case of Theorem 7.6, by solving
the second one first. We will redo a similar exercise in Sect. 13.6 below by a
topological argument, which uses nevertheless an estimate of the exponential factors
due to C. Roucairol.

Recently, T. Mochizuki has solved the first question directly (see Sect. 13.4),
and this allows one to solve the second one by using the Riemann–Hilbert
correspondence, at least for k-Stokes-filtered local systems when k is a subfield
of C. However, some questions for Stokes-filtered local systems remain open.

13.2 Preliminaries

Let � W X ! X 0 be a holomorphic map between complex manifoldsX and X 0. We
assume that X and X 0 are equipped with normal crossing divisors D and D0 with
smooth componentsDj2J and D0

j 02J 0 , and that

1. D D ��1.D0/.
2. � W X XD ! X 0 XD0 is smooth.

Let $ W eX.Dj2J / ! X (resp. $ 0 W eX 0.D0
j 02J 0/ ! X 0) be the real blowing-up of

the componentsDj2J in X (resp.D0
j 02J 0 in X 0). There exists a lifting e� W eX ! eX 0

of � (see Sect. 8.2) such that the following diagram commutes:

eX

e�
��

$
�� X

�
��

eX 0 $ 0
�� X 0

Notice that @eX D e��1.@eX 0/.

Remark 13.1 (Direct images of local systems). We set X� D X X D, X 0� D
X 0 XD0, and we denote by ej (resp. ej 0) the inclusion X� ,! eX (resp. X 0� ,! eX 0),
and bye{ (resp.e{ 0) the inclusion @eX ,! eX (resp. @eX 0 ,! eX 0). We assume here that
� is proper.

Let F� be a local system on X�. Then, since � W X� ! X 0� is smooth and
proper, each Rk��F� (k > 0) is a local system on X 0� and, after Corollary 8.3,
L WDe{�1ej�F� and L 0k WDe{ 0�1ej 0�Rk��F� (k > 0) are local systems on @eX and
@eX 0 respectively. We claim that

8 k > 0; Rke��L D L 0k: (13.1 �)
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Indeed, we have

Re��L D Re��e{�1ej�F�

De{0�1Re�� ej�F� .e� proper)

De{0�1Re��Rej�F� (Corollary 8.3)

De{0�1Rej 0�R��F�:

Using Corollary 8.3 once more, we get (13.1 �) by taking the k-th cohomology of
both terms.

In particular, let us consider the case where, in (2) above, � is an isomorphism,
that is, � W X ! X 0 is a proper modification (as in Proposition 8.9). We then
identify X XD with X 0 X D0, so that ej 0 D e� ı ej , and F 0� WD ��F� with F�.
Then (13.1 �) reads

Re��L D L 0; (13.1 ��)

where L 0 D L 00 De{ 0�1ej 0�F�.

Definition 13.2 (Stokes-filtered local system on .X;D/). Let .X;D/ and eX be
as above and IeX as in Definition 9.4, and let F6 be a pre-IeX -filtration, i.e., an object
of Mod.kIét;6/. We say that F6 is a Stokes-filtered local system on .X;D/ if the
following holds:

1. F� WD ej�1F6 is a local system of finite dimensional k-vector spaces on X�.
2. F6 has no subsheaf supported on @eX , that is, the natural morphisme{�1F6 !

e{�1ej�F� is injective.
3. This inclusion is a Stokes filtration .L ;L

�
/ of L WDe{�1ej�F�.

We say that F6 is good if the Stokes-filtered local system .L ;L
�
/ is good

(see Definition 9.18).

This definition is similar to Definition 4.3, but we do not consider constructible
objects F�, only local systems. We also denote by the same letterse{; ej the natural
inclusions either in eX or in Iét, hoping that this abuse produces no confusion.
We will also denote by .F ;F

�
/ such a Stokes-filtered local system, in order to

emphasize the local system F WD ej�F� on eX .

13.3 Adjunction

Let .F 0;F 0
�
/ be a Stokes-filtered local system on .X 0;D0/ and let � W .X;D/ !

.X 0;D0/ be a holomorphic map as in Sect. 13.2. The diagram of morphisms (as in
Sect. 9.6)

IeX

��

 �� e��1IeX 0

e���! IeX 0
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allows us to consider the pull-back functor �C as in Lemma 1.48. It is easy to check
that goodness is preserved by pull-back. Below, we will make this property more
precise. We will also use the direct image functor �C W Db.kIét

eX
;6/ ! Db.kIét

eX0
;6/

of Definition 1.22.

Proposition 13.3. Assume that � W .X;D/ ! .X 0;D0/ satisfies the condi-
tions (1) and (2) in Sect. 13.2 and is proper, and let .F 0;F 0

�
/ be a good Stokes-

filtered local system on .X 0;D0/. Then �C�CF 0
6 ' Re��k eX ˝F 0

6 (where the
tensor product is taken in the sense of Remark 1.17) in Db.kIét;6/. In particu-
lar, each H k.�C�CF 0

6/ is a good Stokes-filtered local system, isomorphic to
Rke��k eX ˝F 0

6 (where the tensor product is taken in the sense of Remark 1.11).
If moreover � is a proper modification, then �C�CF 0

6 ' F 0
6.

The last assertions are a straightforward consequence of Remark 13.1.

Proof. Let us consider the diagram (1.19) with q� D ��. The point is to prove
that the natural adjunction morphism e��1F 0

6 ! q�1
� .q�e��1F 0/6 (notation of

Definition 1.33, where we denote by e� both maps eX ! eX 0 and eX�eX 0 Iét ! Iét) is
an isomorphism. This is clear on X�, so it is enough to check this on @eX , and since
the question is local, we can assume that F 0

6 is graded. Let ė � Iét be the stratified
I-covering attached to F 0

6, let y 2 @eX and set y0 D e�.y/ 2 @eX 0. The subset
ė
y0 � Iét

y0 is good, that is, is identified with a good subset ˚d of OX 0

d ;0
.�D0/=OX 0

d ;0

after a local ramification of the germ .X 0; 0/ around the germ .D0; 0/. According
to the definition of .q�e��1F 0/6, we are thus reduced to proving that, for any two
germs 'y0 ;  y0 2 ė

y0 , we have��.'y0/ 6y �
�. y0/ only if 'y0 6

y0
 y0 . Since we do

not assume that e� is open, we cannot use the general argument of Proposition 9.30,
but we can use Lemma 9.34, since 'y0 �  y0 is purely monomial when considered
in OX 0

d ;0
.�D/=OX 0

d ;0
, by the goodness assumption.

It is then enough to remark that 'y0 6
y0
 y0 if and only if, for any y0

d 2 @eX 0
d

above y0, we have 'y0 6  y0 at y0
d , when '; are considered as elements of ˚d .

ut

13.4 Recent Advances on Push-Forward and Open Questions

The following result, generalizing Proposition 8.9, has recently been obtained by
T. Mochizuki. We keep the notation of Sect. 13.2 and we denote by DRmodD M the
moderate de Rham complex as defined in Sect. 8.4.

Theorem 13.4. Let � W .X;D/ ! .X 0;D0/ be a proper morphism between
complex manifolds satisfying the conditions (1) and (2) in Sect. 13.2. Let M be
a meromorphic connection with poles along D at most. Let �CM the direct image
of M (as a DX.�D/-module). Then

DRmodD0

.�CM / ' Re�� DRmodD.M /:
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We have given an independent proof of this theorem in the special case of
Theorem 7.6, and we will consider similarly another example in Theorem 13.11
below. On the other hand, Theorem 13.4 opens the way, with the help of the
Riemann–Hilbert correspondence Theorem 12.16, to the analysis of push-forward
of good Stokes-filtered local systems.

Assume moreover that M is good (see Definition 11.9) and that each H k�CM
is also good (the latter property is automatically satisfied if dimX 0 D 1, as in the
case of the example of Sect. 13.5 below). Let .F ;F

�
/ denote the Stokes-filtered

local system associated with M through the Riemann–Hilbert functor DRmodD
Iét .

Corollary 13.5. Under these assumptions, the natural morphism Rke��F60 !
Rke��F is injective for each k.

Sketch of proof. According to Theorem 13.4, one identifies the left-hand term with
DRmodD0

H k.�CM /, which has cohomology in degree zero at most, according to
Corollary 12.7, and this cohomology is a subsheaf of the right-hand term. ut

Up to twisting M by E ��'0

for some section ' 0 of OX 0.�D0/, a similar result
holds for F6��'0 over the domain where ' 0 is defined (one can also choose a
ramified ' 0). We can regard this result as a kind of E1-degeneracy result for the
Stokes filtration.

Questions 13.6. We keep the previous assumptions.

1. Give a “topological proof” of Corollary 13.5.
2. Let ė be the stratified covering associated to the good meromorphic con-

nection M or, equivalently, to its associated Stokes-filtered local system.
Considering the direct image diagram (9.36) (in the case X 0 ¤ X ), prove that
the stratified covering associated to each H k�CM is contained in e�.q�1. ė//.

3. Given a good stratified covering ė of @eX , does the condition that e�.q�1. ė//
is a good stratified covering of @eX 0 imply that any Stokes-filtered local system
.F ;F6/ with associated stratified covering contained in ė has a good direct im-
age? Similar question (probably easier) for a good meromorphic connection M .

13.5 An Example of Push-Forward Computation

Let � be an open disc with coordinate t and let A1 be the affine line with
coordinate x. Let S � A1 �� be a complex curve with finitely many branches, all
distinct from A1�f0g. We will assume that� is small enough so that any irreducible
component of the closure S of S in P1 �� cuts P1 � f0g and is smooth away from
P1�f0g. We denote by p W P1��! � the projection and by y the coordinate 1=x
at1 on A1 (Fig. 13.1).

Let f .x; t/ be a multivalued solution on .A1 ��/XS of a system of differential
equations which is holonomic and has regular singularities along S [ .f1g � �/.
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Fig. 13.1 The curve S and the projection p

A natural question1 is to compute the sectorial asymptotic expansions of integrals
of the form

I.t/ D
Z

�t

f .x; t/exdx; (13.7)

where �t is a suitable family of cycles of the fibre A
1 � ftg parametrized by t . As

noticed in [30], the computation of the formal expansions of such integrals may be
translated in an algebraic problem. In order to state it, we will refer to the literature
for the basic notions of holonomic D-module and regularity (see e.g. [11,38,62,65]).

Let M be a holonomic D�Œx�h@xi-module with regular singularities
(included along x D 1) whose singular support consists of S and possibly
A
1 � f0g. Away from S [ .P1 � f0g/, M is a holomorphic bundle with flat

connection. By working in the analytic category with respect to P
1, we also

regard M as a holonomic DP1��-module with regular singularities, and we have
OP1��.�1/˝O

P1��
M DM , where1 stands for the divisor f1g �� in P

1 ��.
Let us set E x D .O�Œx�; d C dx/. The O�Œx�h@xi-module E x˝O�Œx� M has

an irregular singularity along x D 1. The direct image pC.E x ˝O�Œx� M / is
a complex which satisfies H `pC.E x ˝M/ D 0 if ` ¤ �1; 0. Moreover,
H �1pC.E x ˝M/ is supported at the origin of �: Indeed, if � is small enough,
the restriction to �� of H �1pC.E x ˝M/ is a vector bundle, whose fibre at
t D to ¤ 0 can be computed as KerŒr@x W .E x ˝Mto/ ! .E x ˝Mto/�, where
Mto D M=.t � to/M . Note that Mto is a regular holonomic CŒx�h@xi-module,
and that the kernel is also KerŒ.r@x C Id/ W Mto ! Mto�. It is well-known that

1I cannot resist to quote [90]: “Definition. Physics is a part of mathematics devoted to the
calculation of integrals of the form

R
g.x/ef .x/ dx. Different branches of physics are distinguished

by the range of the variable x and by the names used for f .x/, g.x/ and for the integral [. . . ]”.
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this kernel is 0 for a regular holonomic Mto (this can be checked directly on
cyclic CŒx�h@xi-modules and the general case follows by also considering modules
supported on points). Therefore, the only interesting module is

N WDH 0pC.E x ˝M/: (13.8)

Information on the Levelt–Turrittin decomposition of N has been given in
[76–78], leading to a good estimation of the possible form of the asymptotic
expansions of the integrals (13.7). The next step aims at giving a more precise
description of the behaviour of the sectorial asymptotic expansions.

Problem 13.9. To compute the Stokes filtration of N at the origin of � in terms of
the analytic de Rham complex DRanM .

13.6 The Topological Computation of the Stokes Filtration:
Leaky Pipes

We keep the notation above. Let $ W e� ! � be the real blowing-up of the origin
and set S1 D $�1.0/. On e�, we consider the sheaf A mod 0

e�
, and similarly, on P1� e�,

we consider the sheaf A mod 0
P1� e�

, where 0 now denotes the divisor P1 � f0g. We denote

by ep W P1 � e�! e� the projection.
We will consider the moderate de Rham complex DRmod 0.E x ˝M/:

0 �! A mod 0
P1� e�

˝
$�1O

P1��

M
rCdx�����! A mod 0

P1� e�
˝

$�1O
P1��

.˝1
P1��˝M/

rCdx�����! A mod 0
P1� e�

˝
$�1O

P1��

.˝2
P1��˝M/ �! 0:

This is a complex on P1 � e�.
On the one hand, it is known that the complex DRmod 0 N has cohomol-

ogy in degree 0 at most (see Theorem 5.3). On the other hand, the complex
DRmod 0.E x ˝M/ only depends on the localized module OP1��Œ1=t�˝O

P1��
M .

Lemma 13.10. There is a functorial morphism

H 0.DRmod 0 N / �!H 1Rep� DRmod 0.E x ˝M/; (13.1060)

which is injective.

Proof. This is completely similar to Lemma 7.4. ut
Theorem 13.11. The morphism of Lemma 13.10 is an isomorphism.



202 13 Push-Forward of Stokes-Filtered Local Systems

E2

E3 En–1

EnE4

E1 v1

v2 v3
v4 vn vn un

unu4u3
u1

u2

Fig. 13.2 The divisor D is given by the thick lines. The vertical thick line is the strict transform of
ft D 0g, the horizontal line is the strict transform of fx D 1g and the other thin lines are the strict
transforms of the Si . Each dot is the center of a chart with coordinates .uk ; vk/ (k D 1; : : : ; n) with
tıe D ukvk and yıe D uk�1

k vkk D vk �.t ıe/k�1. The chart centered at the last dot has coordinates
.u0

n; v
0

n/ and t ı e D u0

n, y ı e D u0n
n v0

n D v0

n � .t ı e/n

The topological proof will be similar to that of Theorem 7.6, in the sense that it
will involve a better topological understanding of the right-hand side in terms
of DRanM , that is, a solution to Problem 13.9, but the geometric situation is a
little more complicated and uses more complex blowing-ups. This theorem gives
a topological computation of the 6 0 part of the Stokes filtration attached to N .
Since we know, by [78], what are the possible exponential factors '.x/ of N at the
origin, one can perturb the computation below by replacing E x we E x�'.x/ in order
to compute the 6 ' part of the Stokes filtration. We will not make precise this latter
computation.

Proof. We can assume that M D O�Œ1=t�˝O� M , as the computation of DRmod 0

only uses the localized module (on P1 � � or on �). From the injectivity in
Lemma 13.10, and as the theorem clearly holds away from jt j D 0, it is enough
to check that the germs at � 2 S1 D @e� of both terms of (13.1060) have the same
dimension. It is then enough to prove the theorem after a ramification with respect
to t (coordinate of�), so that we are reduced to assuming that, in the neighbourhood
of P1 � f0g, the irreducible components of the singular support S of M are smooth
and transverse to P1 � f0g.

We can also localize M along its singular support S . The kernel and cokernel of
the localization morphism are supported on S , and the desired assertion is easy to
check for these modules. We can therefore assume thatM is a meromorphic bundle
along S with a flat connection having regular singularities. In particular, M is a
locally free OP1��.�S/-module of finite rank (see [81, Proposition I.1.2.1]).

Let e W X ! P1 � � be a sequence of point blowing-ups over .1; 0/, with
exceptional divisor E WD e�1.0;1/, such that the strict transform of S intersects
the pull-back of .P1 � f0g/ [ .f1g � �/ only at smooth points of this pull-back.
We can choose for e a sequence of n blowing-ups of the successive intersection
points of the exceptional divisor with the strict transform of f1g ��. We set D D
e�1.P1 � f0g/,D0 D e�1Œ.P1 � f0g/[ .f1g��/�. This is illustrated on Fig. 13.2.

Lemma 13.12. The pull-back connection eC.E x ˝M/ is good except possibly at
the intersection points of the strict transform of S with D0.
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Proof. Indeed, eCM has regular singularities along its polar locus, and eCE x D
E 1=yıe is purely monomial (see Definition 9.8). At the intersection points of S
with D0, the polar locus S [ D0 is not assumed to be a normal crossing divisor,
which explains the restriction in the lemma. Of course, blowing up these points
sufficiently enough would lead to a good meromorphic connection, but we try to
avoid these supplementary blowing-ups. ut

Let eX.D0/ be the real blow-up space of the irreducible components of D0 (this
notation is chosen to shorten the notation introduced in Sect. 8.2, which should be
eX.0;1; Ei2f1;:::;ng/, where 0 (resp.1) denotes the strict transform of P1�f0g (resp.
f1g � �); this does not correspond to the real blow-up space of the divisor D0).
We denote by A modD0

eX.D0/
the corresponding sheaf of functions (see Sect. 8.3). The

morphism e lifts to a morphism ee W eX.D0/! P1 � e� and we have

DRmod 0.E x ˝M/ ' Ree� DRmodD0

eX.D0/
ŒeC.E x˝M/�:

Indeed, this follows from Proposition 8.9 and from the isomorphism
eCeC.E x ˝M/ D E x ˝M , which is a consequence of our assumption that M is
localized along P1 � f0g.

Let us set F60 WD DRmodD0

eX.D0/
ŒeC.E x ˝M/�j@eX.D0/. The proof of the theorem

reduces to proving that, for any � 2 S1 D @e�,

dim H 0.DRmod 0 N /� D dim H 1
�
.ep ıee/�1.�/;F60

�
: (13.13)

Indeed, if we denote by F60;� the sheaf-theoretic restriction of F60 to eX.D0/� WD
.ep ıee/�1.�/, then, as ep ıee is proper, we get

ŒR1ep� DRmod 0.E x ˝M/�� ' H 1.eX.D0/� ;F60;� /:

Let us describe the inverse image by ep ıee W eX.D0/ ! e� of � 2 @e� D S1. At
a crossing point of index k (k D 1; : : : ; n), eX.D0/ is the product .S1 � RC/2, with
coordinates .˛k; jukj; ˇk; jvkj/, and arg.t ı e/ D � is written ˛k C ˇk D � . At the
crossing point with coordinates .u0

n; v
0
n/, we have coordinates .˛0

n; ju0
nj; ˇ0

n; jv0
nj/ and

arg.t ı e/ D � is written ˛0
n D � . More globally, @eX.D0/� WD .ep ıee/�1.�/ looks

like a leaky pipe (see Fig. 13.3, which has to be seen as lying above Fig. 13.2), where
the punctures (small black dots on the pipe for the visible ones, small circles for the
ones which are behind) correspond to the intersection with the strict transforms of
the Si .

First step: hypercohomology of F60;�:

Lemma 13.14. Away from the punctures, the complex F60;� has cohomology in
degree 0 at most.

Proof. This is Corollary 12.7. ut
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Fig. 13.3

Fig. 13.4

Fig. 13.5

Considering the growth of the functions e1=uk�1
k vkk or e1=u0n

n v0

n , one obtains that,
away from the punctures, the sheaf F60;� is locally constant on a semi-open leaky
half-pipe as in Fig. 13.4, which is topologically like in Fig. 13.5. Moreover, F60;�
is extended by 0 at the dashed boundary.

Let us denote by Si (i 2 I ) the components of S which contain the point .0;1/
and by Sj (j 2 J ) the components which do not. Denoting as above by y the
coordinate on P1 at1 given by y D 1=x, the local equation of each component Si
near .0;1/ takes the form �i.t/y D tqi , with �i holomorphic and �i.0/ ¤ 0.
Let us set 'i.t/ D �i .t/=t

qi mod Cftg. The punctures in the non-vertical part of
Fig. 13.4 or in the right part of Fig. 13.5 correspond to the components Si (i 2 I )
for which 'i <�

0. We denote by I� � I the corresponding subset of I .
On the other hand, the punctures on the vertical part of Fig. 13.4 or on the left

part of Fig. 13.5 correspond to the components Sj (j 2 J ).
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Lemma 13.15. Near the punctures, F60;� Œ1� is a perverse sheaf. It is zero if the
puncture does not belong to the half-pipe of Fig. 13.4, and the dimension of its
vanishing cycle space at the puncture is equal to the number of curves Si (i 2 I�
or i 2 J ) going through this puncture, multiplied by the rank ofM .

Proof. One checks that, blowing up the puncture and then taking the real blow-up
space of the components of the new normal crossing divisor, and then restricting to
arg t D � , amounts to change an neighbourhood of the puncture in Fig. 13.5 (say)
with a disc where the puncture has been replaced by as many punctures as distinct
tangent lines of the curves Si going through the original puncture, and the new sheaf
eF60;� remains locally constant away from the new punctures. By an easy induction,

one reduces to the case where only one Si goes through each puncture, and then the
result is easy. ut
Corollary 13.16. We have

dim H k.eX.D0/� ;F60;� / D
(
0 if k ¤ 1;
rkM � #.J [ I� / if k D 1:

Proof. According to Lemma 13.15, this follows from Lemma 7.13. ut
End of the proof. According to [77], the possible exponential factors of N (defined
by (13.8)) are the 'i with i 2 I . Denoting by �i DRM the local system on Si of
vanishing cycles of DRM along the function fi .t; y/ D �i.t/y � tqi , we have

dim H 0.DRrd 0 N /� D
X

i j'i<�0
rk�i DRM:

AsM is assumed to be a meromorphic bundle, we have rk�i DRM D rkM , so the
previous formula reads

dim H 0.DRrd 0 N /� D rkM � #I� :

We now use

dim H 0.DRmod 0 N /� D dim H 0.DRrd 0 N /� C dim tN;

where  mod
t N denote the moderate nearby cycles of N (computed with the

Kashiwara–Malgrange V -filtration, see [55], see Chap. 14). Arguing as in [77], we
compute them as the direct image of  mod

t .E x ˝M/ by P1 � f0g ! f0g. By
the same argument, this is computed as the direct image of  mod

tıe eC.E x˝M/.
Arguing as in [81, Lemma III.4.5.10(2)], this is supported on the vertical part
of D. Still using the argument of [81, Lemma III.4.5.10], this is finally the direct
image of  mod

t .M /˝E x , whose dimension is that of the rank of the Fourier
transform of  mod

t .M /, regarded as a CŒx�h@xi-module, that is, the dimension of
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the vanishing cycles of  mod
t .M / (see [55] for such a formula, compare also with

Proposition 7.11).
Let us compute this dimension at a point xo ¤ 1. Since M is assumed to be

a meromorphic connection, one checks that dim�x�xo mod
t .M / is the number of

components of S going through xo. The sum
P

xo
dim�x�xo mod

t .M / is then equal
to #J , by definition of J .

Summarizing, we get

dim mod
t N D rkM � #J:

This concludes the proof of (13.1060). ut



Chapter 14
Irregular Nearby Cycles

Abstract In this chapter, we review Deligne’s definition of irregular nearby cycles
for holonomic D-modules and recall Deligne’s finiteness theorem in the algebraic
case. We give a new proof of this theorem when the support of the holonomic
D-module has dimension two, which holds in the complex analytic setting and
which makes more precise the non-vanishing nearby cycles.

14.1 Introduction

The moderate nearby cycle functor (along a hypersurface) for holonomic D-
modules has proved to be a very useful tool, as a replacement for the restriction
functor to the hypersurface, since the latter may produce many cohomology D-
modules, and the former is a endofunctor of the category of holonomic D-module.
The compatibility with direct images of D-modules allows one making explicit
computations. This functor has been instrumental, for instance, in [76–78] for
computing the formal decomposition of direct images, as used in Chap. 13.

Unfortunately, this functor may be useless for some holonomic D-modules and,
in order to circumvent this bad behaviour, an enrichment of it has been proposed by
P. Deligne in [18], under the name of the irregular nearby cycle functor.

The purpose of this chapter, which is a long introduction to Chap. 15, is to recall
the definition and the behaviour of the moderate nearby cycle functor for holonomic
D-modules, and that of the irregular nearby cycle functor. We will also give a new
proof of the property that the functor  Del

f preserves holonomy: this is the main
result of [18], which holds in arbitrary dimension and in the algebraic setting, while
our proof holds in dimension two and in a local analytic setting. In order to do so,
we use the reduction theorem of Kedlaya [41] (analytic case) and Mochizuki [67]
(algebraic case).

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 14, © Springer-Verlag Berlin Heidelberg 2013
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14.2 Moderate Nearby Cycles of Holonomic D-Modules

Restriction and de Rham complex of holonomic D-modules. We refer to the book
[38] and to the introductory article [65] for the basic results we need concerning
holonomic D-modules. LetX be a complex manifold and letZ be a closed analytic
subset. We denote by iZ W Z ,! X the closed inclusion and by jZ W X X Z ,! X

the complementary open inclusion. We will denote by iZ;CiCZ the functor of local
algebraic cohomology, denoted by R�ŒZ� in [38] and Ralg�Z in [65], and by
jZ;CjC

Z the localization functor denoted by R�ŒXXZ� in [38] and R�.�Z/ in [65].
There is a distinguished triangle in Db.DX/ (see [38, Theorem 3.29(2)]):

iZ;CiCZ M �!M �! jZ;CjC
Z M

C1���!

By a theorem of Kashiwara [35], these functors preserve the bounded derived
categoryDb

hol.DX/ of complexes of DX -modules with holonomic cohomology. IfZ
is an hypersurface and M is a holonomic DX -module, then so is jZ;CjC

Z M D
OX.�Z/˝OX M , and iZ;CiCZ M has holonomic cohomology in degrees 0 and 1.
We denote by D the duality (contravariant) functor, fromDb

coh.DX/ to itself. It also
preservesDb

hol.DX/. In particular, DM is a holonomic DX -module if M is so. We
also have a functorial isomorphism Id! D ıD. We then set

iZ;Ci �Z D D.iZ;CiCZ /D; jZ;�j
C
Z D D.jZ;CjC

Z /D:

Let O
bZ denote the formalization of OX along Z, i.e., O

bZ D lim �k OX=I
k
Z , where

IZ is the ideal of Z in X .

Proposition 14.1 (see [65, Corollary 2.7-2]). There is a canonical functorial
isomorphism in Db.DX/:

R HomDX .iZ;CiCZ �;OX/ ' R HomDX .�;O
bZ/: ut

Corollary 14.2. There is a canonical functorial isomorphism in Db
hol.DX/:

DR.iZ;Ci �ZM / ' DR.O
bZ

ŐX

M /:

Recall that the de Rham functor DR W Db
hol.DX/ ! Db.CX/ is the functor

M 7! R HomDX .OX ;M /, and that for a single holonomic DX -module, DR M
can be represented as the de Rham complex

0 �!M
r��! ˝1

X ˝M �! � � �



14.2 Moderate Nearby Cycles of Holonomic D-Modules 209

Proof. Proposition 14.1 applied to DM gives an isomorphism

R HomDX .D.iZ;Ci
�
ZM /;OX/ ' R HomDX .DM ;O

bZ/:

On the one hand, since iZ;Ci �ZM has DX -coherent cohomology (being
holonomic), we have a canonical isomorphism from the left-hand term to
R HomDX .OX ; iZ;Ci �ZM /, according to [38, (3.14)] and to the canonical
isomorphism DOX ' OX .

On the other hand, if we set D
bZ D O

bZ
˝OX DX and M

bZ D O
bZ
˝OX M , we

have, since O
bZ is OX -flat,

R HomDX .DM ;O
bZ/ ' R HomD

bZ
.DM

bZ;ObZ/

and applying the previous argument in Db
coh.DbZ/, the latter term is isomorphic to

R HomD
bZ
.O

bZ;MbZ/. ut
Moderate nearby cycles for holonomic D-modules. Let f W X ! S D C be
a holomorphic function and let M be a holonomic DX -module. We will recall
(see e.g. [46, 66]) the construction of the DX -module  mod

f M supported on D WD
f �1.0/.

Let t be the coordinate on S D C. For any nonzero complex number �
and any integer k > 0, denote by N�;k the rank k C 1 free OS .�0/-module
Lk

jD0OS .�0/e˛;j , equipped with the DS -action defined by t@t .e˛;j / D ˛e˛;j C
e˛;j�1, for some choice ˛ 2 C such that � D exp.2�i˛/, with the convention
that e˛;j D 0 for j < 0. Then N�;k is equipped with a DS -linear nilpotent
endomorphism N, defined by Ne˛;j D e˛;j�1, and a natural DS -linear inclusion
�k W N�;k ,! N�;kC1. There is a canonical isomorphism between the previous data
corresponding to ˛ and those corresponding to ˛ C ` for ` 2 Z by sending e˛C`;j
to t `e˛;j .

Let us consider the pull-back meromorphic bundle with connection f CN�;k

on X . Given a holonomic DX -module M , the DX -module M�;k WD
f CN�;k ˝OX M remains holonomic, and is equipped with a nilpotent endo-
morphism N. The DX -modules H j .iD;Ci �DM�;k/ (j D 0; 1) are also holonomic

and supported onD. Moreover, the inductive system ŒH 0.iD;Ci �DM�;k/�k is locally
stationary, and does not depend on the choice of ˛ up to a canonical isomorphism.
We denote its limit by  mod

f;� M . It is equipped with a nilpotent endomorphism

induced by N. Lastly, the inductive system H 1.iD;Ci �DM�;k/ has limit zero (and
the other H j are zero since D is a divisor).

Remark 14.3. It follows from a theorem of Kashiwara (of Bernstein in the
algebraic setting) that each  mod

f;� M is DX -holonomic.
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Corollary 14.4. Let f; h W X ! C be holomorphic functions and set g D ehf .
Then . mod

g;� M ;N/ ' . mod
f;� M ;N/.

Proof. It is enough to produce for each k an isomorphism gCN�;k

��! f CN�;k

compatible with the inclusions �k and N. Note that f CN�;k is a free OX Œ1=f �-
module with basis 1˝ e˛;j (j D 0; : : : ; k) that we denote by “f ˛.logf /k=kŠ”, and
similarly for g. The base change with matrix

e˛h �

0

B

B

B

B

B

B

B

@

1 h : : : : : : hk=kŠ

0 1 h : : :
:::

::: 0
: : :

:::
:::

:::
: : :

: : : h

0 : : : : : : 0 1

1

C

C

C

C

C

C

C

A

transforms the previous basis for f to that for g, and induces an isomorphism of
DX -modules. ut
Corollary 14.5. With the previous notation, we have in restriction to each compact
set K of D, an isomorphism (a priori depending on K)

DR mod
f;� MjK ' lim�!

k

DR.O
bD
˝M�;k/jK:

Proof. The inductive limit above is meaningful, as it is defined in the
category of complexes, but we will not try to give a meaning to the
inductive limit of DR.iD;Ci �DM�;k/. On the other hand, the inductive limits of

DR
�

H j .iD;Ci �DM�;k/
�

are well-defined and commute with taking cohomology of
these complexes.

The distinguished triangle

H 0.iD;Ci �DM�;k/ �! iD;Ci �DM�;k �!H 1.iD;Ci �DM�;k/Œ�1� C1���!

induces a distinguished triangle in Db.CX/:

DR H 0.iD;Ci �DM�;k/! DR iD;Ci �DM�;k ! DR H 1.iD;Ci �DM�;k/Œ�1� C1���!

and, together with the isomorphism DR iD;Ci �DM�;k ' DR.O
bD
˝M�;k/, we get a

morphism

DR H 0.iD;Ci �DM�;k/ �! DR.O
bD
˝M�;k/;
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and thus a morphism

DR H 0.iD;Ci �DM�;k/ �! DR.O
bD
˝M�;1/ D lim�!

k

DR.O
bD
˝M�;k/:

When restricted to the compact set K � D, this morphism is an isomorphism
for k big enough: indeed, because the inductive limit of H 1.iD;Ci �DM�;k/ is zero,
each cohomology sheaf of lim�!k

DR H 1.iD;Ci �DM�;k/ is zero; one uses then that

H 0.iD;Ci �DM�;k/!H 0.iD;Ci �DM�;kC1/ is an isomorphism when restricted toK ,
when k is big enough. ut
Moderate nearby cycles and V -filtration. We recall here the computation of
 mod
f;� M by using the V -filtration, according to Kashiwara and Malgrange. Let
if W X ,! X � S denote the inclusion of the graph of f , and let t denote a
local coordinate on S in the neighbourhood of the origin. The sheaf of differential
operators DX�S is equipped with a decreasing filtration V �DX�S indexed by Z,
characterized by the following properties:

� V kDX�S � V `DX�S � V kC`DX�S , with equality if k; ` > 0.
� V 0DX�S D DX�S=Sht@t i.
� V kDX�S D

(

tkV 0DX�S if k > 0;

V kC1DX�S C @tV kC1DX�S if k 6 �1:
The DX�S -module if;CM is holonomic and it admits a unique decreasing filtration
V �.if;CM / indexed by Z, which is good with respect to the filtration V �DX�S , and
such that, for each k 2 Z, the endomorphism induced by t@t on grkV .if;CM / has a
minimal polynomial whose roots have a real part belonging to Œk; kC1/. Moreover,
given a compact subset K of f �1.0/, there exists a finite set A � Œ0; 1/˚ iR � C

such that, near each point of K , the roots are contained in AC k.
For ˛ 2 A, let us set � D exp.�2�i˛/ and

 t;�.if;CM / D lim�!
N

Ker
�

.t@t � ˛/N W gr0V .if;CM / �! gr0V .if;CM /
�

:

Then, for each �, we have a canonical isomorphism of DX -modules t;�.if;CM / '
 mod
f;� M , such that the action of N on the right-hand term corresponds to that of

t@t � ˛ on the left-hand term. As a consequence,  mod
f;� M is zero on K except

maybe for � in the finite subset exp.�2�iA/ � C�. We will set  mod
f M D

L

�2C�  mod
f;� M . It is equipped with a semi-simple endomorphism induced by the

multiplication by � on  mod
f;� M and a unipotent one, induced by exp.�2�iN/.

Remark 14.6. By the finiteness result above and according to Remark 14.3,
 mod
f M is DX -holonomic.
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Let us notice that  mod
f;� .M / D  mod

f;1 .f
CN�;0˝M /. We conclude that, locally

on D, there exists a finite number of � 2 C� such that  mod
f;1 .f

CN�;0˝M / ¤ 0.

One can check the vanishing of  mod
f;1 in the following way.

Proposition 14.7. We have  mod
f;1 M D 0 if and only if jD;�j

C
D M ! jD;CjC

D M
is an isomorphism.

Sketch of proof. Since jD;�jC
D M D jD;�j

C
D .jD;Cj

C
D M /, we can assume that

M D jD;CjC
D M . We will consider the moderate vanishing cycle functor �mod

f;1 M .

Then the variation morphism �mod
f;1 M !  mod

f;1 M is an isomorphism (see loc. cit.).

Hence,  f;1M D 0 if and only if the canonical morphism  mod
f;1 M ! �mod

f;1 M is
an isomorphism, because the composition can ı var is known to be nilpotent. On the
other hand, jD;�j

C
D M !M has kernel and cokernel supported on f D 0, so it is

an isomorphism if and only if the natural morphism �mod
f;1 .jD;�j

C
D M / ! �mod

f;1 M
is an isomorphism. The proof consists then in identifying the latter morphism to
the canonical morphism  mod

f;1 M ! �mod
f;1 M up to isomorphism, by using that the

canonical morphism for jD;�j
C
D M is an isomorphism. ut

Proposition 14.8 (Behaviour by powers). Let m be a nonzero integer. Then for
any � one has a natural isomorphism . mod

f m;�M ;N/ ' . mod
f;�mM ;N=m/. In

particular,  mod
f m M and  mod

f M have the same support.

Proof. See [83, Proposition 3.3.13] or simply compute .tm/CN�;k . ut
Proposition 14.9 (Behaviour by ramification). For q 2 N�, let us denote by
	q W C ! C the ramification tq 7! t D t

q
q , as well as the induced morphism

X �C! X �C. Let M be a holonomic DX -module. Then  mod
tq

.	C
q .if;CM // and

 mod
t .if;CM / have the same support.

Proof. There is an explicit expression of  mod
tq ;�

.	C
q .if;CM // in terms of various

 mod
t;
 .if;CM / (see [88, Remark 2.3.3]), which immediately gives the result. ut

Proposition 14.10 (Behaviour by formalization). Denote by O
bxo the formaliza-

tion of OX at xo 2 X . Then

.O
bxo ˝

OX;xo

 mod
t;� .if;CM ;N/ '  mod

t;� .if;C.Obxo ˝
OX;xo

M /;N/:

Proof. The second term is computed via the theory of the V -filtration on the
ring D

bxo of differential operators with coefficients in O
bxo . By uniqueness of

the V -filtration, we have V k
�

if;C.Obxo ˝OX;xo
M /

� D O
bxo ˝OX;xo

V k.if;CM / for
each k (as the right-hand term is shown to satisfy the characteristic properties of
the left-hand term). Since O

bxo is flat over OX;xo , this equality extends to the graded
objects. ut
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Proposition 14.11 (Behaviour by proper push-forward). Let � W X 0 ! X be a
proper morphism and let M 0 be a holonomic DX 0 -module. Then there is a functorial

isomorphism H k�C mod
f ı�M 0 ��!  mod

f H k�CM 0 for each k 2 Z.

Proof. See e.g. [66, Theorem 4.8.1 p. 226], [43]. ut
We will use this proposition in the case where � is a proper modification

which is an isomorphism out of f D 0, M is a holonomic DX -module on
which f is invertible, and M 0 D �CM Œ1=f ı ��. In such a case, �C mod

f ı�M 0 D
H 0�C mod

f ı�M 0 '  mod
f M . More precisely, the following proposition, which is

a straightforward consequence of Proposition refprop:psiimdir, will be important
for us.

Proposition 14.12 (Compatibility with push-forward by a proper modification).
Let � W X 0 ! X be a proper modification which is an isomorphism above X XD,
and let us set g D f ı � . Then, for each j 2 Z, for any holonomic M such
that M D M .�D/ and for any finite dimensional C.ftg/-vector space N with
connection,

�C mod
g;� .g

CN ˝�CM / '  mod
f;� .f

CN ˝M /:

14.3 Irregular Nearby Cycles (After Deligne)

By a formally irreducible C.ftg/-vector space with connection N we mean a C.ftg/-
vector space of the form 	q;C.E �.q/ ˝L /, where

� 	q D tq 7! t D tqq is a ramification of order q > 1 (here, tq is a ramified variable
of order q with respect to t ; the notation is taken from [67]).

� � is a ramified one-variable polar part, that we write as
P

k2Q�

C

�k=t
k , where

the sum is finite; for the smallest common denominator q of the indices k for
which �k ¤ 0, we set �.q/ D P

�kt
kq
q (we will say that �.q/ obtained in this

way is t-irreducible; for �.q/ 2 t�1q CŒt�1q �, being t-irreducible is equivalent to
�.q/.�tq/ ¤ �.tq/.q/ for any qth root of unity � ¤ 1).

� L is a rank-one C.ftg/-vector space with a connection having a regular singular-
ity, that is, isomorphic to N�;0 for some � 2 C�.

By the Levelt–Turrittin theorem in one variable, N is formally irreducible if and
only if C..t//˝C.ftg/ N is irreducible as a C..t//-vector space with connection.

Definition 14.13 (Irregular nearby cycles). For a holonomic DX -module M , the
irregular nearby cycle functor M 7!  Del

f M is defined as

 Del
f M WD L

N form.
irred.

 mod
f .f CN ˝M /: (14.13 �)
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Let us note that  Del
f M only depends on the localized module M .�D/.

In dimension one, the theorem of Levelt–Turrittin for M .�D/ can be restated
by saying that giving the formalized module C..t//˝C.ftg/ M .�D/ is equivalent
to giving  Del

f M , which is a finite dimensional graded vector space (the grading
indices being the formally irreducible N ’s) equipped with an automorphism.

One can also use the following expression for  Del
f M by using the notion of

t-irreducibility introduced above, i.e., if 	q;CE �.q/ is irreducible. Then,

 Del
f M D L

�.q/t�irred.

L

�2C�

 mod
f;� .f

C	q;CE �.q/ ˝M /: (14.14)

Theorem 14.15 (Deligne [18]). Assume that X; f; S are algebraic. Then, if M is
DX -holonomic,  Del

f M is holonomic (i.e., the sum (14.14) is finite). ut

14.4 Another Proof of the Finiteness Theorem
in Dimension Two

We will revisit Theorem 14.15 from a different perspective, as suggested in [88,
Remark 2.1.5]. Moreover, we will work in the local analytic setting, but only when
dim Supp M D 2. Notice also that the same proof would be valid in the algebraic
setting.

Theorem 14.16. Let f W X ! S be a holomorphic function and let M
be a holonomic DX -module whose support has dimension two. Then  Del

f M is
holonomic.

Proof. We will work in the neighbourhood of a compact set K � H D f �1.0/.
It is enough to prove the theorem for those M such that OX.�H/˝OXM DM .
Moreover, by a standard “dı̈¿ 1

2
vissage”, we can reduce to one of the following two

cases:

1. M is supported on a curve C and f W C ! S is finite.
2. dimX D 2, M is a meromorphic bundle with a flat connection, whose poles are

contained in a hypersurface (a curve)D containingH .

The first case easily reduces to the Levelt–Turrittin theorem, by using the
normalization of the curve. We will only consider the second case. According to
Proposition 14.12, one can work on a suitable blow-up space X 0 of X , obtained
by successively blowing up points over points in K . Let e W X 0 ! X be the
corresponding projective modification. Then one can replace M with eCM , K
with e�1.K/ and f with f ı e. One can therefore assume that D is a divisor with
normal crossing, and thus H also. Moreover, according to Kedlaya’s theorem (see
[41]), one can assume that M has a good formal structure at each point of K . As
in the proof of Theorem 14.15, the point is to prove that, except for a finite number
ramified polar parts �, we have  mod

f;� .f
C	q;CE �.q/ ˝M / D 0.
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We first consider the question in the neighbourhood of each point of K , and we
distinguish two cases:

(a) A smooth point onD.
(b) A crossing point of D.

According to Proposition 14.10, we can replace M by its formalization (along
D in Case (a) and at the given point in Case (b)). Moreover, it is enough to prove
the theorem after a fixed ramification around the components of D: this follows
from Proposition 14.9 for a ramification around components ofH , which is enough
for Cases (a) and (b) if H D D; if H   D, one considers the supplementary
ramification as a finite morphism and one applies Proposition 14.11. We can
therefore assume that M has a good formal decomposition at the given point, and,
by replacing it with the formal module, that it takes the form E ! ˝R, where R
has regular singularities along D and ! 2 O.�D/=O . According to (14.14), it is
enough to prove in each case the following statement.

Proposition 14.17. Given ! 2 O.�D/=O , there exists a finite set Q � N� and,
for each q 2 Q, a finite set of �.q/ 2 Oq.�Dq/=Oq such that

 fq .E
	�

q !�f �

q �
.q/ ˝ 	C

q R/0 ¤ 0:

Here, we have denoted by O the ring Cfx; yg, and D is defined by x D 0 (resp.
xy D 0). The function f is a monomial xm (resp. xayb , a > 1, b > 0). The
ramification 	q is defined by .xq; yq/ 7! .x; y/ D .xqq ; yq/ (resp. .x; y/ D .xqq ; yqq /)
and fq.x; y/ D xmq (resp. xaqy

b
q ).

Proof of Proposition 14.17 in Case (a). Here, we have H D D. Let us start with
some preliminary results. We choose local coordinates x; y near a chosen point on
the smooth part of D such that D D fx D 0g and f .x; y/ D xm for some m > 1.

Let ! 2 Cfx; ygŒ1=x�=Cfx; yg X f0g, that we will usually write as

!k.y/C � � � C !1.y/xk�1

xk
;

with k > 1; !k.y/ 6� 0; !j .y/ D
X

j 0>0
!j;j 0yj

0

: (14.18)

Definition 14.19. We say that the point y D 0 onD is a singular point for the pair
.!;D/ if

d!k=dy.0/ D 0: (14.19 �)

Proposition 14.20. Let R be a nonzero germ of meromorphic connection with
regular singularities in the coordinates x; y, with poles along D D fx D 0g at
most. Let f be such that the set f D 0 is equal to D, i.e., f .x; y/ D xm for a
suitable choice of the coordinates x; y as above. A necessary condition for the germ
at y D 0 of the Cfygh@yi-module  mod

f .E ! ˝R/ to be nonzero is that y D 0 is
a singular point for the pair .!;D/, and !k.0/ D 0. In particular, the support of
 mod
f .E ! ˝R/ is discrete on D.
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Remark 14.21. The condition (14.19 �) (together with !k.0/ D 0) is not sufficient,
however, to ensure the non-vanishing of  mod

f .E ! ˝R/. For example, set ! D
y.y C x/=xk with k > 3, f .x; y/ D x and R D OX Œ1=x�. Then ! satisfies
(14.19 �). However, one can show that mod

f .E y.yCx/=xk / D 0 in the neighbourhood
of the origin (by blowing up the origin and by using [86, Lemma 5.5(1)], see also
below, Lemma 14.22(2), together with Proposition 14.12).

Proof of Proposition 14.20. By Proposition 14.8, we are reduced to the case
f .x; y/ D x. We will prove that, if the condition (14.19 �) is not fulfilled or if
!k.0/ ¤ 0, then  mod

x .E ! ˝R/ is zero at y D 0.
If !k.0/ ¤ 0, we apply Lemma 14.22(1) below. Otherwise, if moreover

d!k=dy.0/ ¤ 0 then, up to changing the coordinate y, we have ! D y=xk and
we may apply Lemma 14.22(2). ut
Lemma 14.22. 1. Let R be a meromorphic connection with poles along x D 0

(and possibly y D 0) at most and regular singularities. Assume �.0; 0/ ¤ 0 and
k > 0. Then  mod

x .E �.x;y/=xk ˝R/ D 0 in the neighbourhood of y D 0.
2. Let R be a meromorphic connection with poles along x D 0 at most and regular

singularities. Assume k > 0. Then  mod
x .E y=xk ˝R/ D 0 in the neighbourhood

of y D 0.

Remark 14.23. The assertion 14.22(2) may not hold if we assume that R has also
poles along y D 0.

Proof. In both cases, we prove that the V -filtration is constant by proving that a
system of generators has a constant Bernstein polynomial. Since R has regular
singularities, it is a successive extension of rank-one objects of the same kind, so
one can assume that R has rank one.

1. By a change of the variable y and by using Corollary 14.4 to keep f D x,
we can assume that � is constant. Let m be a local generator of R satisfying
.x@x �˛/m D 0 and @ym D 0 (if R has no pole along y D 0) or .y@y�ˇ/m D 0
with ˇ … N (if R has poles along y D 0). Then one checks that .1˝m/ 2
E �=xk ˝R generates E �=xk ˝R as a D-module, and has constant Bernstein
polynomial, as shown by the equation .1˝m/ D �xk.x@x � ˛/.1˝m/=k�.

2. The vanishing at any y ¤ 0 follows from (1). Let m be a generator of R as
above, satisfying @ym D 0. The equation .1˝m/ D xk@y.1˝m/ shows that

.1˝m/ has constant Bernstein polynomial and also that it generates E y=xk ˝R
as a D-module. ut
For a meromorphic function ! D .x`�.x; y/C ym
.x; y//=xk we consider the

condition

�.0; 0/ ¤ 0; 
.0; 0/ ¤ 0; m > 2; k > `C 1 > 1: (14.24)
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For a meromorphic function .x`�.x; y/C ym
.x; y//=xkyk0

, we also consider the
condition

(

�.0; 0/ ¤ 0; 
.0; 0/ ¤ 0;
.`;m/ 2 N

2 X f.0; 0/g; k > `C 1 > 1; k0 > 0:
(14.25)

The following lemma is very similar to [86, Lemma 5.5].

Lemma 14.26. 1. Let R be a meromorphic connection with poles along xy D 0

at most and regular singularities, let .a; b/ 2 N2 X f0g and set

! D .x`�.x; y/C ym
.x; y//=xkyk0

and f .x; y/ D xayb:

a. If the numerator of ! is a unit near x D y D 0 and k; k0 > 0.
b. Or if ! satisfies (14.25).

then  mod
f .E ! ˝R/ D 0 in the neighbourhood of y D 0.

2. Let R be a meromorphic connection with poles along x D 0 (and possibly
y D 0) at most and regular singularities. Set ! D .x`�.x; y/Cym
.x; y//=xk .
If ! satisfies (14.24), then  mod

x .E ! ˝R/ D 0 in the neighbourhood of y D 0.

Proof. 1. Away from y D 0 we can apply Lemma 14.22(1), both for (1a) and (1b).
For (1a) at y D 0, we apply an argument similar to that of [82, Lemma

III.4.5.10] (that � is a unit instead of being constant does not cause much trouble).
Let us now consider (1b) at y D 0. We will argue by induction on the pair

.`;m/ 2 N2 X f.0; 0/g, the case .1; 0/ or .0; 1/ being given by (1a). Let e denote
the blowing-up at the origin. It is enough to prove the assertion after blowing up
the origin, all along the exceptional divisor, for the map f ı e, because we have

 mod
f .M / D eC mod

f ıe .eCM /

for any holonomic module localized along f D 0. The total space of the
blowing-up is covered by two charts:

Chart 1: .u; v/ 7! .x D u; y D uv/; Chart 2: .u0; v0/ 7! .x D u0v0; y D u0/:

We compute 
 WD  mod
f ıe .E !ıe˝ e�R/ at the origin of each chart:

! ı e D

8

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

:

.Chart 1/

(

.� ı e C um�`v`
 ı e/=uk�`Ck0

vk; if ` 6 m;

.u`�m� ı e C vm
 ı e/=uk�mCk0

vk; if ` > m:

.Chart 2/

(

.v0`� ı e C u0m�`
 ı e/=u0k�`Ck0

v0k; if ` 6 m;

.
 ı e C u0`�mv0`� ı e/=u0k�mCk0

v0k; if ` > m:

We conclude that 
 D 0 by (1a) (first and fourth case) and by induction (second
and third case).
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It remains to show the vanishing at a general point of the exceptional divisor.
Let us work in Chart 1 for instance. The exceptional divisor u D 0 has
coordinate v and we compute 
 in the neighbourhood of vo ¤ 0, so that v is
a local unit. Using the formulas above for Chart 1, we obtain the vanishing of 

at vo according to Lemma 14.22(1) in the case ` < m, Proposition 14.20 in the
case ` D m and to (1a) in the case ` > m.

2. Away from y D 0 we can apply Lemma 14.22(1). At y D 0, we will argue
by induction on `, the case ` D 0 being solved by (1). We consider the
blowing-up e as above, and argue similarly. Setting f .x; y/ D x, we compute

 WD  mod

f ıe .E !ıe˝ e�R/.

! ı e D

8

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

:

.Chart 1/

(

.� ı e C um�`v`
 ı e/=uk�` if ` 6 m;

.u`�m� ı e C vm
 ı e/=uk�m if ` > m:

.Chart 2/

(

.v0`� ı e C u0m�`
 ı e/=u0k�`v0k if ` 6 m;

.
 ı e C u0`�mv0`� ı e/=u0k�mv0k if ` > m:

We conclude that 
 D 0 by Lemma 14.22(1) (first case), by induction (second
case), by (1b) (third case) and by (1a) (fourth case). ut

End of the proof of Proposition 14.17 in Case (a) According to Proposition 14.8, it
is enough to prove the theorem when f .x; y/ D x. Let h > 1 denote the valuation
of !k � !k.0/ (see Notation (14.18)). It is invariant by pull-back by a ramification
xq 7! x

q
q . The proof will be done by induction on h, the case h D 1 corresponding

to a non-singular point. Assume that y D 0 is not a singular point of ! on D. This
remains the case for 	�

q ! for any ramification 	q W xq 7! x D x
q
q . Then, for any

�.q/ 2 C.fxqg/, y D 0 is not a singular point of 	�
q !�f �

q �
.q/, where fq.xq; y/ D xq .

Therefore, according to Proposition 14.20,  fq .E
	�

q !�f �

q �
.q/ ˝ 	�

qR/0 D 0.
Let us now assume that h > 2. Let NP.!/ be the Newton polygon of ! (in the

given coordinate system), which is by definition the convex hull of the union of
the quadrants .j; vy.!j .y/// C .R� � RC/ in R2, where vy denotes the valuation
(see Fig. 14.1). Note that .k; h/ is a point with nonzero coefficient on the vertical
part of the boundary of NP.!/ (it is a vertex if !k.0/ D 0). It will be useful to set
!0 D ! � !k.0/=xk , so that .k; h/ is a vertex of NP.!0/. Note that, as we will have
to consider 	�

q ! � f �
q �

.q/ for any q and �.q/, we can shift ! by f �.!k.0/=tk/ from
the beginning, so that it is equivalent to work with ! or !0. In the following, we
assume for simplicity that ! D !0, i.e., !k.0/ D 0.

Firstly, the theorem (in Case (a)) holds if NP.!/ is a quadrant. In such a case,
! D 
.x; y/yh=xk , where 
 is a local unit, and we can apply Lemma 14.26(2),
which shows that, after any ramification 	q , fq .E

	�

q !�f �

q �
.q/ ˝R/0 D 0 if �.q/ ¤ 0

and has a pole of order < k. On the other hand, if �.q/ ¤ 0 has a pole of order > k,
then y D 0 is not a singular point of 	�

q !�f �
q �

.q/, and we apply Proposition 14.20.
We now assume that NP.!/ is not a quadrant. We will say that the coordinate y

is adapted to ! if there is no point of the form .j; h � 1/ on @NP.!/.
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Lemma 14.27. Under the previous assumption on !, there exists a coordinate y
which is adapted to !.

Proof. Assume that y is not adapted to !. Let �oj � ıoj 0 D �ok � ıoh (with
.�o; ıo/ D 1) be the equation of the non-vertical edge of NP.!/ having .k; h/ as a
vertex. Since NP.!/ is not a quadrant, we have �o ¤ 0. Then .j; h � 1/ belongs
to this edge for some j , and we thus have �oj � ıo.h � 1/ D �ok � ıoh, that is,
�o.k � j / D ıo. Therefore, �o D 1 and j D k � ıo. Our assumption is then that
!k�ıo;h�1 ¤ 0. Let us now set y D y0 � .!k�ıo;h�1=h/xıo and denote by NP0.!/
the Newton polygon of ! in the new variables .x; y0/. By construction, the point
.k � ıo; h� 1/ does not belong anymore to @NP0.!/. Then,

� Either �oj � ıoj 0 D �ok � ıoh remains the equation of the non-vertical side of
NP0.!/ with vertex .k; h/, and y0 is adapted to !.

� Or the slope � 0
o=ı

0
o of the corresponding side strictly decreases, i.e., � 0

o=ı
0
o <

1=ıo; then, if y0 is not adapted to !, � 0
o D 1 and ı0

o > ıoC1, so k�ı0
o 6 k�ıo�1;

since!j;j 0 ¤ 0) j > 1, we must have k�ı0
o > 1, and this process can continue

only a finite number of times. ut
We can therefore assume that the coordinate y is adapted to !, and still keep

f .x; y/ D x by using Corollary 14.4. Note that adaptedness is preserved by any
ramification 	q . Moreover, if y is adapted to !, it is also adapted to 	�

q !�f �
q �

.q/ for
any �.q/ 2 C.ftqg/=Cftqg: indeed, either the biggest slope of @NP.	�

q ! � f �
q �

.q// is
strictly bigger than that of @NP.	�

q !/, and the corresponding edge does not contain
any point, except its vertices, corresponding to a monomial of 	�

q !�f �
q �

.q/, or both
slopes are equal, and the addition of f �

q �
.q/ possibly changes only the point with

j 0 D 0 on this edge; since h > 2, this does not affect a possible integral point of the
form .j; h � 1/.

We say that ! is admissible (with respect to the given coordinate system) if
NP.!/ has a vertex .`; 0/ with ` > 0 (and ` < k). We call this vertex the
admissibility vertex. Note that admissibility is preserved by any ramification 	q . It is
straightforward to check that there exists a finite set S � C.ftg/ such that, for each
q 2 N� and each �.q/ 2 C.ftqg/X	�

q S , 	�
q !�f �

q �
.q/ is admissible. In particular, we

may assume from the beginning that ! is admissible (up to changing S ). This does
not modify h, nor the adaptedness of y to !. The Newton polygon takes the form
like in Fig. 14.1.

Let us consider a toric modification e W .u; v/ 7! .x; y/ D .u˛v� ; uˇvı/
with ˛; ˇ; �; ı 2 N, ˛ı � ˇ� D �1, such that min.j;j 0/2NP.!/. ǰ

0 � j̨ / and
min.j;j 0/2NP.!/.ıj

0 � �j / are both achieved on the same vertex .jo; j 0
o/ ¤ .`; 0/ of

NP.!/. It follows that ˛ ¤ 0 and e�1.D/ has two branches. We also have jo; j 0
o > 0

and

e�! D c.u; v/u ǰ 0

ovıj
0

o

u j̨ov�jo
D c.u; v/

u j̨o� ǰ 0

ov�jo�ıj 0

o
;

with c.0; 0/ D !jo;j 0

o
¤ 0: (14.28)
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NP (w)

k

j

h

jFig. 14.1 The Newton
polygon of !

By assumption of admissibility, we have ǰ 0
o < j̨o and ıj 0

o < �jo.
Let e W X ! C2 be a toric modification covered by affine charts with coordinates

.u; v/ as above, such that the slope ˛=ˇ of each side of NP.!/ occurs as an exponent

.˛; ˇ/ of some chart of e. To each chart corresponds then a vertex of NP.!/.
Moreover, (14.28) together with the admissibility condition implies that e�! has a
pole along each component of e�1.D/. Away from the crossing points, there is thus
a finite number of singular points of e�!. Let us describe these singular points.

(a) Assume ˛ ¤ 0 and, in the chart as in (14.28), assume that we work on the open
set v ¤ 0 so that e�1.D/ D fu D 0g. If ˛=ˇ is not a slope of an edge of NP.!/,
then e�! has the form given in (14.28) and there is no singular point on this
open smooth component of e�1.D/.

(b) If on the other hand ˛=ˇ is a slope of an edge of NP.!/ (and still assuming
˛ ¤ 0), let us write

P

j̨� ǰ 0Dk1 !j;j 0yj
0

=xj the corresponding part of ! (at
least two coefficients !j;j 0 are nonzero, namely those corresponding to the two
vertices .j0; j 0

0/ and .j1; j 0
1/, j0 < j1, of the edge). Then, in the corresponding

chart, e�.!/ has a pole of order k1 along u D 0 and the singular points are
the points whose coordinate v is nonzero and 1=v is a multiple root of the
polynomial

P

j̨� ǰ 0Dk1 !j;j 0w�j�ıj 0

. The height of such a singular point is its
multiplicity as a root of this polynomial. The degree of the polynomial (once
divided by the maximal power of w) is equal to �.j1 � j0/ � ı.j 0

1 � j 0
0/. Since

˛.j1 � j0/ D ˇ.j 0
1 � j 0

0/ and ˇ� � ˛ı D 1, this degree can be written as
.j 0
1 � j 0

0/=˛ 6 h=˛.
Let us check that the multiplicity of each root is strictly less than h. This is

clear if the degree is < h. On the other hand, the degree is equal to h if and
only if NP.!/ has only one edge, with vertices .`; 0/ and .k; h/, and ˛ D 1,
ˇ D .k � `/=h 2 N. The polynomial is written as

Ph
j 0D0 !`C ǰ 0;j 0wj

0

. By

assumption, the coefficients of 1 and wh are nonzero, while the coefficient
of wh�1 is zero by adaptedness. This polynomial has therefore no root of
multiplicity h.

(c) If ˛ D 0, we have ˇ D � D 1 and e�1.D/ D fv D 0g. If 1=ı is not the slope
of the non-horizontal edge of NP.!/ with vertex .`; 0/, then e�! D c.u; v/=v`

with c.u; 0/ 2 C�. Then e�! has no singular point on fv D 0g. On the other
hand, if 1=ı D 1=ıo is the slope of this edge, uo 2 C is a singular point of
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e�! if and only if it is a multiple root of
P

j 0>0 !`Cıoj 0;j 0uj
0

. The degree of
this polynomial is 6 h, with equality only if k D `C ıoh, and an argument as
above shows that the multiplicity of each root is < h.

We now come back to the proof of the proposition in Case (a) by induction on h.
By taking � 2 C.ftg/=CŒŒt �� out of the finite set S introduced above, we can assume
that!�f �� is admissible for each such �. Up to replacing! with !��o and S with
S��o for a suitable �o, we may assume that 0 … S , i.e.,! itself is admissible. Recall
also that the adaptedness assumption of the coordinate y with respect to !, and
hence to any 	�

q !�f �
q �

.q/, is still active. We can already perform (Proposition 14.9)
a ramification in order that each side of the Newton polygon of ! has a slope whose
inverse is an integer, or1. Let us then consider a proper toric modification e adapted
to NP.!/ as above. Given q 2 N�, we can lift the ramification 	q W tq ! t D t

q
q

in each chart of e by 	q W .uq; vq/ 7! .u; v/ D .uqq; v
q
q/, and we similarly define

the finite map eq W .uq; vq/ 7! .xq; y/ D .u˛qv�q ; u
qˇ
q vqıq /. This does not affect the

multiplicity of the possible singular points away from the center of the chart. In
such a chart, .f ı e/q D fq ı eq W .uq; vq/ 7! u˛qv�q . (We will modify the definition
of 	q; eq if ˛ D 0, see (3) below.)

0. At each crossing point of e�1.D/ (which corresponds to a vertex .jo; j 0
o/ ¤

.`; 0/ of NP.!/), e�! takes the form (14.28). On the other hand, given � D
Pm

iD1 �i=t i (with �m ¤ 0), we have .f ı e/�1� D Pm
iD1 �i=u˛iv�i . Note that

. j̨o� ǰ 0
o; �jo�ıj 0

o/ ¤ .˛i; �i/ for any i > 1. We conclude from Lemma 14.26
((1a) if .˛m; �m/ and . j̨o � ǰ 0

o; �jo � ıj 0
o/ are comparable in N2, and (1b)

if they are not comparable) that  f ıe.eC.E !�f ��˝R/.0;0/ D 0 if � ¤ 0. A
similar argument can be used for 	�

q ! � f �
q �

.q/ for any q > 1.
1. Assume that ˛ ¤ 0 and ˛=ˇ is not a slope of an edge of NP.!/ at a vertex .jo; j 0

o/

with j 0
o ¤ 0. Then the coefficient of 1=u j̨o� ǰ 0

o in e�! � .f ı e/�� is a Laurent
polynomial in the variable v with at most two monomials, namely !jo;j 0

o
vıj

0

o��jo
and �iv��i for i such that ˛i D j̨o � ǰ 0

o. Such a polynomial cannot have a
multiple root which is nonzero. Hence e�! � .f ı e/�� has no singular point on
fu D 0g\ fv ¤ 0g, and  f ıe.eC.E !�f ��˝R/ D 0 all along this set. The same
property holds for 	�

q ! � f �
q �

.q/ for any q > 1.
2. Assume that ˛ ¤ 0 and ˛=ˇ is a slope of an edge of NP.!/ at a vertex
.jo; j

0
o/ with j 0

o ¤ 0 (by our assumption, ˇ=˛ is an integer). Let us fix q> 1.
For which �.q/ does the set of singular points of e�

q 	
�
q ! � .fq ı eq/��.q/

differs from that of e�
q 	

�
q ! on fuq D 0; vq ¤ 0g? The order of the pole

along uq D 0 of e�
q 	

�
q ! is q. j̨o � ǰ 0

o/ and the corresponding coefficient

is
P

.j;j 0/j j̨� ǰ 0D j̨o� ǰ 0

o
!j;j 0=vq.�j�ıj 0/

q . On the other hand, if we set �.q/ D
Pm

iD1 �
.q/
i t

�i
q , the dominant term of .fq ı eq/��.q/ is �mv��m

q u�˛m
q .

� If ˛m > q. j̨o � ǰ 0
o/, e

�
q 	

�
q ! � .fq ı eq/��.q/ does not have any singular

point.
� If ˛m < q. j̨o � ǰ 0

o/, e
�
q 	

�
q ! � .fq ı eq/��.q/ has the same singular points

as e�
q 	

�
q !, all of which have multiplicity < h as already proved.
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� If ˛m D q. j̨o� ǰ 0
o/, the coefficient of 1=u

q. j̨o� ǰ 0

o/
q in e�

q 	
�
q !�.fqıeq/��.q/

is equal to the Laurent polynomial

Pq;�m.wq/ WD
�

X

.j;j 0/j j̨� ǰ 0D j̨o� ǰ 0

o

!j;j 0wq.�j�ıj 0/
q

�

� �mw�mq .wq D 1=vq/:

Set mo D jo � ǰ 0
o=˛ and assume mo > 0 (hence mo 2 N�, due to our

assumption). Then there exists a finite number of c 2 C such that P1;c.w/
has a multiple root. Moreover, the multiple roots of Pq;c.w/ D P1;c.wq/ are
the qth powers of those of P1;c , and keep the same multiplicity. The set of all
multiple roots of all P1;c are therefore the possible singular points if q D 1,
and the possible singular points for q > 2 are obtained from the previous
ones by a ramification wq 7! w D wqq . Note also that the multiplicity of
such a multiple root is < h. This is seen as above by using the adaptedness
assumption.

For each multiple root wo of P1;c , we apply the inductive assumption to e�! �
.f ı e/�.ct�mo/ and get a finite set S 0

c;wo . By translating by .f ı e/�.ct�mo/, we
obtain a finite set S 0

wo associated to e�! at wo. When wo varies in the finite set of
all possible singular points in C�, we obtain a finite set S˛;ˇ . For every q > 1 and
every �.q/ … 	�

q .S[S˛;ˇ/, we have f ıe
�

	q;CE �.fqıeq/��.q/ ˝E e�! ˝ eCR
�D 0

all along v ¤ 0.
3. We now consider the case where ˛ D 0, so that ˇ D � D 1. The case where
1=ı is not the slope of the non-horizontal edge having .`; 0/ as a vertex is treated
as in (1) above, so we only consider the case where it is equal to the slope 1=ıo.
In such a chart, we have f ı e.u; v/ D v, and we can define the ramification 	q
on the variable v only, i.e., 	q.u; vq/ D .u; vqq/, and the map eq is defined by

eq.u; vq/ D .vq; uvqıq /. We can then argue exactly as in (2) above, with the only
difference that the variable w, which is equal to u, can achieve the value 0. We
notice that the ramification 	q does not affect the multiplicity of the possible
singular points all over the chart, including at u D 0.

Let us now denote by S! the finite set S [ Se , where Se is the union of all S˛;ˇ

as above for which ˛=ˇ is a slope of NP.!/ (with the previous assumptions that y
is adapted to !, ! is admissible and all ˇ=˛ are integers). Let us fix q 2 N

� and
�.q/ … 	�

q .S
!/. We will show that  f ..	q;CE �.q/ /˝E ! ˝R/0 D 0. According to

Proposition 14.11, it is enough to check that

 f ıe..eC	q;CE f �

q �
.q/

/˝E e�! ˝ eCR/e�1.0/ D 0:

This is a local problem on e�1.0/. In each chart, we may use a ramification 	q at the
level of the variables u; v (resp. the variable v if ˛ D 0). The computation (0)–(3)
above shows that, in a given chart,  f ıe..	q;CeC

q E f �

q �
.q/

/˝E e�! ˝ eCR/ D 0,
and this is equivalent to the desired vanishing in this chart. ut
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NP (w) j

j j jj j

NP (w)

(1) (2) (3)

NP (w)

Fig. 14.2 Examples of Newton polygons of !

Proof of Proposition 14.17 in Case (b) We will need a criterion similar to that of
Proposition 14.20 ensuring the vanishing of mod

f . Let !.x; y/ be any nonzero germ
at the origin of a class (modulo holomorphic functions) of a meromorphic function,
and let us denote its Newton polygon by NP.!/. By definition, it is the convex hull
of the quadrants .j; j 0/�N2 for the pairs .j; j 0/ such that the coefficient!j;j 0=xj yj

0

of ! is nonzero. Note that j and j 0 are not both 6 0.
We say that ! is admissible if @NP.!/ is not contained in

� A “closed semi-negative quadrant”, that is, one of the quadrants .�N/ � N or
N � .�N/ (e.g. as in Fig. 14.2.1/ above, but not (2) or (3)), if a; b > 0.

� The “open semi-negative quadrant” N � .�N�/ if b D 0 (i.e., Fig. 14.2.3/ is
excluded, but Fig. 14.2.2/ is accepted).

Since we are interested in ! modulo f �C.ftg/, we can assume from the beginning
that ! is admissible. More precisely:

Lemma 14.29. Given !, there exists a finite number of ramified polar parts � such
that 	�

q ! � f �
q �

.q/ is not admissible. ut
Definition 14.30. Assume that ! is admissible and let .˛; ˇ/ 2 .N�/2 be coprime.
The subset Sing˛;ˇ.!;D/ � C� consists of the nonzero complex numbers vo such
that there exists .�; ı/ 2 N2 satisfying

1. ˛ı � ˇ� D ˙1.
2. vo is a singular point of the pair

�

!.v�ou˛; vıou
ˇ/; fu D 0g�.

We set
Sing.!;D/ D S

.˛;ˇ/

Sing˛;ˇ.!;D/:

Lemma 14.31. If ! is admissible, the set Sing.!;D/ is finite.

Proof. If 
 D maxf j̨ C ǰ 0 j .j; j 0/ 2 NP.!/g is achieved at a single vertex

.jo; j
0
o/ of @NP.!/ then, for each vo 2 C

�, !.v�ou˛; vıou
ˇ/ D cv

�.�joCıj 0

o/
o =u
 C

lower order poles, with c D !jo;j 0

o
¤ 0, (that 
 is > 1 follows from the assumption

of admissibility). Thus Sing˛;ˇ.!;D/ D ¿ if .˛; ˇ/ is not the direction of an edge
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of @NP.!/. On the other hand, each Sing˛;ˇ.!;D/ is finite, because the dependence
with respect to v of the coefficient c.v/ of 1=u
 is algebraic. ut

Let e W X 0 ! X be a smooth toric modification of a neighbourhoodX of .x D
0; y D 0/. We say that e is adapted to NP.!/ if X 0 is covered by charts with
coordinates .u; v/ such that e.u; v/ D .u˛v� ; uˇvı/ with ˛ı � ˇ� D ˙1 and, for
each such chart, there is a unique vertex .jo; j 0

o/ of @NP.!/ such that

j̨o C ǰ 0
o D 
 WD maxf j̨ C ǰ 0 j .j; j 0/ 2 NP.!/g;

�jo C ıj 0
o D 
0 WD maxf�j C ıj 0 j .j; j 0/ 2 NP.!/g:

Lemma 14.32. Assume that ! is admissible and e is adapted to NP.!/. Then
 f .E ! ˝R/ DL

vo2Sing.!;D/  f ıe.eC.E ! ˝R//vo .

Proof. We first note that all singular points of .!;D/ appear on some exceptional
component of e, due to adaptedness. Since ! is admissible, we have .
; 
0/ 2
N2 X f0g. At the center of a chart corresponding to a vertex .jo; j 0

o/, we have
e�!.u; v/ D c.u; v/=u
v


0

with c.0; 0/ D !jo;j 0

o
and f ı e.u; v/ D u˛aCˇbv�aCıb .

Therefore, if 
;
0 > 0, mod
f ıe .E e�! ˝ eCR/0 D 0, according to Lemma 14.26(1b).

If 
0 D 0 and 
 > 0, then by admissibility we have j 0
o D 0, � D 0, ˛ D ı D 1 and,

by admissibility, b D 0, f .u; v/ D ua, hence  mod
f ıe .E e�! ˝ eCR/0 D 0 according

to Lemma 14.22(1). The case 
 D 0 and 
0 > 0 is obtained by inverting the roles
of ˛; ˇ and �; ı.

Admissibility implies that e�! has a pole along each irreducible component
of .f ı e/�1.0/. From Proposition 14.20 we obtain that  f ıe.eC.E ! ˝R// is
supported on Sing.!;D/. The result follows from Proposition 14.12, since the set
of singular points of e�! is finite, by Lemma 14.31. ut
Remark 14.33. Note that the result of Case (a) implies that there exists a finite
set of ramified polar parts � such that, for any � not belonging to this set, and any
singular point vo 2 Sing.!;D/,

 f ıe
�

eCŒ.	q;CE f �

q �
.q/

/˝E ! ˝R�
�

vo
D 0:

The point in proving Case (b) is that the singular points of 	�
q ! � f �

q �
.q/ may

depend on �. We will therefore take into account the variation with � of this set of
singular points.

For any ! ¤ 0, let us set !0 D !�P

k2QC

!ka;kb=x
kaykb .We say that an edge of

NP.!0/ is admissible if the line which supports it cuts the open quadrant j; j 0 > 0.
When � varies among ramified polar parts, the set of 	�

q ! � f �
q �

.q/ is equal to that
of 	�

q !
0 � f �

q �
.q/, and any element of the latter set is admissible if � ¤ 0.

Let us denote by K.!0/ � Q�C the finite set of positive rational numbers k such
that k � .a; b/ belongs to a line containing an (admissible) edge of NP.!0/ (see
Fig. 14.3; recall that f .x; y/ D xayb).
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NP (w )

(a ,b)

a,b > 0 b = 0

j

j j j

Fig. 14.3 Examples of sets K.!/ � .a; b/

Lemma 14.34. There exists at most a finite number of nonzero ramified polar parts
� D P

k2Q�

C

�kt
k such that, if ko WD maxfk j �k ¤ 0g does not belong to K.!0/,

then  fq .E
	�

q !
0�f �

q �
.q/ ˝R/0 ¤ 0.

Proof. We denote by Sing0.!0;D/ the set of singular points of !0 corresponding to
admissible edges of NP.!0/. Let � ¤ 0 be as in the lemma and let q be associated
with � as above. We claim that Sing.	�

q !
0�f �

q �
.q/;Dq/ � Sing0.	�

q !
0;Dq/. Indeed,

let us consider an edge E of @NP.	�
q !

0 � f �
q �

.q//. By assumption on ko, either E
is an admissible edge of @NP.	�

q !
0/, and then the corresponding singular points of

	�
q !

0 � f �
q �

.q/ are those of 	�
q !

0, or it is not an edge of @NP.	�
q !

0/, and then it
supports only two monomials of 	�

q !
0 � f �

q �
.q/, one at each vertex, one of them

being ko � .a; b/. In the latter case, it produces no singular point of 	�
q !

0 � f �
q �

.q/,
since a Laurent polynomial with exactly two terms has only simple roots in C�.

If moreover � does not belong to the finite set considered in Remark 14.33,
we have  f ıe

�

eCŒ.	q;CE f �

q �
.q/

/˝E ! ˝R�
�

vo
D 0 for each vo 2 Sing0.!0;D/.

Applying now Lemma 14.32 to 	�
q !

0 � f �
q �

.q/, we obtained the desired vanishing.
ut

Let now � ¤ 0 be such that ko D ko.�/ 2 K.!0/.

Lemma 14.35. There exists a finite set Fko � C such that

Sing.	�
q !

0 � f �
q .�ko=t

ko/;Dq/ 6� Sing0.	�
q !

0;Dq/ H) �ko 2 Fko:

Proof. It is analogous to the proof given in Part (2) of the proof of Case (a). ut
Once this lemma is proved, one may apply the same argument as in Lemma 14.34

if �ko does not belong to Fko . For each �ko 2 Fko , the singular set Sing.	�
q !

0 �
f �
q �

.q// does not depend on � D �ko=t
ko CP

k<ko
�k=t

k , and one can apply the
same argument as in Lemma 14.34. ut



Chapter 15
Nearby Cycles of Stokes-Filtered Local Systems

Abstract In this chapter, we define a nearby cycle functor for a good Stokes-filtered
local system on .X;D/, relative to a holomorphic function whose zero set is
contained in the normal crossing divisorD. We then show that the Riemann–Hilbert
correspondence of Chap. 12 is compatible with taking nearby cycles, either in the
sense of irregular nearby cycles for meromorphic flat bundles as defined in Chap. 14,
or as defined for Stokes-filtered local systems in this chapter.

15.1 Introduction

The sheaf-theoretic definition of the nearby cycle functor by P. Deligne in [16]
has led to the definition of the moderate nearby cycle functor for holonomic
D-modules in order that the Riemann–Hilbert correspondence for regular holo-
nomic D-modules is compatible with both functors. Following P. Deligne, we have
extended the moderate nearby cycle functor to the irregular nearby cycle functor in
Chap. 14. Going now the way back compared to the case of holonomic D-modules
with regular singularities, we will define a nearby cycle functor for Stokes-filtered
local systems and we will prove, in the good case, the compatibility with the
irregular nearby cycle functor via the Riemann–Hilbert correspondence of Chap. 12.

As we will see, the proof of some properties, like the compatibility with proper
push-forward, is much easier in the case of holonomic D-modules, where we can
use the strength of the algebraic machinery, and we will give few proofs for Stokes-
filtered local systems, where the behaviour of the topology of the real blow-up
spaces with respect to complex blowing-ups is difficult to understand in general.
This is why we will mainly restrict to dimension two.

C. Sabbah, Introduction to Stokes Structures, Lecture Notes in Mathematics 2060,
DOI 10.1007/978-3-642-31695-1 15, © Springer-Verlag Berlin Heidelberg 2013
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15.2 Nearby Cycles Along a Function (the Good Case)

We denote by S a neighbourhood of the origin in C and we consider a holomorphic
function f W X ! S such that the divisor D D f �1.0/ has normal crossings with
smooth irreducible componentsDj2J .

Let $ W eX D eX.Dj2J / ! X be the real blow-up space of X along the
components of D and let eS be the real blow-up space of S at the origin. There is a
lifting ef W eX ! eS of f . We have a diagram of sheaves of ordered abelian groups

I
eX

qf Df �

 ������ ef �1I
eS

ef��! I
eS :

Because S is one-dimensional, the morphism f � is injective (see Proposition 9.30).
Let us also notice that any local section ' of I@eS determines a finite covering e˙' �
Iét

j@eS
of @eS : indeed, this is clear if ' is non-ramified, i.e., is a local section of I@eS;1; if

it is ramified of order d , then one argues by using a ramified covering �d of .S; 0/.
Now, if e˙' is such a covering, then its pull-back @eX �@eS

e˙' is a finite covering of
@eX , and its image by the inclusion f � is a finite I@eX -covering of @eX and we denote
it by e˙f �' .

Notice thatD�@eS is the boundary of the real blow-up space ofX along f �1.0/
(see Lemma 8.1) and we have a natural map .$; ef / W @eX ! D � @eS . For x
belonging to a stratum of D of codimension ` in X , and for � 2 @eS ' S1, the fibre
.$; ef /�1.x; �/ is a union of a finite number of copies of .S1/`�1, since f is locally
monomial. The natural map e˙f �' ! D � @eS has a similar property.

Definition 15.1. Let e˙' � Iét
@eS

be the covering associated to a local section ' of

I@eS , and let e˙ � Iét
@eX

be a good Iét
@eX

-stratified covering of @eX . We say that the pair

.e˙; '/ is good if e˙ [ e˙f �' (which is a stratified covering of @eX ) is good.

Let .L ;L
�
/ be a I@eX -filtered local system on @eX . Since I@eX is not Hausdorff

over the crossing points ofD, the graded sheaf gr L has to be taken on each stratum
of D. On the other hand, ef �1I@eS is Hausdorff, since I@eS is so (see Remark 1.1(4))
and, since q�1

f L6 defines a pre- ef �1I@eS -filtration of L , it is meaningful to consider

gr L as a subsheaf on . ef �1I@eS /
ét D @eX �@eS Iét

@eS
. We will denote this sheaf as

grf L in order to avoid any confusion. For any local section ' of I@eS , we denote
by grf

ef �1'
L the restriction of grf L to @eX �@eS

e˙' and we still denote by $ the

projection @eX �@eS
e˙' ! D.

Proposition 15.2. Assume that .L ;L
�
/ is a I@eX -filtered local system with associ-

ated stratified covering e˙ . Then, for any local section ' of I@eS we have, over each
stratum of D, a surjective morphism

grf
ef �1'

L �! q�1
f grf �' L :
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Assume moreover that the pair .e˙; '/ is good. Then the restriction of grf
ef �1'

L over

each stratum of D is a local system, and grf
ef �1'

L is constructible on @eX �@eS
e˙'

with respect to the stratification obtained by pull-back from that of D.

Proof. By definition, we have .q�1
f L

�
/6 ef �1' D L6f �' . Let us fix y 2 @eX and let

us set � D ef .y/ 2 @eS . The point is to show that .q�1
f L

�
/< ef �1';y � L<f �';y . Let

e˙ � Iét
@eX

be the stratified I-covering attached to .L ;L
�
/. On the one hand,

.q�1
f L

�
/< ef �1';y D

X

 <
�
'

L6f � ;y D
X

 <
�
'

L

�2 e˙y
�6yf

� 

gr� Ly

D L

�2 e˙y
9 <

�
'; �6yf

� 

gr� Ly: (15.2 �)

On the other hand,

L<f �';y D L

�2 e˙y
�<yf

�'

gr� Ly: (15.2 ��)

Since f � is compatible with the order, we have  <
�
' ) f � 6y f

�'
and, according to the second part of Proposition 9.30 since ef W eX ! eS is open,
we moreover have f � ¤ f �', that is, f � <

y
f �'. This gives the inclusion

(15.2 �) � (15.2 ��).
For the second part of the proposition, we will need a lemma.

Lemma 15.3. Let � 2 I@eX;y be such that the associated stratified covering
e˙� [ f0g � Iét

@eX
of @eX in some neighbourhood of y is good (i.e., after some finite

ramification around D near x D $.y/, ��
d� is purely monomial). Assume that

� <y 0. Then, setting � D ef .y/ 2 @eS , the property

9 <
�
0 2 I@eS;� ; � 6y f

� (15.3 �)

holds if and only if � has poles along all the local components ofD at x D $.y/.
Proof. Assume first that � has poles along all the local components of D. We will
prove that, if  2 I@eS;� has a pole of order 1=d with d big enough (i.e., ��1

d  

has a pole of order one), and if  <
�
0 (such a  clearly exists), then � 6y f

� .
As in Proposition 9.30, one can reduce the statement to the case where � is non-
ramified, and so � is purely monomial. In local coordinates adapted to D, we have
D D fx1 � � �x` D 0g, f .x1; : : : ; xn/ D xk with k 2 .N�/`, � D u.x1; : : : ; xn/=xm

for some m 2 N` and u is a unit, and our assumption means that m 2 .N�/`.
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It is then enough to choose d such that k < dm with respect to the natural partial
ordering of N`. In such a case, � � f � remains purely monomial with the same
leading term as �.

Let us now assume that some mj is zero, with j 2 f1; : : : ; `g. Let  be such
that  <

�
0. Both � and f � are purely monomial, with leading monomial x�m

and x�rk respectively, if  has leading monomial t�r , r 2 Q�C. By our assumption
on m, there exists a local modification " W .X 0;D0/ ! .X;D/ near x 2 D such
that the leading term of "�.� � f � / is �f � . If we had � � f � 6

y
0 and

 <
�
0, we would also have �"�f � 6

y0
0 for any y0 2e"�1.y/ and "�f � <

y0
0,

a contradiction. ut
According to (15.2 �) and (15.2 ��) and to the previous lemma, the kernel of

grf
ef �1'

Ly ! q�1
f grf �' Ly is equal to the sum of gr� Ly , where � 2 e˙y is such

that � � f �' has no pole along some irreducible component of D going through
x D $.y/. This condition does not depend on y, but only on the stratum of D
which x belongs to. This shows that this kernel is a local system over each stratum
of D. On the other hand, grf �' L is also a local system over each stratum of D.

Therefore, so is grf
ef �1'

L . ut
Definition 15.4 (Nearby cycles, the good case). Let .F ;F

�
/ be a good

Stokes-filtered local system on .X;D/ (see Definition 13.2) with associated
stratified I-covering e˙ � Iét

@eX
, and let ' be a local section of I@eS defining a finite

covering e˙' � Iét
@eS

of @eS ' S1. Let us assume that the pair .e˙; '/ is good. We
then set

e 
'

f .F ;F
�
/ D grf

ef �1'
L ;

 
'

f .F ;F
�
/ D R.$; ef /� grf

ef �1'
L :

We have seen that e 
'

f .F ;F
�
/ is locally constant with respect to the pull-back

stratification of D. Since the map .$; ef / is a topological fibration when restricted
above each stratum of D with fibre homeomorphic to a finite number of copies of
.S1/`�1 when the stratum has codimension `, it follows that the cohomology sheaves
of 'f .F ;F

�
/ are locally constant onDI�@eS for each stratumDI ofD. According

to Lemma 9.38, they can be regarded as C-constructible sheaves onD (constructible
with respect to the natural stratification) equipped with an automorphism (the
monodromy around f D 0). We will denote by . 'f .F ;F

�
/; T / the corresponding

object of Db
c .D/ equipped with its automorphism T (we implicitly extend the

equivalence of Lemma 9.38 to the derived category).
More precisely, let us denote by Db

D-c.D � @eS/ the full subcategory of
Db.D�@eS/ whose objects are constructible with respect to the natural stratification
.DI � @eS/I . For each � 2 C�, we denote by L��1;1 the local system on @eS whose
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fibre is the polynomial ring CŒx� and the monodromy is the automorphism��1 �U1,
where U1 D exp.2�iN1/ and N1 W CŒx� ! CŒx� is defined by N1.xk/ D xk�1
if k > 1 and N1.1/ D 0. We denote similarly the pull-back of L��1;1 to
D � @eS , and by p W D � @eS ! D the projection. We define the functor  � from
Db
D-c.D � @eS/ to Db.D/ by

 �.G / D Rp�.L��1;1
C̋

G /:

This functor takes values in the derived category of bounded constructible
complexes on D (constructible with respect to the natural stratification). Moreover,
 �.G / is equipped functorially with an automorphism T D � � .Rp�.U1˝ Id//.

Lemma 15.5. The functor
L

�2C�  � induces an equivalence between
Db
D-c.D � @eS/ and the category .Db

c .D/; T / whose objects are pairs of an object
of Db

c .D/ (constructibility with respect to the natural stratification is understood)
and an automorphism T of this object. ut

This lemma is a natural extension to derived categories of Lemma 9.38, if one
uses the finite determination functor of [13, Lemma 1.5]. In particular, for a given
object G of Db

D-c.D � @eS/, all  �G but a finite number are isomorphic to zero
locally on D. In the following, we will have to consider . 'f;�.F ;F

�
/; T / for each

� 2 C�.

15.3 Nearby Cycles Along a Function (Dimension Two)

We keep the setting of Sect. 15.2. Our aim is to define the nearby cycles functors
e 
'

f and  'f for good Stokes-filtered local systems .F ;F
�
/ on .X;D/, without

assuming that ' is good with respect to the stratified I-covering e˙ associated to
.F ;F

�
/. We will restrict to the case where X has dimension two from now on.

The following proposition will be essential to define nearby cycles when the
goodness condition on ' is not fulfilled.

Proposition 15.6. Let us keep the assumptions of Definition 15.4 with dimX D 2,
and let " W .X 0;D0/ ! .X;D/ be a proper modification, where D0 D "�1.D/ is a
divisor with normal crossings and " W X 0 XD0 ! X XD is an isomorphism. Let us
set f 0 D f ı " W .X 0;D0/! .S; 0/. We have

e 
'

f .F ;F
�
/ D Re"�e 

'

f 0"
C.F ;F

�
/; (15.6�)

 
'

f .F ;F
�
/ D R."; Id@eS/� 

'

f 0"
C.F ;F

�
/: (15.6�)
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Proof. We will consider the following diagram:

ef 0�1I
eS

e"
��

e"�1qf
���

��
��

��
��

qf 0

����
��
��
��
�

ef �1I
eS

ef
��

qf
��

I
eS

��

I
eX 0

���
��

��
��

��
e"�1I

eX

q"
��

����
��
��
��
�

�� I
eX

��

eX 0 e"
�� eX

ef
�� eS

where we recall that, for a map g, qg is a notation for g�.
On the one hand, we have by definition .q�1

f 0 "
CL /6 ef 0�1' D ."CL /6f 0�' .

Recall also (see Definition 1.33) that ."CL /6 D Tr6q".e"
�1L6/. Therefore,

.q�1
f 0 "

CL /6 ef 0�1' D
X

�; "��6f 0�'

e"�1L6�:

On the other hand, e"�1.q�1
f L /6 ef �1' D

P

�6f �'e"�1L6�. We thus have a natural

inclusion e"�1.q�1
f L /6 ef �1' � .q�1

f 0 "
CL /6 ef 0�1' (as subsheaves of the pull-back of

the local system L ). We will show that this is an equality by checking this property
at each y0 2 @eX 0. Let us set y D e".y0/ and � D ef .y/. A computation similar to
(15.2 �) gives

.q�1
f 0 "

CL /6 ef 0�1';y0 D L

�2 e˙y
"��6

y0
f 0�'

gr� Ly;

�

e"�1.q�1
f L /6 ef �1'

�

y0
D .q�1

f L /6 ef �1';y D
L

�2 e˙y
�6yf

�'

gr� Ly;
(15.7)

so the desired equality is a consequence of Lemma 9.34 applied to �� f �' (due to
the assumption of goodness, � � f �' is purely monomial) and the map ".

We also have an inclusion e"�1.q�1
f L /< ef �1' � .q�1

f 0 "
CL /< ef 0�1' , by using the

same argument as for 6, but we do not claim that it is an equality (the argument for
6 used the goodness property of ' with respect to e˙ , a property that one cannot use
for  <

�
'). In any case, we conclude that there is a surjective morphism

� We"�1
e 
'

f .F ;F
�
/ �! e 

'

f 0"
C.F ;F

�
/

and we will compute the kernel in the neighbourhood of e"�1.y/ for each y 2 @eX .
According to Lemma 15.3 and the computation (15.7), the kernel at y0 2 e"�1.y/



15.3 Nearby Cycles Along a Function (Dimension Two) 233

is identified with the sum of gr� Ly for those � 2 e˙y such that "�.� � f �'/ has
poles along all the components ofD0 going through x0 D $ 0.y0/, but �� f �' has
no poles along some component of D going through x D $.y/. We therefore only
need to consider the local case where D has two componentsD1;D2 and � � f �'
has poles along D2 only. Since � � f �' is purely monomial, "�.� � f �'/ has no
poles exactly along the strict transform D0

1 of D1. Therefore, the �-component of
the kernel of �je"�1.y/ is equal to the pull-back of gr� Ly on e"�1.y/X$ 0�1.D0

1/ and
is zero on e"�1.y/ \$ 0�1.D0

1/. This holds in some small neighbourhood of y. We
will denote by D0

1 and D0
j 02J 0 the components of D0, so that 2 2 J 0.

Lemma 15.8. Let F denote the constant sheaf on @eX 0 X$ 0�1.D0
1/ extended by 0

on $ 0�1.D0
1/. Then Re"�F is zero on $�1.D1/.

Proof. It is equivalent to proving that R"�CeX 0

jD0

1

D C
eX

jD1
since, according to

(13.1 ��), we have Re"�C@eX 0 D C@eX . By definition (see Lemma 8.2), we have a
cartesian square

eXjD1 D eX.D1;D2/jD1 ��

��

eX.D1/jD1 D @eX.D1/

��

eX.D2/jD1 �� D1

and eX.D2/jD1 is nothing but the real blow-up space of D1 along D1 \D2, that we
will denote by eD1 for short. We denote similarly by eD0

1 the real blow-up space ofD0
1

along D0
1 \ D0

j 02J 0 , that we identify to eX 0.D0
j 02J 0/jD0

1
. Then the map e" W eX 0

jD0

1
D

eX 0.D0
j 02.J 0[f1g//jD0

1
! eXjD1 factorizes through

g"jD0

1
� Id W eD0

1 �D1 @eX.D1/ �! eD1 �D1 @eX.D1/:

Note that " W D0
1 ! D1 is an isomorphism, hence so is e" W eD0

1 ! eD1. We will
show that the map eX 0

jD0

1
! eD0

1 �D1 @eX.D1/ is an isomorphism. Assume that this is

proved. Then we have an equality of maps

eX 0
jD0

1

e"
��

eD0
1 �D1 @eX.D1/

g"jD0

1
� Id

��

eXjD1 eD1 �D1 @eX.D1/

(15.9)

hence the left-hand map is an isomorphism too, so that Re"�CeX 0

jD0

1

D C
eX

jD1
.
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To prove the assertion is a local question on D0
1. There are local coordinates

.x0
1; x

0
2/ on X 0 and .x1; x2/ on X such that D1 is locally defined by x1 D 0, D0

1

by x0
1 D 0, and ".x0

1; x
0
2/ D .x0k

1 x
0`
2 ; x

0
2/ with k; ` > 0. As in (9.28), the map

eX 0
jD0

1
! eXjD1 is written

.�0
1 D 0; �0

2; �
0
1; �

0
2/ 7�! .�1 D 0; �2 D �0

2; �1 D k� 0
1 C `� 0

2; �2 D � 0
2/

and the assertion means that � 0
1 is uniquely determined from �1; �2; �2, which is

now clear. ut
End of the proof of Proposition 15.6 Applying Lemma 15.8 together with the
projection formula for the proper morphisme" implies that R"� of this �-component
is zero. Since this holds for any � 2 e˙y , we conclude that we have an isomorphism
in the neighbourhood of y:

R"�� W R"�e"�1
e 
'

f .F ;F
�
/ �! R"�e 

'

f 0"
C.F ;F

�
/;

and since y was arbitrary, this is an isomorphism all over @eX . On the other
hand, applying once more the projection formula and (13.1��) we have
R"�e"�1

e 
'

f .F ;F
�
/ D e 

'

f .F ;F
�
/. This ends the proof of (15.6�).

By using the commutative diagram

@eX 0

.$ 0; ef 0/
��

e"
�� @eX

.$; ef /
��

D0 � @eS
" � Id

�� D � @eS

one obtains (15.6 �). ut
Going back to nearby cycles, we note that Definition 15.4 cannot be used in

general, since Proposition 15.6 does not hold in general without the goodness
property of ', and we would expect that the property proved in this proposition to be
satisfied by nearby cycles. The idea is then to define nearby cycles e 

'

f by choosing
a modification " W .X 0;D0/ ! .X;D/ so that ' becomes good with respect to
"C.F ;F

�
/ and take the formulas of Proposition 15.6 as a definition. This is similar

to the notion of good cell introduced in [69]. The proposition itself is useful to prove
that this definition does not depend on the choice of ", provided that the goodness
property is fulfilled.

Proposition 15.10. Let us fix x 2 D and let � be a local section of I
eX in some

neighbourhood of y 2 $�1.x/. Then there exists a finite sequence of point
blowing-ups " W .X 0;D0/ ! .X;D/ with centers projecting to x such that "��
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(see Proposition 9.30) is good on "�1.U /, where U is some open neighbourhood
of x in X .

Proof. If � is not ramified, that is, � 2 OX;x.�D/=OX;x , goodness means pure
monomiality, and the assertion is that of Lemma 9.11, according to the well-known
property that any proper modification of a complex surface is dominated by a
sequence of point blowing-ups.

In general, by definition of I, there exists a local ramification �d W Ud ! U such
that ��

d� is not ramified, i.e., belongs to OUd ;0.�D/=OUd ;0. For any automorphism 	

of �d , 	���
d� is also not ramified and has the same polar locus (with the same

multiplicities) as ��
d�. The product of all 	���

d� when 	 varies in the Galois group
of �d can be written ��

d
, where 
 belongs to OU;0.�D/=OU;0.
Note now that the product of elements of OUd ;0.�D/=OUd ;0 having the same

polar divisor is purely monomial if and only if each term is purely monomial.
We can apply the first part of the proof to 
 and get a sequence " of point

blowing-ups such that "�
 is purely monomial. Let x0 2 "�1.x/ and let D0 D
"�1.D/. One can choose a local ramification �d 0 in the neighbourhood of x0 which
dominates Ud by a generically finite map "0. We can apply the first property above
to ��

d 0"
�
 D Q

	 "
0�	���

d� to conclude that "�� is purely monomial after the local
ramification �d 0 . ut
Corollary 15.11. Let e˙ � Iét be a good stratified I-covering. Then, for any local
section ' of I@eS , there exists, over any compact set K of D, a finite sequence of
point blowing-ups " W .X 0;D0/ ! .X;D/ such that ' is good with respect to "�

e˙

in some neighbourhood of "�1.K/.

Definition 15.12. Let f W .X;D/ ! .S; 0/ be a proper holomorphic map to
a disc S , where D D f �1.0/ is a divisor with normal crossings and smooth
components. Let .F ;F

�
/ be a good Stokes-filtered local system on .X;D/ with

associated stratified I-covering e˙ . For any local section ' of I@eS , we define

e 
'

f .F ;F
�
/ WD Re"�e 

'

f 0"
C.F ;F

�
/; (15.12 �)

where f 0 D f ı " and " W .X 0;D0/ ! .X;D/ is any finite sequence of point
blowing-ups such that ' is good with respect to "�

e˙ , and we set, as above,

 
'

f .F ;F
�
/ D R.$; ef /� e 

'

f .F ;F
�
/

Remark 15.13. That the choice of " is irrelevant follows from Proposition 15.6.
We could also avoid the properness assumption on f , by working on an exhaustive
sequence of compact subsets of D. Lastly, notice the formula

 
'

f .F ;F
�
/ D R."; Id@eS/� 

'

f 0"
C.F ;F

�
/: (15.13 �)



236 15 Nearby Cycles of Stokes-Filtered Local Systems

15.4 Comparison

We now go back to the setting of Sect. 15.2. Let M be a good meromorphic bundle
with flat connection on X with poles along a divisor with normal crossings D,
with associated stratified I-covering denoted by e˙ . Let .F ;F

�
/ be the associated

Stokes-filtered local system on eX.Dj2J /, and let .L ;L
�
/ denote its restriction

to @eX.Dj2J /. Let us also assume that e˙ [ f0g is good (i.e., each local section
of e˙ is purely monomial). Then the complex DRmodD M has cohomology in
degree 0 at most, and L60 WD H 0 DRmodD M is a subsheaf of L D H 0

fDRM
(see Corollary 12.7).

Let us now consider the rapid decay de Rham complex of M . This is the complex
defined similarly to DRmodD M (see Sect. 8.4) by replacing the coefficient sheaf
A modD

eX
with the sheaf A rdD

eX
as defined in Remark 8.4. This complex has already

been considered in dimension one for the full Riemann–Hilbert correspondence (see
Theorem 5.3), but not in dimension bigger than one because the grading has not
been analyzed. Our purpose (Corollary 15.16 and Remark 15.17(1)) is to compare
this grading process to the nearby cycle functor e 0f applied to the Stokes-filtered
local system attached to M , when f W X ! C has zero set equal to D. We will
first prove the natural analogue of Theorem 5.3.

Proposition 15.14. For any germ M along D of good meromorphic connec-
tion such that e˙ [ f0g is also good, the complexes DRmodD M , DRrdD M
and DRgrD M have cohomology in degree 0 at most. The natural morphisms
DRrdD M ! DRmodD M ! fDRM induce inclusions H 0 DRrdD M ,!
H 0 DRmodD M ,! H 0

fDRM , and H 0 DRgrD M is equal to H 0 DRmodD M =

H 0 DRrdD M .

Proof. The question is local. Assume first that M has a good decomposition. That
H k.DRmodD M / D 0 for k ¤ 0 is Corollary 12.7. For DRrdD M , the similar
assertion is proved with the same arguments (see [79, Sect. 7] when dimX D 2).
The remaining part of the proposition follows easily.

In order to treat the ramified case, one uses the same argument as in the proof of
Lemma 10.9. ut
Proposition 15.15. With the same assumptions as in Proposition 15.14, the sub-
sheaf .q�1

f L6/<0 of L is identified with H 0 DRrdD M , so that there is a natural
isomorphism

H 0 DRgrD M
��! e 0f .F ;F

�
/:

Proof. Since both sheaves .q�1
f L6/<0 and H 0 DRrdD M are subsheaves of

L60 D H 0 DRmodD M , the comparison can be done locally on @eX . Working
with A

eX ˝M and using Theorem 12.5, we then reduce to proving the assertion
forM D E �, where � is a purely monomial local section of I. It is not difficult to



15.4 Comparison 237

show that, in such a case,

H 0 DRrdD E � D

8

ˆ

<

ˆ

:

0 if � does not have a pole
along each components of D;

H 0 DRmodD E � otherwise:

According to Lemma 15.3, H 0 DRrdD E � coincides with the corresponding
.q�1
f L6/<0. ut
We now compare the previous construction to that of moderate nearby cycles as

recalled in Sect. 14.2.

Corollary 15.16. With the same assumptions as in Proposition 15.14, we have for
each � 2 C� and on each compact set K � D a functorial isomorphism of objects
of Db

c .D/ equipped with an automorphism

. 0f;�.F ;F
�
/; T /jK

��! .DR mod
f;� M ; T /jK:

Proof. Since M is OX.�D/-locally free, we can apply [81, Corollary II.1.1.19,
p. 45] to compute R$� DRrdD M , and conclude that R$� DRgrD M is isomor-
phic to DR.O

bD
˝M /. Let us now replace M with M�;k .

We denote by L��1;k the local system

Ker
�

@t W A mod 0
@eS

˝N�;k �! A mod 0
@eS

˝N�;k

�

on @eS . This is a rank k C 1 local system with monodromy ��1 IdCNkC1, where
NkC1 is a Jordan block of size k C 1.

Similarly, we have

ef �1L��1;k DH 0 DRmodD.f CN�;k/;

and the H j vanish for j >0, according to Proposition 15.14. Moreover, it
is immediate to check that H 0 DRrdD.f CN�;k/ D 0, and Proposition 15.14
also implies

ef �1L��1;k DH 0 DRgrD.f CN�;k/:

We conclude that there is a natural morphism of complexes

ef �1L��1;k
C̋

DRgrD M �! DRgrD M�;k;

and one checks by a local computation on @eX , by using Theorem 12.5, that
this morphism is a quasi-isomorphism. Taking its inductive limit we get a
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quasi-isomorphism

ef �1L��1;1
C̋

DRgrD M �! lim�!
k

DRgrD M�;k;

We therefore get an isomorphism

R$�
�

ef �1L��1;1
C̋

DRgrD M
� �! lim�!

k

DR.O
bD
˝M�;k/:

According to the projection formula, the left-hand term is  0f;�.F ;F
�
/ and the

right-hand term, restricted to the compact set K , is identified with DR mod
f;� M

(see Corollary 14.5). The comparison of monodromies is straightforward. ut
Remarks 15.17. 1. If dimX D 2, we can define . 0f .F ;F

�
/; T / with the only

assumption that .F ;F
�
/ is good by the procedure of Sect. 15.3. On the other

hand,  mod
f commutes with direct images of D-modules (see e.g. [66]), and DR

commutes with direct images by " (since X 0 and X have the same dimension,
the shifts in the de Rham complexes cancel). Therefore, in such a case, we get a
comparison isomorphism as in Corollary 15.16.

2. One can extend in a straightforward way the comparison of Corollary 15.16 to
the various  'f .F ;F

�
/ provided the pair .e˙; '/ is good. If ' is not ramified,

the right-hand side is replaced with .DR mod
f .M ˝E �f �'/; T /. Similarly, in

dimension two, one can relax the goodness assumption on ' with respect to e˙ .
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23. Dimca, A.: Sheaves in topology. Universitext. Springer, Berlin (2004)
24. Fulton, W.: Introduction to toric varieties. Annals of Mathematics Studies, vol. 131. Princeton

University Press, Princeton (1993)
25. Gérard, R., Sibuya, Y.: Étude de certains systèmes de Pfaff avec singularités. In: Équations
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six opérations de Grothendieck pour les D-modules cohérents. Travaux en cours, vol. 35,
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76. Roucairol, C.: Irregularity of an analogue of the Gauss-Manin systems. Bull. Soc. Math. Fr.
134(2), 269–286 (2006)

77. Roucairol, C.: The irregularity of the direct image of some D-modules. Publ. Res. Inst. Math.
Sci. Kyoto Univ. 42(4), 923–932 (2006)

78. Roucairol, C.: Formal structure of direct image of holonomic D-modules of exponential type.
Manuscripta Math. 124(3), 299–318 (2007)
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82. Sabbah, C.: Déformations isomonodromiques et variétés de Frobenius. Savoirs Actuels.
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